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Preface 


Some people consider science arrogant—especially when it purports to contradict 
beliefs of long standing or when it introduces bizarre concepts that seem 
contradictory to common sense. Like an earthquake that rattles our faith in the 
very ground we’re standing on, challenging our accustomed beliefs, shaking the 
doctrines we have grown to rely upon can be profoundly disturbing. Nevertheless, I 
maintain that science is part and parcel humility. Scientists do not seek to impose 
their needs and wants on Nature, but instead humbly interrogate Nature and take 
seriously what they find. 


Carl Sagan 


Over the years, I noticed a lacuna in engineering textbooks dedicated to transport 
phenomena. Most of them do not describe the details to arrive at solutions of 
specific examples, at least from an analytical point of view. Of course, the main 
reasons for this are the limitations in scope or space availability of the manuscript. 
However, even when the solutions are described, the texts do not generalize 
applied mathematical methods, therefore failing to provide a more solid founda- 
tion regarding the application of important mathematical tools. On the other hand, 
many texts preoccupied with mathematical methods in engineering and physical 
sciences fall into one of the following categories: 


* Not covering examples of applications regarding the three phenomena, 
i.e., momentum, energy, and mass transfer 

* Applying numerical methods when analytical solutions are possible 
without great difficulty 

* Notapplying approximate methods, which are very useful alternatives to 
numerical procedures, when analytical techniques are not able to provide 
a solution 


There is also a false opinion on the importance of analytical methods. Some argue 
that numerical methods are more generally applicable than analytical or approxi- 
mated methods. Of course, this is correct; however, if an analytical solution is 
possible, the advantage in understanding the phenomena or process cannot be 
overstressed. Once the equations describing the temperature, concentration, and 
velocity profiles are achieved, it is possible 


* To observe the equation and learn the role of variables and several 


physical and chemical parameters regarding the behavior of a given 
process. In other words, it allows verifying the behavior, shapes, and 
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limits provided by temperature, concentration, and velocity profiles. 
This very task improves the mathematical modeling skills of those 
involved with it. 

To use the solution to deduce important process parameters such as rates 
of heat, mass, and momentum transfers, among others. 

To plot graphs using the above results, which greatly improves the 
comprehension of the process at hand. 


On the other hand, numerical methods depend on the capability of an available 
machine and accessibility of proper commercial routines, or require laborious 
development of such routines. Even newly developed numerical methods apply 
analytical solutions for certification of convergence robustness and precision. In 
addition, those intending to work in the area of numerical solutions need basic 
training on analytical solutions. This is not only a matter of obtaining a solid 
grounding in the field but also the ability to recognize when a numerical solution 
is the only alternative. 

This book intends to fill some of the more common shortcomings mentioned 
above by seeking the following objectives: 


1. 


2. 


To provide a source of analytical and approximate methods applicable to 
day-to-day problems on heat, mass, and momentum transfers. 

To produce a text that can be used as basic or auxiliary material in 
courses on transport phenomena and applied mathematics. 

To exemplify the applications and demonstrate how the solutions can be 
used to interpret a good range of real situations. 

To allow using the text either for regular graduate or undergraduate 
courses. Hence, the sequence of problems should depart from simpler 
to more complex situations. Exercises are also included. 

To allow sporadic consults by students, researchers, and professionals 
without too much time for reading complete texts and even less for 
consulting several publications in search of a method that might be 
valuable to solve a problem. In this respect, the book should be useful 
as a manual as well, where those interested in a specific type of problem 
may easily find the method or methods applicable to the problem. 
Therefore, a simple but precise classification of problems ought to be 
set to help those with a specific interest. 


The basic governing equations of transport phenomena can be described in 
differential form. The tasks of anyone seeking the solution of a problem are 
follows: 


Depart from the complete differential equations and after establishing 
reasonable assumptions, obtain the simplest equation or set of equations 
that govern the problem 

Properly set the boundary conditions 


as 
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* Solve the differential equation to arrive at the general result 

* Apply the boundary conditions to achieve the proper solution 

* Interpret the result and apply to the physical situation 

* Recognize possible ways to improve the process having in mind its 
applications 


It is important to stress that the first step is the most critical. One should not 
refrain from making bold assumptions to arrive at a first model. Once the solution 
is achieved, the validity of assumptions might be verified by comparisons with 
real situations. If deviations against measurable values, for instance temperatures, 
velocities, and concentrations, are above acceptable levels, the model can be 
improved and the process starts again. 

Having all the above in mind, the book is divided into chapters covering 
transport phenomena and methods to solve ordinary and partial differential 
equations. Each chapter deals with situations classified according to a code with 
three numbers, as follows: 


1. The first indicates the number of independent variables involved in the 
differential equation. Three space coordinates and one for time are 
possible. Therefore, this group ranges from 1 to 4. Despite this, it has 
been considered that a maximum of three independent variables would 
suffice to illustrate the use of a wide range of mathematical methods and 
techniques applied to a relatively large variety of situations. 

2. The second indicates the order of the differential equation (ordinary or 
partial) involved in the class of transport phenomena problems presented 
in the chapter. I have decided to limit the range to second-order equa- 
tions because almost all engineering problems fall within this field. 

3. The third indicates the highest class of boundary conditions involved in 
the problem. A possible classification for boundary conditions includes 
three main possibilities, as follows: 

e First-kind boundary conditions are those that set values for the depen- 
dent variable (velocity, temperature, or concentration) at certain values 
of the independent variable or variables (time or space coordinates). 
An example is when the temperature at position x — a is known, or 
T(x = a) = T,. Another is the so-called initial condition, which sets the 
value of temperature at the origin and represented by T(t = 0) = То. 

* Second-kind boundary conditions are those that set values for the 
derivatives of the dependent variable at given positions or time. This 
sort of condition is usually derived from the value of transport flux or 
flow at certain points. An example is the condition 


where C is a constant. 
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* Third-kind boundary conditions are those that set a relationship 
between values of flux and the transport variable at given positions 
or instants, for instance, when the heat fluxes by conduction and 
convection are equal at the interface between a solid and a fluid 


2d Te = 0-1) 


Consider the following examples: 


* Problems class 111: The chapter presents problems with time or one 
space-coordinate as independent variable. It deals with first-order differ- 
ential equation. In addition, a first-kind boundary condition is set. If, for 
instance, ф is the transport variable (velocity, temperature, or concen- 
tration) and о the variable time or space, this class of problems could be 
represented by the following equation: 


аф\ — 
(Фе, $) m 0 


* Problems class 223: Chapter 12 presents examples where two independ- 
ent variables are involved with a second-order partial differential equa- 
tion. Additionally, at least one third-kind boundary condition is found. 
Following the above notation, this class of problems could be repre- 
sented by 
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where о; and оу symbolize the space coordinates (rectangular, cylindrical, or 
spherical) or time. 

Each chapter includes several examples. After the introduction to the prob- 
lem, the simplifying assumptions are stated. This is very important because they 
provide training on modeling, i.e., they show how to arrive at a simple math- 
ematical representation of a physical phenomenon. Then the differential equation 
or equations representing mass, energy, and momentum general balances are 
stated as well as the respective boundary conditions. The details to arrive at the 
solution by at least one mathematical method are shown. Of course, whenever 
possible or convenient, the problem is also solved by several methods, including 
using approximate methods. General considerations concerning the methods are 
described in appendixes. Once the method or methods are applied, the solution is 
commented upon. This allows exploring the mathematical result and shows how 
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to appreciate its physical consequences and possible applications. Among the 
applications, one may also find the opportunity for process optimization. 

Obviously, the possibility of an analytical solution for any physical problem 
is not guaranteed. As the number of variables increases and the boundary condi- 
tions become more complex, the relative number of cases for which an analytical 
solution is achievable decreases. The solutions become more elaborate and 
possible only at very particular circumstances. Not only that, but the method to 
obtain an analytical or even an approximate solution could lead to expressions 
that are too complex, and hence are difficult to apply. In these cases, numerical 
methods might be preferable. 

It should be stressed that a preoccupation in presenting feasible situations 
with correlation to industrial production has been maintained throughout the 
book. However, in some instances, somewhat artificial situations are set to 
illustrate important features of mathematical tools. 

The text does not present a thorough discussion on mathematical aspects. For 
instance, no demonstrations of theorems are shown, but the interested reader can 
find these in the listed references. The objective here is just to illustrate how few 
mathematical techniques can be applied to achieve solutions for a reasonably 
wide range of transport phenomena problems. Moreover, the text does not aim to 
be a comprehensive work on analytical or approximate methods. It advances to a 
point where the compromise between complexity and applicability of these 
techniques are considered reasonable. 


Marcio L. de Souza-Santos 





Acknowledgments 


I am extremely grateful to my beloved wife, Marinalva, for her support and 
encouragement during the development of this book. 

My sincere appreciation to the CRC Press staff, especially to Jill Jurgensen, 
Michael Slaughter, and Jonathan Plant, and also to Suryakala Arulprakasam of 
SPi for their kindness and helpful assistance. 

It is important to express my appreciation to John Corrigan, for his encour- 
agement during the contract phase. 

I am also very grateful for the encouragement from various colleagues at the 
Faculty of Mechanical Engineering. The support of UNICAMP should also be 
acknowledged. 


xxix 





List of Symbols 


NOMENCLATURE 

a parameter (dimension depends on the utilization) 

A area (m?) 

Án parameter (dimension depends on the utilization) 

b parameter (dimension depends on the utilization) 

B parameter (dimension depends on the utilization) 

c parameter (dimension depends on the utilization) 

C constant or parameter (dimension depends on the usage) 
Cp specific heat at constant pressure (J kg ! КГ!) 

d diameter (m) 

DAB diffusivity of component A in component B (or vice versa) (n? S 5, Inafew 


situations, the second index may indicate the phase in which A diffuses. 
thermal diffusivity (m? 571) 


Рт 

Е reaction activation energy (J кто! !) 

F mass flow (kg s^!) or independent variable 

g gravitational acceleration (m s 2) 

G mass flux (kg m ?s Por independent variable 

h specific enthalpy (J Ке!) 

ki coefficient for the rate of reaction “i” (units depend on the order of 
reaction) 

K constant or parameter (unit depends on the usage) 

L length or distance (m) or Laplace transform 

m mass (kg) 

nj rate of production (if negative: consumption) of component “‘j’’ per unit 
of volume of the reacting media (kmol m^? sl 

Nj mass flux of the component “‘j” indicated at the subscript (kg m ? s^!) 

№; number of Biot (dimensionless) 

Nye number of Fourier (dimensionless) 

Npr number of Prandtl (dimensionless) 

Nsn number of Sherwood (dimensionless) 


р ргеѕѕше (Ра) 

4 heat flux (W m?) 

Q heat (J) or independent variable 
r radial coordinate (m) 

Г; rate of reaction i indicated in the subscript (kmol m^? 571) 

В universal gas constant (8314.2 J kmol ! К?) 

rate of production (if >0) or consumption (if <0) of component “‘j,” 
indicated at the subscript, per unit of volume (kg m^?s 


xxxi 


xxxii 


a 
© 


mS Hox mE ae MO a 


rate of production (if >0) or consumption (if <0) of energy per unit of 
volume (W m?) 

parameter (unit depends on the usage) 
time (s) 

temperature (K) 

parameter or velocity (m/s) 

mass transfer resistance (s m?) 
velocity (m s7!) 

volume (m? ) 

mass fraction 

weight function 

coordinate (m) 

coordinate (m) 

coordinate (m) 


GREEK LETTERS 


Vs DSB "2*8 


S 
ч: 


ч > os 


охе SNR SQ 


convective heat transfer coefficient (W m^? к!) 

coefficient of mass transfer (dimension depends оп the utilization) 
parameter (units depend on the specific utilization) 

radiative heat transfer emissivity coefficient 

density (kg m ?) If subscript is present, it indicates the mass concen- 
tration of that component. 

angular coordinate (rad) or dimensionless temperature 

kinematic viscosity (m? s7!) 

stoichiometric coefficient for component “‘j” in the reaction “i”? (dimen- 
sionless) 

angular coordinate (rad) or sphericity (dimensionless) 

Thiele modulus (dimensionless) 

thermal conductivity (W т Кт!) 

If with two coordinates as indexes it is the shear-stress tensor (Pa), 
otherwise it is dimensionless time 

Stefan-Boltzmann constant (5.67 х 1078 W m? Кг) 

parameter ог residue function 

dynamic viscosity (kg m^! s^!) 

parameter or variable 

parameter or variable 

general independent variable (time or space) (dimension depends on the use) 
general parameter (dimension depends on the use) 

parameter (dimension depends on the use) 


SUPERSCRIPTS 


P 
U 


particle or particulate phase 
unreacted core 


xxxiii 


X exposed core 

e per unit of time or indication of time rate 
~ molar basis 
SUBSCRIPTS 

A ash layer 

eq at equilibrium condition 
G gas or gas boundary layer 
N nucleus or core 

x in the x direction 

y in the y direction 

z in the z direction 

0 in the 0 direction 

ф in the ф direction 

оо far from the surface ог at the middle of the continuous phase 
GREEK ALPHABETS 

Aa Alpha 

BB Beta 

ry Gamma 

Аб Delta 

Es Epsilon 

ZC Zeta 

Hy Eta 

Өө Theta 

It Iota 

Кк Карра 

AX Lambda 

Mp Mu 

Nv Nu 

= Xi 

Oo Omicron 

Пт Pi 

Pp Rho 

Xo Sigma 

Тт Tau 

Yv Upsilon 

po Phi 

Xx Chi 

Vy Psi 


Qo — Omega 





Problems 111; One 
Variable, 1st Order, 
1st Kind Boundary 
Condition 


1.1 INTRODUCTION 


This chapter presents methods to solve problems with one independent variable 
involving first-order differential equation and first-kind boundary condition. 
Mathematically, this class of problems can be summarized as f (p.w, ү, first- 
kind boundary condition. 


1.1.1 Море AND REALITY 


As shown throughout the text, even for apparently simple problems presented in 
this chapter, the solutions are possible only after a series of assumptions. There- 
fore, every mathematical model just approximately reproduces the relationships 
among the involved variables during real processes or phenomena. On the other 
hand, in science and engineering, there is always the need of relying on models to 
design any equipment or system or to predict the behavior of processes. 

Thus, modeling starts with assumptions made about the behavior of real 
processes. There are several levels of assumptions, which in turn reflect the 
level of the model complexity. Of course, a model may or may not be a reasonable 
representation of reality. What is considered reasonable is a matter of conventions 
or criteria, but all those are based on comparisons between model and reality. 
Such comparisons are possible by measuring the variables involved in the real 
phenomena against the respective predicted values computed by the theoretical 
solution. Usually in engineering applications, deviations below 5% between the 
measured and predicted values are acceptable. This may not be the case for 
several other more critical applications. 

Let us take, for instance, the case presented in the following section and 
illustrated by Figure 1.1. 

A body exchanges heat with surrounding environment and the temperature 
inside that body has to be determined against time. Therefore, the temperature in 
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Environment 
temperature at T., 
Surface area = А 









Body mass = m 
Volume = V 


Temperature = Tọ at t- 0 


FIGURE 1.1 A solid body exposed to environment at a different temperature. 


the body would constitute the main variable of the problem. In any case, the 
simple question of what and how comparisons would take place requires exam- 
ination. For instance, during the process of heat exchange between the body and 
environment, temperature will vary along positions inside the body. Conse- 
quently, the physical and chemical properties of the material of the body and 
the immediate environment would change as well. For instance, the thermal 
conductivity will change with time from one point to another in the body. 
Concerning the environment, the influences of temperature variation may be 
noticeable as well. Let us imagine that air is surrounding the solid body. As the 
temperature of the body surface changes with time, so will the temperature of the 
air layer near that body. Hence, properties such as thermal conductivity of the air, 
density, and convective heat transfer coefficient will change, and these might 
significantly influence the rate of heat exchange between the body and the 
environment. 

The problem would become even more complex if chemical transformations 
start occurring as a function of temperature variations. Even though such trans- 
formations are negligible, almost all solid materials go through such chemical 
changes. However, if they occur, modifications in chemical and physical proper- 
ties would become even more important. This would severely influence the result 
and the temperature would deviate even more from the value predicted by a 
simple model. Normally, chemical reactions are either exothermic or endother- 
mic. Therefore, they might become important sources or sinks of energy, and 
terms related to them should be added in the basic equations. Such relations are 
usually complex and introduce nonlinear terms to the differential equation or 
equations describing the problem. 

Now, one wonders how a proposed model and its solution can be compared 
with the real process. As described above, if one sets a series of thermocouples 
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along the body interior, the registered values will change among the thermo- 
couples with time. A possible simplification may assume that temperature is a 
weak function of space or position inside the body. According to such a simpli- 
fication, the temperatures of all thermocouples would be close to each other or to 
an average value among them. Therefore, this average will vary only with time. 
Let us assume that this is the case. Thus, if the model provides the average 
temperature of the solid against time, the comparisons between computed and 
measured average temperature would be simple. Two situations may occur: 


1. The differences between real and model-computed values always stay 
below an acceptable deviation, for instance 2%. 
2. The above does not occur, at least to one or few instants. 


If the second situation is verified, one should revisit the simplification 
hypothesis and analyze which one could be the most critical. 

A broader picture of the model quality can be obtained by plotting the 
measured and computed values, respectively, in the ordinate and abscissa axes 
of a graph and connecting the points related to each respective pair. The model 
would be perfect if a straight line with 45° inclination is obtained. Deviations from 
this would provide an indication of the model quality. 

As seen, depending on the adopted level of rigor, even apparently simple 
situations might fall out of the range where analytical methods are applicable. 
Beyond that, only numerical models might solve the problem. 

As a methodology applied to every problem is presented throughout the text, 
the assumptions are listed and commented. Such a procedure is strongly recom- 
mended to everyone trying to model a given situation for several reasons. Some of 
the reasons include 


* [t allows easy consultation to the assumptions made to model a given 
process. 

* It facilitates the understanding of range and restrictions implicit to the 
achieved solution. 

* [t presents comments that might demonstrate how critical each assump- 
tion is. 

• [tallows future development not only by the person or team studying the 
problem but also by others on the same road. 

* It helps to withdraw one or more assumptions, if the comparisons 
between the model solution and reality were not within the acceptable 
level of deviation. 


In the examples throughout this book, the problem is presented and, after 
listing the assumptions, the fundamental differential equations of transport phe- 
nomena are applied. These are listed in Appendix A and can be found in almost 
all texts on the subject [1—3]. 
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1.1.2 VERIFICATION OF SOLUTIONS 


Normally, arriving at an analytical solution representing any physical phenomena 
demands work and creativity. In addition, during the process of solution, one is 
involved with several equations to which various mathematical techniques may 
be applied. Most of the time, algebraic manipulations are necessary, and there is 
always a high probability of mistakes. Some of them are not easy to spot. 
Therefore, it is important to check every solution to verify its correctness. To 
decrease the probability of mistakes, after solving a problem the following steps 
are recommended: 


1. Verify the dimensional consistency of the solution. For instance, the 
terms on both sides of equation should have the same dimension. 

2. Verify if the solution satisfies the boundary condition or conditions. 

3. Verify the physical consistency of the solution. This is possible by 
looking how each independent variable influences the dependent one. 
Ask yourself if these influences make sense. 

4. Test if the original differential equation can be reproduced from the 
solution by properly derivating the dependent variables with regard to 
the independent ones. Even though this is the ultimate proof, it is not 
always easy to accomplish. 

5. Whenever possible, plot graphs representing the solution. These would 
help to verify the consistency of the achieved results as well as help in 
understanding of the phenomena at hand. 


1.1.3 Use or DIMENSIONLESS VARIABLES 


Obviously, the solution of problems does not require the transformation of 
variables into dimensionless variables. However, this is advisable whenever 
possible because of the following: 


* [t usually simplifies the handling of the boundary value problem to be 
solved. 

* Result does not depend on the particular system of units. 

* Solution of a problem can be generalized and applied to others—even 
not related to the one already solved—if those could set at the same 
dimensionless form. 

* Graphs are also general and condense several effects into a single 
plotting. This also facilitates the understanding of interplay among the 
variables involved in a given situation. 


Whenever possible, the transformation should lead to normalized variables, 
1.е., with variables ranging between zero and one. This allows a more compre- 
hensive observation of the phenomena within the complete ranges of possible 
values that can be taken by the involved variables. 
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1.2 HEATING OF A SOLID 


As shown in Figure 1.1, let a solid body be initially at temperature Tọ and 
suddenly exposed to the environment (air) at temperature Т. 

Of course, heat transfer will occur from the body or to the body, depending on 
whether the temperature То is greater or less than Т. 

The heat transfer may occur by several mechanisms: 


* Conduction 
* Radiation 
* Convection 


Actually, the basic mechanisms for heat transfer are just conduction and 
radiation. Convection is a conduction process between the surface of the body 
and a moving fluid. Therefore, convection is not a basic phenomenon but a 
combination of conduction and momentum transfers. 


Radiation also occurs between the body surface and the air and between the 
body and surfaces of the surrounding ambiance. Even when the body is exposed 
to open space, radiative heat transfer from the body will take place. 

As recommended before, let us list the simplifications and assumptions made 
for the solution intended here: 


1. Rate of heat transfer by convection is assumed much higher than the rate 
by radiation transfer to other surfaces or to open space. This is correct for 
moderate differences of temperature between the body and the surround- 
ings. Radiative heat transfer depends on the fourth power of the temper- 
atures, whereas convective heat transfer depends on the first power. On 
the other hand, in the case of radiative heat transfer, the temperature 
differences should be multiplied by the Stefan-Boltzmann constant 
(5.67 X 1075 W m? К“), which is a very small number. Therefore, 
the radiative heat transfer becomes competitive with convective heat 
transfer only for relatively large differences of temperature, usually 
above 500 K. It is also interesting to notice that, in most cases, the 
surrounding atmosphere can be considered transparent to the radiation at 
frequencies involved in thermal exchanges. Of course, this is an approxi- 
mation because several gases, such as water and carbon dioxide, absorb 
a good fraction of thermal radiation. 

2. Surrounding air has a mass such that its temperature—at least for 
positions far from the body surface—remains constant and equal to Т. 

3. No chemical reaction or any other form of energy source is present in the 
body. 

4. Within the range of temperatures involved in the process, no phase 
change is verified. Therefore, the body remains as a solid, thus no 
velocity field is present. 

5. Volume of the body is small and its thermal conductivity is relatively 
high and does not change too much within the range of temperature of 
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the process. The high conductivity ensures fast heat transfer by conduc- 
tion and small dimensions allow fast equalization of temperature 
throughout the body. Of course, this is an approximation, which might 
be more or less rude, depending on the mass, volume, and physical 
properties of the body as well as on external conditions. However, even 
if this approximation is applicable for most of the internal volume of the 
solid, it cannot be true for the layers near its surface. Of course, if no 
temperature gradient exists, at least at some part of solid, no heat transfer 
is possible, and therefore, the temperature would not vary at all, or the 
derivative of temperature against time is zero. 


Let us take a small layer near the surface. The application of the hypothesis 
described earlier and Equation A.36 (Appendix A) leads to 


OT 
pC, 9e Ro (1.1) 
The right-hand side of that equation represents a uniformly distributed rate of 
generation (+) or consumption (—) of energy throughout the considered volume 
of the body (W m ^y This is due to the internal or external sources or sinks, for 
instance, uniformly distributed electrical heating and exothermic or endothermic 
chemical reactions that occur inside the control volume. Usually, the energy input 
by heat transfer through the surface is not included in this term because it is a 
localized process. However, in the particular situation where the temperature of 
the body is assumed uniform, the energy gained or lost through heat transfer by 
convection with air should be assumed to be immediately transferred to the entire 
body. In this way, the energy source or sink will be represented by the power 
input or output because of that heat transfer divided by the volume of the control 
volume, or 


Ко = aA(T4, — T)/V (1.2) 


One should be careful not to use this approach when space dimensions in the 
direction of the heat transfer are involved. 

Once again, Equation 1.1 could be written here only because spatial variation 
of temperature is neglected, or the temperature of body is assumed uniform at any 
instant. 

Substituting Equation 1.2 into Equation 1.1 leads to 





dT — aA (Т T.) (1.3) 
dí = pVC, X | 


As a precaution against possible mistakes, it is advised to check the coherence of 


units at each side of the equation. In Equation 1.3, both sides have units of K s !. 


Itis also important to analyze the physical significance of the differential equation 
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to be solved. For example, the temperature should decrease with time (negative 
value for the derivative on the left) if the temperature T of the body is greater than 
the temperature of environment Т... This is correct in the present case due to 
negative sign in the right-hand side of the equation. Such procedure should 
become a habit in all problems. Of course, this is no guarantee against mistakes 
made during the solution; nonetheless, it decreases the probability of their occur- 
rence. In addition, this habit is educational and serves as training for under- 
standing the meaning of the differential equation and the behavior of the 
physical phenomena. 


1.2.1 SOLUTION BY SEPARATION OF VARIABLES 


The above differential equation is a typical example of the class covered by this 
chapter. Furthermore, as seen in Appendix B, Equation 1.3 is separable. This 
allows placing the dependent and independent variables at distinct sides of the 
equation and integrating them leads to 


In(T — Тс) үлү (14) 
n(T — Т) = ——— n ; 
pVCp 


Here C is a constant. Therefore 


puo ЧС aN (1.5) 
= loo ex === . 
Е pVCp 


A condition needs to be set to determine the constant C. 
If, for instance, the temperature of the body at time fo is То, the equation 
finally becomes 


T — T% aA 
——— = -— (t-t 1.6 
= exp| We „| (1.6) 


The above describes the progress of average temperature in the body as a function 
of time. It is easily observed that temperature tends to approach the environmental 
one asymptotically. 

The rate of heat transfer between the body and air is given by 


Ò = аА(Т — T4) = «А(Ту — Too) exp - ле. 2 (1.7) 
pVCp 


The usual notation for the sign of heat transfer is employed, i.e., negative if 
the body energy decreases due to heat transfer to the ambiance, and positive if the 
body energy increases due to heat transfer from the environment. In addition, 
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the total exchanged heat is given by integrating Equation 1.7 between time to 
and t, or 





A 
О = mC,(T — To) = pVCp(To — rofi exp| о (t i) \ (1.8) 


It is interesting to notice that the above equations could provide some indication 
of the validity and not of the approximations made. This could help to guide the 
decision to use these approximations. For this, let the following be the dimen- 
sionless variables: 


aL 
M“i= (1.9) 
and 
Nro = a D (1.10) 
where 
Рт = кые (1.11) 
pCp 


Рт is usually called thermal diffusivity. The parameter L in Equation 1.10 is the 
characteristic length, and in the present case is given by the ratio between the 
body volume and its surface area, or 


V 
L=— 1.12 
А (1.12) 


The Biot number (№:) is a relation between the internal resistance to heat transfer 
by conduction inside the body and the resistance for this transfer by convection at 
its surface. The Fourier number is a measure of heat transfer inertia. 

Let the following equation be the form of dimensionless temperature: 


T — Tx 


0 = ———— 1.13 
T T. (1.13) 

Using Equation 1.13, Equation 1.6 can now be written as 
Ө = exp(—NBiNro) (1.14) 


One should notice that assumption 5 (in Section 1.2) could only be assumed if 
the internal resistance for heat transfer is negligible when compared with the 
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external one. The relative importance between the resistances is represented by 
the Biot number and can be put in quantitative terms. It is usually assumed that 
if the Biot number is smaller than 0.1, the above treatment can be used and it is 
called lumped analysis. Therefore, solution given by Equation 1.14 gives a 
reasonable description of the average temperature in the body against time. 
Dropping hypothesis 5 and developing the solution for the temperature profile 
inside the body can verify this. For Ng; < 0.1, the error between the two calcula- 
tions is below the usual precision for temperature measurements. Therefore, the 
lumped analysis may be a useful approach for various situations. 

Figure 1.2 illustrates the role of each dimensionless parameter on the tem- 
perature progress. 

To better observe the effect of each parameter, the graph includes values 
of Biot number above the limit of 0.1. However, it should be understood that 
the solution given by Equation 1.14 does not represent well for values above 
that limit. 

The graph shows how the temperature approaches the environment tempera- 
ture (Т) (or Ө approaches zero) for larger values of time or higher values of Ngo. 
The same happens for larger values of heat transfer coefficient (o) or larger Np;. 
One should also notice that although Ng; and Ng, depend upon the thermal 
conductivity of the body, this last property plays no role in the development of 





FIGURE 1.2 Dimensionless temperature (0) as function of Ng; and Ngo. 
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average temperature of the body, as shown by Equation 1.5. Thermal conductivity 
is introduced here just to confirm the dimensionless variables Ng; and №. The 
independence of average temperature of the body regarding its conductivity is a 
consequence of assumption 5. The supposition of uniform temperature through- 
out the body at any instant is equivalent as to assume instantaneous heat transfer 
by conduction. Therefore, it implies on infinite or very high thermal conductivity. 

Parameter L is a part of both №; and Ngo. However, in Ng, it is squared, 
which leads to a final inverse influence of L in the dimensionless temperature. In 
other words, larger values of L provide smaller values of product between Ng; and 
Nro. Therefore, larger values of L leads to larger thermal inertia or to greater 
values of 0, which in turn is equivalent to larger periods to approach temperatures 
near that of the ambiance. 


1.3 FLOW BETWEEN TWO DRUMS 


The vertical cross sections of two concentric and static drums are shown in 
Figure 1.3. 

Fluid continually passes from the internal to the external drum by crossing the 
permeable wall between them. From there, it passes through another permeable 
wall and flows to the external environment. These walls may be made of porous 
ceramic or any other permeable material. One is interested in determining the 
velocity and pressure profiles in the region between the permeable walls. 

The following are assumed: 


1. Steady-state regime. 
2. Uniform temperature. 


l 
Permeable wall | Internal drum always 
: filled with fluid 


External drum 
with fluid 
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FIGURE 1.3 Flow between concentric drums. 
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. Fluid is Newtonian with constant density and viscosity. 

. Permeable or porous walls distribute the fluid evenly. 

. Flow through the ring between the external and internal drums is laminar. 

. Studied region of external drum is far from its top and bottom walls. In 
other words, the height L is large enough and the flow around the center 
(z — 0) is not affected by those walls. Therefore, in such a region it is 
possible to assume radial velocity (v,) as a function only of the radial 
component (r). 


ON л > оо 


The departure from the total mass continuity is represented by Equation А.2, 
and using assumptions 1 and 6 one reaches at 


d 
50%) =0 (1.15) 


This is a first-order separable equation and integration is immediate to give 
ry, = C (1.16) 


Here C is a constant. 
Equation 1.16 provides the velocity profile as 


1 j F 1 
vy = С = у, (Р n) ee 
r r 2mpLr 








(1.17) 


Here F is the mass flow (kg 5!) of fluid injected into the internal drum, which is 
the same as that passing to the external drum. 

The r-component of the momentum conservation equation for Newtonian 
fluid with constant density and viscosity is given by Equation A.13. After the 
assumptions listed above, it becomes 


dv,\ _ др а [1 d(n,) 
(v и) = ETE dr )) Mel 


The angular component of momentum conservation (Equation A.14) leads to 





LU 


26 (1.19) 


The momentum conservation at the z-component (Equation A.15) leads to 


Op _ 
g E (1.20) 
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Applying Equations 1.15 and 1.16 to Equation 1.17, one gets 





= рО? = 1.21 
ar P (1.21) 
The total derivative of pressure is 
д д 
dp = ar + P dz = рс? 3dr — pgdz (1.22) 
Or Oz 
Integrating Equation 1.22 
С? 1 
p=- 5+ fi@ — paz +f) (1.23) 


Notice that ў; is a function of coordinate z, therefore is a "constant" regarding 
the integration on variable r. The reverse occurs for function />(r) regarding the 
integration on variable z. Functions f; and f» can be obtained after setting 
the boundary conditions of the problem. Assuming the pressure at a given height 
(к = 0, for instance) and at the surface of internal porous wall (r= r;) as р;, the 
solution for the pressure profile is 


1/F\7/1 1 
рс = 0) = pi 8p (=) (5 =) (1.24) 


1 





The following comments can be made at this point: 


1. As expected, the radial velocity of a fluid is inversely proportional to the 
radius. 

2. Inside the external drum, the pressure decreases with the available flow 
area or with square of the radius. 


1.4 HEATING OF A FLUID IN A STIRRING TANK 


The following also exemplifies the application of lumped analysis. Figure 1.4 
shows a tank with a stirring device. The tank has no insulation and the stirring 
device ensures a good homogeneity of temperature of the fluid. Initially, the fluid 
is at temperature То and the ambiance at Т... An electrical resistance exchanges 
heat with the fluid and the rate of electrical energy input to the resistance can be 
set as a function of time. 

We have to deduce the average temperature of the fluid in the tank as a 
function of time. 

Let us list the adopted assumptions: 


1. Differences of temperature between the surface of the tank and the 
surrounding air are relatively small. In addition, the air around the reactor 
is transparent to the radiation at frequencies involved in the problem. 
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FIGURE 1.4 Stirring tank with heating device. 


Therefore, radiative heat transfer between the tank and the surroundings 
is negligible and all transfers are described by convection. 

. Surrounding air has such a mass that its temperature—at least for 
positions far from the body surface—remains constant and equal to Т. 
. Because of the mixing, the temperature of the tank content can be 
considered uniform at any time. Of course, this is an approximation, 
which might be more or less rude, depending on the intensity of the 
mixing, mass, volume, and physical properties of the fluid as well as 
external conditions. Obviously, this assumption cannot be rigorously 
applied, at least for regions near the internal tank wall; otherwise, no 
heat transfer between the tank and the surrounding air would occur. 

. Fluid in the tank is Newtonian with constant density. 

. Work input due to the stirring device is negligible when compared with 
the energy input due to heating coil and loss to ambiance. 

. There is no increase in internal energy of fluid due to viscous dissipation. 
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Assumption 3 allows us to apply lumped analysis. 


Owing to assumption 4, Equation A.34 (or Equation A.35) can be used. In 
addition, due to simplification 6, the terms preceded by the viscosity can be 


neglected. Therefore, it can be written as 


dT 
pCp ac Ro 


(1.25) 
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The same convention used at the previous section regarding heat losses (or gains) 
due to the convective exchange between the body (tank) and the environment (air) 
is applied. Moreover, the present case includes the source for energy produced by 
electrical resistance. As an example, let a simple relationship for the rate of energy 
delivery by the resistance and time be given by 


1 at 
Ro = A(T — Т 1.26 
o-y^ ( )ty (1.26) 





Here parameter a is a constant. 
To facilitate discussions as well as understanding of achieved solutions, the 
following set of dimensionless variables is proposed: 





T — T% 
0 ———— 1.27 
To (1.27) 
and 
A 
т=-©— (1.28) 
pVCp 
Using the chain rule it is possible to see that 
dT dé d A dé 
es as (1.29) 


= = Т 
dt "drdr pVC, dr 


Substituting Equation 1.29 into Equation 1.25, we get the following equation: 





dé 
— = —0 +br (1.30) 
ат 
The boundary condition is 
To — Too 
0(0) = 09 = ——— (1.31) 
To 
Here 
bes E үс: (1.32) 
To(aA) 


Again, it is advisable to verify the coherence of units. 

Since all variables of Equation 1.30 are dimensionless, the only care is to 
verify if the involved variables (0, 7, and b) are indeed dimensionless. In addition, 
as heating is imposed, the last term on the right-hand side of Equation 1.30 is 
always positive. 
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1.4.1 VARIATION OF PARAMETERS 


As seen, the ordinary differential equation (Equation 1.30) is not separable but 
can be solved by several methods. Among such methods, there is the method of 
variation of parameters described in Appendix B. 

It starts by trying a solution with the following form: 


OCT) = ui(T)u»(7) (1.33) 
Here, u, and и» are functions of т. This maneuver does not impose any loss of 


generality. 
Using Equations 1.33 and 1.30, it is possible to write 


ui t, + uy) + и! и = br (1.34) 
It is important to notice that Equation 1.33 introduces an extra degree of freedom. 
A convenient form of taking advantage of this is to impose a condition regarding 
the terms of Equation 1.34. On the other hand, such a condition should avoid 
restrictions to such a trivial solution 0, or lead to unreal results. Among the 
possibilities, it is always possible to set the first member of Equation 1.34 as 


zero. However, to avoid restrictions to solution 0, function u, cannot be imposed 
equal to zero, and therefore, the remaining possibility is to set 


и, +u.=0 (1.35) 

This leads to 
u = exp(—7) (1.36) 
As the present problem requires just one boundary condition, this can be imposed 
through just one integration constant, either from integration of Equation 1.35 or 
other equations given below. For this reason, integration constant equal to zero 


has been conveniently chosen when writing Equation 1.36. 
Substituting Equation 1.36 into Equation 1.34 one gets 


u, = bre” (1.37) 
and 
и = Бе (т — 1) +С (1.38) 
Finally 


0 = (т — 1) + Се" (1.39) 
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For the case where the initial temperature is equal to the ambiance temperature or 
To = Т, the boundary condition (Equation 1.31) becomes 


6(0) = 0 (1.40) 
Therefore, С = b and 
0 = Бе? +т – 1) (1.41) 


As seen, the average temperature increases indefinitely. Nonetheless, the rate of 
energy delivered by the heating device would decrease with time. This is illus- 
trated by Figure 1.5. 

Equation 1.41 shows that bath temperature increases due to an exponential 
and a linear term. However, for long periods, the exponential part tends to zero 
and the temperature increase would be linearly proportional to time. Of course, 
there are limitations for the temperature, such as the point at which phase change 
of the fluid begins. In addition, any given heating system may sustain increasing 
energy injection to the control volume just for a limited period or within a certain 
range of surrounding fluid temperature. 


3.100 


2.325 


1.550 


0.775 


. 0.000 
1.00 





FIGURE 1.5 Dimensionless temperature (0) as a function of dimensionless time (7) and 
parameter b. 
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While observing Figure 1.5, it is also important to remember that the heating 
rate is proportional to parameter b. Additionally, from Equation 1.41, it is possible 
to verify that b increases for tanks with smaller A/V ratio or ratio between 
external area A and internal volume V. As expected, spherical tanks would 
provide the smallest rate of heat loss and fastest increase in the temperature of 
the stirred fluid. 


1.5 HEATED BATCH REACTOR 


Consider the same well-stirred tank studied in the previous section. In addition, a 
reaction is taking place in the vessel. This is similar to a temperature-controlled 
batch reactor, which is commonly used in the chemical and pharmaceutical 
industry. 

Chemical reactions transform chemical potential difference between reactants 
and products into sensible internal energy of the mixture. If this difference is 
positive, the reaction is called exothermic, whereas, if negative, the reaction is 
endothermic. Therefore, exothermic reactions can be seen as a source of energy, 
which, if not ablated by a cooling system, would increase the enthalpy and 
consequently, the temperature of the reacting mixture. 

This is a batch process; therefore, reactants are fed into the tank at once and 
reaction progresses until either the reactor content is withdrawn or the reaction 
reaches equilibrium. Of course, the rate of reaction is high at the beginning and 
decreases with time. In addition, the rate also depends upon the temperature. 

For the sake of simplicity, it is assumed that the rate of energy production by 
the reaction is 


Ко reaction = а] e ^t ( 1 .42) 


Here a; are constants. If a, were positive, an exothermic reaction would occur and 
the contrary for an endothermic reaction. Similarly to the last section, if the power 
delivered by the electrical heating is proportional to time (Equation 1.26), the total 
rate of energy generation by internal source should be added to the amount 
received by heat transfers. Hence, the overall energy balance for the reactor can 
be written as 


T 
ра = OAIT — Too) + at + ае“ (1.43) 


pV 
Using the same change on variables as proposed by Equations 1.27 and 1.28, 
Equation 1.43 becomes 


d 
id = —0 + br + ce” (1.44) 
т 
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Here b is also given by Equation 1.32 and parameters с and у by 








а 
= 1.45 
" аАТо ( ) 
VC 
y=m (1.46) 
aA 


1.5.1 SOLUTION BY LAPLACE TRANSFORM 


Laplace transform is a powerful tool for solving ordinary as well as partial 
differential equations. The basic properties of this operator are described in 
Appendix D and the following exemplifies its application. 

The Laplace transform of both sides of Equation 1.44 provides 





sq(s) — 0(0) = —e(s) + 2 +e (1.47) 


5+ Уу 


Here, ће boundary condition is set by assuming that the initial temperature in the 
tank equals the ambiance temperature. Thus, by Equation 1.31 


000) = 0 (1.48) 
Therefore, Equation 1.47 becomes 


C 
CED OSEDGSEY) 





p(s) = (1.49) 


To facilitate the inversion, the following identity can be used to rewrite the first 
term of the right-hand side as 


1 В, Bos +B; 


= 1. 
(s--Ds? 8+1 52 Шз) 





As а гше, the numerator should be a polynomial one order below the respective 
denominator. From this, B; (i= 1, 2, 3) can be found through polynomial identity 
to obtain the following: 


b 1 s—1 
zou) 2 52 ) 


According to the exposed material at Appendix D, the inverse of that is 








b 
{ot = ре" — b(1— т) (1.51) 
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Applying the inverse to the second term in the right-hand side of Equation 1.49 
leads to 





-1 с _ _ © —yr =T 
А [соо 9 MER 


Finally, the solution is 


A(r) = be" +т-— 1)4 er ad е7") (1.53) 





It is interesting to compare ће solution for this case with the previous solution 
given by Equation 1.41. 

The last term on the right-hand side of Equation 1.53 shows the effect of the 
introduction of a reaction. Obviously, if endothermic (c <0), the temperature 
would decrease and vice versa if exothermic (c > 0). 

Figure 1.6 illustrates the play of variables in the process in case c=0.1 
whereas Figure 1.7 presents values for c= 1. In both cases, it has been assumed 
that y= 0.5. In addition, Figure 1.8 shows the effect of increasing parameter у, 
which is set as 5 while c is kept at 1. 


1.300 
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0.325 
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FIGURE 1.6 Dimensionless temperature (0) as a function of dimensionless time (7) and 
parameter b assuming c=0.1 and y=0.5. 
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FIGURE 1.7 Dimensionless temperature (0) as a function of dimensionless time (7) and 
parameter b assuming c= 1 and у = 0.5. 


It is interesting to verify the following: 


1. For relatively low values of parameter c, Figure 1.6 is very similar to 
Figure 1.5. One should remember that parameter c is proportional to the 
reaction pre-exponential factor (Equation 1.45); therefore, low values of 
c indicate slow reaction rates. 

2. For higher values of parameter c, the effect of exothermic reaction starts 
to be felt, as shown by Figure 1.7 when compared with Figure 1.6. As 
seen, for faster reactions, temperature rises faster and, for a given instant 
(t or 7), it reaches higher values. 

3. At the above figure it is possible to see the temperature profile for b = 0, 
i.e., when the heating device is not working and the temperature varies 
only because of exothermal reaction. At the beginning, as represented by 
Equation 1.42, the rate of energy release due to the reaction is relatively 
high. This is so due to the high concentrations of reactants. At the same 
time, heat is exchanged and lost to the environment. This is represented 
by the first term on the right-hand side of Equation 1.43. As the rate of 
energy release from reaction decreases due to decrease of reactant 
concentrations, the heat loss to environment begins to be felt and peak 
in the temperature is reached. After this, the rate of heat loss to 
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FIGURE 1.8 Dimensionless temperature (0) as a function of dimensionless time (т) and 
parameter b assuming c= 1 апа у= 5. 


environment surpasses the rate of energy generation owing to the reac- 
tion and the temperature continues to decline. 

4. Increases in parameter y lead to slower reactions. Comparing Figures 1.7 
and 1.8 (plotted for the same c), it is possible to verify that at any given time, 
higher values of y lead to slower heating rates and lower temperatures. 


1.5.2 SOLUTION BY WEIGHTED RESIDUALS 


For some situations, it might be difficult or even impossible to find exact 
analytical solutions. In these cases, approximate methods may be employed. 
Among those, there is the method of weighted residuals (MWR), which is 
presented at Appendix E. 

To show few details regarding the application of MWR as well as compar- 
isons between various solutions, consider the same problem of the heated batch 
reactor. 

Respecting boundary condition given by Equation 1.48, a possible trial 
function would be 


ё„ = у Сут! (1.54) 
j=l 


Here C; are constants to be determined according to the following procedures. 
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1.5.2.1 First Approximation 


The first approximation is obtained from Equation 1.54 as 
0; = Сүт (1.55) 
Using Equation 1.44, the residual is 
Ay =C\(1+7)—br—-—ce” (1.56) 


The domain regarding variable time is from zero to infinity; therefore, the 
integration of the residue multiplied by the weighting functions should be per- 
formed within this interval or 


faw dr=0 (1.57) 
0 


As shown below, the various submethods differ from each other according to the 
weighting function applied in the integration. 


1.5.2.1.1 Method of the Moments 
From the exposed material at Appendix E, the weighting function for this method 
may be an orthogonal polynomial. However, to simplify, let us apply the following: 


Wet (1.58) 
Therefore, for the first approximation, Equations 1.56 and 1.57 lead to 


oo 


ор 2 
1 
| [Ci(1 + т) – рт – ce "] dr = | Ст + (Сі x c m =0 (1.59) 
т=0 
0 


Since т might assume infinite value, it becomes impossible to determine Cj. 
Therefore, an alternative route should be tried. 


1.5.2.2 Another Alternative 


There are two possibilities that avoid such undefined values: 


1. Solve the problem for an important time interval regarding the physical 
problem. Of course, it is unlikely that anyone would be interested in the 
reactor behavior throughout eternity. Even the steady-state regime would 
be approached after a finite period. Now, let us say that one would like to 
follow the process up to a time тү. This period may be, for instance, the 
one set for the batch period. Therefore, Equation 1.59 would be written as 
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т А a 
1 
Ke + Сүт — br — ce“) dr = |Сүт+(С\— bre — 0 (1.60) 
т=0 
0 


This would allow us to determine С; as 


Е ybr? + 2c(1 — e77") 


C 
; ут(2 + т) 





(1.61) 


2. The second alternative is to work with another trial function that could 
avoid infinite limits. Among them there is 


On = V G(1- e) (1.62) 
j=l 


Note that these trial functions obey the boundary condition given by Equa- 
tion 1.48. 
The first approximation would be 


6; = С1(1 — e77) (1.63) 

Using Equation 1.44, the residue would become 
Л = С — br — се" (1.64) 
Of course, weighting functions should be carefully selected. If simple polyno- 


mials were chosen, terms with infinity limits would appear again. A simple choice 
to avoid is 


W,=e"" (1.65) 


For now, let us try a combination, i.e., apply trial functions given by Equation 
1.63 and set a time ту as the upper limit of our domain. 


1.5.2.2.1 Method of Collocation 

According to the explanation at Appendix E, this method asks the residue to 
vanish at the collocation points. As a first attempt, let the middle of the interval be 
a collocation point, i.e., 7;/2. Therefore, from Equation 1.64 one gets 


b т, 
С = т + ce? (1.66) 
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FIGURE 1.9 Dimensionless temperature (0) as a function of dimensionless time (7) and 
parameter b assuming c= 1 and y=0.5 obtained as first approximation using the colloca- 
tion method. 


Using Equation 1.66 in Equation 1.63, it is possible to write 
25. b cw ED 
à = (5s 78) - e (1.67) 


Despite far from reproducing the exact solution (Equation 1.53), this first approxi- 
mation already shows some promising similarity to it. To illustrate this, Equation 
1.67 was computed choosing c= 1, у= 0.5, and тг = 4, which is the maximum 
period applied in previous graphs for the exact solution. The values are plotted 
leading to Figure 1.9, which can be compared with Figure 1.7 built for the same 
values of c and y. 


1.5.2.2.2 Method of Subdomain 
Here, the integral of the residue should be equated to zero. Because of the choice 
made before for the weighting function at the method of moments (Equation 
1.58), the integration for the first approximation by the method of subdomain is 
very simple and left as an exercise. 
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1.5.2.2.3 Method of Least Squares 
As seen in Appendix E, this method sets the weighting function as 


дА, 
Wi = 1 1. 
SOG} ue 


Applying Equation 1.64, W, = 1 and the coefficient Су would be determined by 


TÉ 


Ke — br — ce") dr = 0 (1.69) 
0 
This leads to 
b 
CS leo (1.70) 
2 Утғ 


The reader is invited to use this in Equation 1.63 and compare the result with the 
exact solution (Equation 1.53), in the same way as performed after the application 
of collocation method. 


1.5.2.2.4 Method of Galerkin 
The Galerkin method requires the weighting function to be written as 


W === l-e” (1.71) 


Therefore 


| (1 —e-7)(C, — br — се") dr = 0 (1.72) 
0 


This allows determining C,. The details are left as exercise. 


1.5.2.3 Second Approximation 


It is possible to verify that almost no progress would be obtained if Equation 1.62 
were applied to obtain a second approximation. To avoid that, one may think on 
changing Equation 1.62 and adopt the following: 


(doeet or (1.73) 


The reader is asked to discuss this possibility and use the above to obtain a second 
approximation. 
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1.5.2.4 When to Stop 


Of course, one would apply MWR only to problems in which an exact solution 
could not be found. Therefore, one would ask how many approximations would 
be reasonable to achieve an approximated solution within a given level of 
deviation. This important aspect is discussed at Section E.2. 


1.6 REACTOR WITH A TIME-CONTROLLED RATE 


The present problem exemplifies the solution of a differential equation with 
variable coefficients. 

Consider the case of a well-stirred batch reactor as shown by Figure 1.4. Now, 
the rate of energy production by an exothermic reaction is a function of not only 
time but also temperature as follows: 


RQ reaction = ai(T = To)t (1.74) 


If assumptions as stated at Section 1.4 continue to be valid and, again, the initial 
temperature in the tank is equal to the ambiance, the use of variables given by 
Equations 1.27 and 1.28 into Equation 1.25 gives 


dé 
dé iced het tor (1.75) 
dr 


Here b is given by Equation 1.32 and c is provided by 


ae a, pVCy 
2 (аА) 





(1.76) 


As seen, the last term in the right-hand side of Equation 1.75 introduces a variable 
coefficient. This sort of differential equation is called linear with nonconstant coef- 
ficients. Despite the possibility of solving the present problem using the exact method 
(as shown below), one usually faces difficulties in finding analytical solutions for this 
class of differential equations. The MWR methods may be applied; however, let 
us now introduce the use of Picard’s method, as explained in Appendix B. 

As before, the boundary condition for this problem is 


000) = 0 (1.77) 


1.6.1 SOLUTION By PicARD’s METHOD 


According to Appendix B, the method can be applied to linear as well as non- 
linear differential equations as long as they can be put in the form given by 
Equation B.13 under the boundary condition that can be expressed by Equation 
B.14, or a first-kind boundary condition. In the present case, Equations 1.75 and 
1.77 satisfy those requirements. 
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The first approximation can be written as 


T 


Ө; = 00 +| (— 09 + bt + c097) dr (1.78) 
0 


Owing to the boundary condition, which implies Ө, = 0, the following is obtained: 


The second approximation becomes 


в = | (= + br = Jar = Ze : =) (1.79) 
The third approximation is 
6, = | Le С =) + br — cb а s x) 
GES) неа) 
The fourth approximation becomes 


NEED T f e br Жей É т ст! " É т ст! 
УС ©°\180 40 336 144 30 280 




















120 24 240 6 
е: b, ү cbr* 2р т! TÉ стз (1.80) 
2. ^ 8 ^ A210 48 384 


The process continues until the difference between the nth and (n 4- 1)th approxi- 
mation is equal or smaller than the desired deviation between model and reality, 
or below the expected error in measurements of temperature or other variables. 
For instance, let us assume 0.1 K as the maximum allowed deviation for tem- 
perature. Using Equation 1.27, it is easy to see that 


1 
dé = —dT 1.81 
To (1.81) 


Therefore, the desired deviation would represent variation of 0. 1/To for 0. If, as an 
example, То were 300 К, the maximum deviation for the dimensionless tempera- 
ture would be 3.33 х 107°. In addition, let us take the case of a tank with 1 m 
diameter filled up to 1 m high with a fluid with properties similar to water. The 
heat transfer coefficient to still surrounding air is assumed as 2 W m ? КГ! and 
constant a around 1 W s_'. In this case, parameter b would be equal to 66.314. 
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FIGURE 1.10 Second approximation of dimensionless temperature (0) against dimension- 
less time (7) and parameter (c). 


Using these values, the approximations 05 and 04 at various values of dimension- 

less time 7 and parameter c, which is related to the rate of energy delivery to the 

system by Equation 1.76, are presented by Figures 1.10 and 1.11, respectively. 
From these, the following are noticeable: 


e For c equal to zero, or cases with no extra heating, the reactor tempera- 
ture tends to a limit. 

* Temperature would increase faster against time for larger values of 
parameter c. 


1.6.2 Exact SOLUTION 


Exceptionally, the present problem of nonlinear differential equation allows 
analytical exact solution. 

Applying the method of parameter variation (see Appendix B), the following 
is written: 


Ө = u (T) u2(T) (1.82) 
Applying this on Equation 1.75 leads to 


ш(и + uy — сти) + uui = br (1.83) 


Problems 111; One Variable, 1st Order, 1st Kind Boundary Condition 29 


190.0 77 190.0 


142.5 | XX -142.5 





FIGURE 1.11 Fourth approximation of dimensionless temperature (0) against dimension- 
less time (7) and parameter (c). 


Setting the term between parentheses as zero, one obtains 
2 
ш = exp (5 = r) (1.84) 
Using Equation 1.84 in Equation 1.83, the following results: 


ст? 


и? =b |е(е Sar (1.85) 
0 


It is important to notice the definite integration, which complies with boundary 
condition given in Equation 1.77. 


Finally 
2 / 2 
9 = be (5 - т} [rew(- Jar (1.86) 
0 


Using the same value for parameter b (66.314) as before, the solution is illustrated 
by Figure 1.12. 
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FIGURE 1.12 Exact solution of dimensionless temperature (0) against dimensionless time 
(т) and parameter (c). 


Comparing Figure 1.12 with the Figures 1.10 and 1.11, it is easy to verify that 
the progress of approximations obtained by the Picard's method would tend to the 
exact solution. 

The earlier observations based on the approximate solutions regarding the 
reactor behavior are valid. 


1.7 PRESSURE IN A RESTING FLUID 


Let us consider the simple example of the dependence of pressure within a fluid 
just due to the weight of its own column above the considered point. Figure 1.13 
illustrates the situation. 

The following are assumed: 


1. Fluid is Newtonian with constant density and at rest inside a vertical 
container. 

2. No movement is observed in the fluid. 

3. Temperature of the fluid is uniform and is the same as that of the 
environment, which does not change as well. 

4. Gravitational acceleration is constant throughout the entire region occu- 
pied by the fluid. 
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FIGURE 1.13 Stationary column of fluid. 


The application of mass continuity to Equation A.1 leads to a zero identity, 
therefore to no information. 

Applying the momentum Equation A.9 in the vertical direction, it is possible 
to write 


d 

d. рв. (1.87) 
z 

Owing to assumption 4, the integration of Equation 1.87 from z=0 to z=z is 

straightforward, or 


P — Po = —pgz (1.88) 


The negative sign on the right-hand side, or g — —g, is due to the upward 
orientation of coordinate z. Here po is the pressure at the bottom of the vessel 
(«= 0). This pressure can be put as function of the height if Equation 1.87 is 
integrated from z = 0 to z = L to give 


PL — po = —pgl (1.89) 

Therefore, it becomes 
p = р. * pg(L — z) (1.90) 
The letter p represents the absolute pressure at a point z. If the pressure ру were 
only due to atmosphere above the column, the relative pressure would be given 


just by the weight of the fluid above the considered point. This is a well-known 
result. 
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Let us assume now that the column is very high and the fluid is a gas (air, for 
instance). Therefore, the constant density hypothesis is no longer valid and the 
density would depend on the pressure. If density is not constant, Equation A.6 
should be used instead of Equation A.9. However, as the fluid is at rest, Equation 
1.87 holds. If the gas could be considered ideal, the density can be written as 


pM 


= фт (1.91) 


р 


Here М is ће average molecular mass.* If average molecular mass as well as the 
temperature could be considered constant, Equation 1.87 becomes 


dp Mg 
ӨР ME 1.92 
d ЁТ” Gee 


1.7.1 SOLUTION BY SEPARATION OF VARIABLES 


If the other assumption could be kept as valid, Equation 1.92 is separable and the 
integration from z =Q to z= z leads to 


Mg. 


р: = poe 5 (1.93) 


Here po would be the pressure at z= 0 (or sea level, for instance). 

As seen, the pressure decays exponentially with height in the atmosphere. Of 
course, this is still a great simplification because the temperature in the atmos- 
phere varies with altitude as well. Let us now assume that the form of this 
dependence is given by 


Т = Toe ^ (1.94) 


То is the temperature at z = 0 (sea level) and a is a positive constant. In this case, 
Equation 1.92 becomes 


dp Mg ш 
Z = 00е 1.95 
d WM ” Эз) 


This is still a separable equation. The integration would lead to 


M 
Р, = poexp a 2 e (1.96) 


The next improvement would be to consider the variation of the gravitational 
field. This is left as an exercise. 





* Actually, because of variation in the gravitational acceleration, a separation process takes place and 
the composition or molecular mass of air varies with altitude. 
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1.8 PRESSURE IN FLUID UNDER ROTATIONAL MOVEMENT 


Let any fluid be placed between two very long vertical cylindrical drums. The 
outer one, with radius equal to r,, rotates at constant angular velocity О and the 
inner one, with radius equal to r;, remains stationary as shown by Figure 1.14. 
It is desired to determine the velocity of the fluid at any radial position. 
As usual, the list of assumptions follows: 


1. Fluid between the drums is Newtonian with constant density. 
2. Fluid viscosity is constant. 
3. Allother variables are kept constant, i.e., steady-state regime takes place. 


Because of the obvious geometry, the cylindrical coordinates would be 
adopted. 

As the only velocity component is the angular one, the continuity equation, 
Equation A.2, gives 


д 
aq (ve) = 0 (1.97) 


In other words, the velocity does not vary with the angle. Of course, this is 
no surprise. 







Rotating drum 







Liquid surface 


Stationary drum profile 


N 


FIGURE 1.14 Scheme of concentric drums to impose a rotating field in a fluid between 
them. 
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The momentum continuity in the radial direction, or Equation A.13, provides 


2: 
P — ptt (1.98) 
r r 


It should be noticed that g, is zero because the drums are in the vertical position. 
The momentum in the angular direction or Equation A.14 leads to 


d f1 divo] _ 
SE d. |^ (1.99) 





Finally, momentum in vertical direction or Equation A.15 allows writing 
д 
Fe = PB: (1.100) 
z 


1.8.1 SOLUTION BY SEPARATION OF VARIABLES 


Equation 1.99 is separable, and 





d 
Ee (1.101) 
dr 
Here a is constant. Therefore 
b 
p e Ка (1.102) 
2 r 
where b is another constant. 
The boundary conditions are 
volri) = 0 (1.103) 
ve(ro) = Oro (1.104) 


After applying these equations to Equation 1.102, it is possible to write 


PSP EET 
vg = 0797 5 (1.105) 
r r-r 





The pressure profile against the vertical direction is the same as for the resting 
fluid. Actually, as the pressure varies with the height as well, the complete 
pressure profile can be obtained using the definition of total derivative, or 
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Le 


Ər Bz dz (1.106) 


dp = 


Applying Equations 1.98 and 1.100, one gets 





2га r-r : 
dp = pQ 3 (22—72 dr — pg dz (1.107) 


Since each right-side term depends only on the respective variable, the integra- 
tions can be performed without any problem. However, two integration constants 
would appear, or 


24[(1 Par f 
p=pQ fo 73 qnis dr + p,(z) — pgz + p«r) (1.108) 


1 


Functions p,(z) and p.(r) should be set. For instance, at the bottom of the space 
between the drums, or z — 0, the pressure might be known. Even better, if the 
pressure at the surface of the fluid wetting the inner drum (z — L) is the atmos- 
pheric pressure (ро), then p,(L) = ро and p.(r;) = po, and 





= 02,4 1 r-r ? 
p = ро tpr 53 (5252 dr — pg(L — z) (1.109) 


Of course, the height (Т) of the surface at the internal drum surface is a function of 
the geometry and rotational velocity, ог L= L(ri, го, О). Therefore, the present 
solution is not general and depends on that information. 

The form of the liquid surface can be obtained by the reverse problem, i.e., 
finding the function describing the form when the pressure is atmospheric. To 
simplify, let us take the case when r; — 0. Hence, there is no internal drum and the 
liquid rotates as in a revolving cup. Therefore, Equation 1.109 becomes 





1 
P= pot 5р0? pg(L — z) +p.(r) (1.110) 


At z — L and p= po, the pressure should not depend on the radius; therefore, 
р«= L(r) = 0. Therefore, the form of the surface would be given by 


2 


Q 
2=L4— 7 (1.111) 
2g 


A parabolic surface would form at the liquid surface, which is illustrated by 
Figure 1.15. 
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Fluid surface 


шссезу ыы: , External drum 
with angular 
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FIGURE 1.15 Form of a liquid surface in a rotating drum. 


1.9 PLUG-FLOW REACTOR 


Consider a tubular reactor as in Figure 1.16. 

Once the temperature, pressure, velocity, and composition of the injected 
mixture are known, it is desired to obtain these properties for the leaving stream 
from the reactor. 


Insulation 






Plug-flow 


Insulation 


FIGURE 1.16 Plug-flow reactor. 
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Of course, depending on the degree of precision required and the complexity 
of the reaction or reactions taking place inside the reactor, the problem can 
become difficult to solve, at least to achieve an analytical solution. One can 
imagine that the reactions might be endothermic or exothermic, which will lead 
to decreasing or increasing temperatures for positions ahead of the entrance. This, 
combined with the changes in the composition from point to point, leads to 
changes in the physical and chemical properties of the traveling mixture. The 
complete solution for such a problem would require the use of momentum, 
energy, and mass conservation equations along with a considerable amount of 
auxiliary routines for computations of physical-chemical properties of mixtures 
as functions of temperature, pressure, and composition. In addition, routines to 
compute the rates of involved reactions should be provided. When solving the 
problem using a dimensional approach, even if laminar flow could be assured, one 
still has to consider variations of temperature, composition, and pressure in two or 
three directions. This last one would be mandatory if rotational flow occurs. In 
cases of unsteady-state regime, time would be added as another independent 
variable. If the problem involves turbulent flow, the problem becomes much 
more complex. Of course, such problems can only be solved by numerical 
methods, mainly by commercial computational fluid dynamics (CFD) programs. 
More details and considerations about modeling reactive systems can be found 
elsewhere [4]. 

Our objective here is much more modest, i.e., to obtain the temperature profile 
inside the reactor, when the following are assumed: 


Steady-state regime. 

At position z = 0, the fluid is at uniform temperature То. 

Tube is perfectly insulated, i.e., reactor has adiabatic walls. 

Velocity profile is flat, or does not depend on the radial direction. This 

model is also called plug-flow regime. Despite an approximation, it is 

very useful and often applied for a first attack to reactor design. 

5. Fluid properties are constants. This is another approximation since the 
chemical species are reacting and the composition changes from point- 
to-point in the reactor. 

6. Chemical reaction delivers a constant and uniform rate (Ко) of energy 
per unit of volume of the fluid. This is very difficult to achieve because 
the reaction rate depends on the concentration of reactants, which in turn 
are decreasing for increasing values of coordinate z. Therefore, the 
objective of the present example is just to illustrate a solution of differ- 
ential equation. 


B rs 


The above assumptions allow one to simplify Equation A.35 and to write 


OT oT 
pCpv; E = A d 


+ Ro (1.112) 
v6 
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It is important to notice that no variation of temperature occurs in the radial 
coordinate. This is due to the combination of following assumptions: 


e Assumption 3, which first imposes no heat flux in that direction at the 
wall, or 


OT 
qlr = -A| =0 (1.113) 
R Or |r 


e Assumptions 4 and 6 guarantee evenly distributed energy release and flat 
temperature profile. Therefore, no heat flux will appear in the radial 
direction. 


Even though Equation 1.112 is a second-order differential equation, it can be 
easily converted into a first-order equation by 


dT 
A(z) = — (1.114) 
dz 
Thus, Equation 1.112 becomes 
аө 
—-—a0-tb-0 (1.115) 
dz 
Here 
pCpvz 
= ——— 1.11 
a (1.116) 
and 
Ro 
b = — 1.117 
x (1.117) 
One boundary condition is 
Т(0) = To (1.118) 


1.9.1 SOLUTION BY SEPARATION OF VARIABLES 
As long as parameters a and b in Equation 1.115 remain constant, the solution for 
the separable equation is straightforward leading to 


dT C b 
ө = DN Nd 


= — 1.11 
dz a a ( 2) 
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This can be integrated again to give 


1 


C b 
Гете C2 (1.120) 
a a 


As seen, apart from the condition given by Equation 1.118, another condition is 
necessary. A possibility is to set the derivative of temperature at z = 0 as zero as 
well, or 


000) = 0 (1.121) 


Of course, this is one possibility among various others. However, one would be 
sure after a careful examination of the real problem at hand. As the fluid mixture 
enters the reactor, it is reasonable to expect a zero derivative at entrance position 
either for exothermic or endothermic reactions. Therefore, the condition given by 
Equation 1.120 is a distinct possibility and its application leads to 


b 
Pi gt OG (1.122) 
a a 


Finally, applying the condition given by Equation 1.118 provides 


b b 
T = To +(e" — 1) - -z (1.123) 
a a 


To facilitate and generalize the representations by graphs, Equation 1.123 may be 
written in a dimensionless form as 





T-T, 
Ф = © — (е — 1) cieć (1.124) 
To 
Here 
b 
= 1.12 
а = т (1.125) 
C2 = aR (1.126) 
С 
=< 1.127 
ё R ( ) 


To discuss an example, let parameter cy be equal to 0.1. With this, Figure 1.17 
shows the dimensionless temperature profile in the reactor for parameter c, 
varying between 0 and 1. 
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FIGURE 1.17 Graph of dimensionless temperature (Ф) against dimensionless length (4) 
and parameter (с) inside the reactor for parameter c? = 0.1. 


1.9.2 COMMENTS 


It is interesting to observe the following: 


e As seen from Figure 1.17, the temperature increases for positions ahead 
of the entrance. The rate of increase is higher for larger values of 
parameter сү, or larger values of b, which according to Equation 1.117 
is proportional to the reaction rate. 

* As the reaction is irreversible, the temperature does not know boundar- 
ies. Of course, this does not represent a possible real situation; nonethe- 
less, it can be applied to very certain cases and within a given range of 
conditions. For instance, several combustion reactions can be considered 
irreversible within a relatively large range of conditions. 

* Assumption 5 is among the most critical, mainly in cases of gaseous 
reacting media where severe changes of density and velocity usually 
occur. However, despite this, Equation 1.112 can be put into a very 
convenient form that allows its application even in such a situation. This 
is so because 


Е = pv,A (1.128) 
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where F is the mass flow and A is the reactor cross-sectional area. Both do not 
change throughout the reactor. Therefore, despite changes in the density and 
velocity, Equation 1.112 can be written as 


2 
OT A ie (1.129) 


FC, — 
P Oz дг 


This would lead to Equation 1.115, with just changing parameter a to 


FC, 
excep 


=——Ё 1.1 
AA (1.130) 


The solution is the same as shown above. 


* Owing to the decrease of reactants, assumption 6 is also critical. Actu- 
ally, it is almost impossible to maintain a constant rate of energy delivery 
or source because of a reaction or reactions. One more acceptable 
relation for Rg would be 

a 


Ro = a, exp(—) (1.131) 
which reminds us of the classical Arrhenius equation for reaction rate. As the rate 
of energy delivery follows the reaction rate, the above equation might be reason- 
able as a first approximation. However, such an equation would not allow the 
technique described above, which transforms a second-order differential equation 
into two first-order equations. 


1.10 HEAT CONDUCTION IN AN INDEFINITE WALL 


Let us consider the classical problem of heat conduction through a wall of thickness 
L but with an infinite area and length, which is illustrated by Figure 1.18. 

The temperatures at both faces are set and the temperature profile in the wall 
against the coordinate x at steady-state condition has to be determined. 

Despite the apparent simplicity of this problem, several assumptions should 
be made to allow an analytical solution. Of course, depending on the assumptions, 
any problem can become cumbersome. The solution usually found in textbooks 
assumes thermal conductivity and other properties as constants. However, the real 
situation should include at least the thermal conductivity as a function of tem- 
perature. For most of the solid materials, the thermal conductivity decreases with 
increase in temperature. Let us solve the problem for such a situation. For clarity’s 
sake, the following are assumed: 


1. The wall has an indefinite dimension in a direction orthogonal to x. This 
allows assuming temperature variations only through the thickness of 
the wall. 
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T, 


FIGURE 1.18 Conduction through infinite wall with constant temperature at each face. 


2. Steady-state condition, i.e., the temperatures or any other property or 
variable of the problem modifies with time. In other words, the temper- 
atures То and Ту also remain constant. 

3. Apart from thermal conductivity, all other properties of the wall material 
do not depend on the temperature. This might become a rough approxi- 
mation, if the difference between the temperatures at each face increases. 

4. Thermal conductivity is a function of temperature. This is discussed 
below. 

5. Solid material of the wall does not go through any phase change or 
chemical transformation. 


As the thermal conductivity is not constant, Equation A.34 cannot be used 
and Equation A.31 should be applied to set the basic equation. After the above 
assumptions, it can be simplified to 


dq. 


379 (1.132) 


Using Equation A.22, the equation becomes 


A een (1.133) 
ncc А 


Notwithstanding a second-order nature of ће problem, Equation 1.132 leads to а 
first-order one. However, two boundary conditions should be set. Those are 
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T(0) = To (1.134) 
T(L) = Тү, (1.135) 


Usually, the conductivity of metals is predicted as a function of temperature by 
Perry and coworkers [5]: 


à=aT-bT +E (1.136) 


Despite the dependence of parameters a, b, and c on the density, specific heat, and 
electrical conductivity of the metal, they would be assumed as constants. This is a 
reasonable approximation because the thermal conductivity usually is more 
sensitive to temperature variations than these other properties. 

Combining Equations 1.135 and 1.136, one gets 


c\ dT 
T — bT? 2) = 1.137 
(а +5) = (1.137) 


1.10.1 SOLUTION BY SEPARATION OF VARIABLES 


Since Equation 1.137 is separable, the differential equation is easily integrated to 
give 


TA. „71% 
an b= bent = Сух+С› (1.138) 


After applying conditions given by Equations 1.134 and 1.135, it is possible to 
write 





a b T 
aE TG) a ужеш , 





= (1.139) 
a b Ti L 
BE TS) 3072 Tj) + стт 








Regardless of its transcendent nature, the temperature profile in the wall as well as 
the heat transfer rate through it can be computed. 


1.11 PLATE-AND-CONE VISCOMETER 


Plate-and-cone devices, as illustrated in Figure 1.19, are used for determinations 
of liquid viscosity. A steady rotation is imposed in the upper cone while the lower 
plate is kept static and the tested fluid is held by surface tension between these two 
parts. Therefore, a velocity gradient is established in the fluid. The viscosity is 
related to the torque necessary to maintain the constant rotation (О) of the upper 
cone. 
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FIGURE 1.19 Vertical cut of the plate-and-cone viscometer. 


The velocity profile in the fluid between the cone and the plate as well as an 
expression to provide the fluid viscosity as function of the angular velocity (О) 
and geometry of the viscometer has to be determined. 

Let us clearly list the main assumptions: 


Steady-state regime is established. 

Temperature across the fluid is constant and uniform. 

Fluid is Newtonian with constant physical properties. 

Energy dissipation due to attrition is negligible. 

There are no chemical reactions involved or any other source of energy 
present. 

Flow is exclusively tangential; therefore, there are no velocity fields in 
the radial and angular Ө directions, or vg = v, = 0. Because of the geo- 
metry of the device, this assumption is very reasonable as long as 
laminar flow is observed. 


pede SNS 


е 


Departing from the continuity (Equation A.3) and using the assumptions 
listed before, it is possible to write 


Qv, 
—=0 (1.140) 
дф 
Now, instead of working directly with the form involving velocities, let us use the 
stress forms. It will be shown that this is a more convenient form for the present 
situation. In this way, let us write the equations of the various components. 
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For the r-component, the stress form is given by Equation A.16. Having in 
mind, assumption 6 and Equation 1.140, one can apply Equations A.16a, A.17a, 
A.18a, A.19a, and A.20a to find that all stress involved in the above are zero. 
Therefore, it is possible to write 


2 
pe с. (1.141) 
r Or 


The component of velocity in 0 direction can be obtained from the Equation A.17. 
Likewise, as before, one may verify that the above would lead to 


Vo. 1 
pcot0-9 = 08 (1.142) 
ГА 


~ + 00 


The $-component is given by Equation A.18. Using the same procedure as 
before, Equation A.18 can be simplified to 


1 гт, 1дтө Tre , 2cot0 
r Or "TE 00 u r T a 





өф = 0 (1.143) 


Notice that pressure does not vary with angle ф. 

Despite the apparently difficult problem involving the above partial differen- 
tial equation, it will be shown that the present problem leads to a simple ordinary 
differential equation. This is so because the symmetry allows the following 
assumption: 


vg (1,0) = MIC = if (0) (1.144) 


Of course, this is an approximation and it leads to large deviations near the fluid 
surface (r — R). This point is discussed at the end of this section. 
The following are the boundary conditions of the present attack: 


(>) =0, 0<r<R (1.145) 
00001) = "О sind), O<r<R (1.146) 
у(0,0) =0, 0; <0 < (04 + 00) (1.147) 


Notice that Equation 1.144 satisfies boundary conditions given by Equations 
1.146 and 1.147. If Equation 1.144 is true, Equation A.21a leads to 


т = 0 (1.148) 
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Therefore, Equation 1.143 becomes 


dreg = 





dE —2 cot 0 Teg (1.149) 
The solution of which is 
C 
E 1.150 
Es sin? 0 ( ) 


From Equations A.20a and 1.144 the following can be expressed: 


төө = п" a ( K ) NE E (55) (1.151) 








г ДӨ “ѕіп Ө dé \ѕіпө 


Combining Equations 1.151 апа 1.150, one arrives at 


dí(f(0Y | C 
dé (55) - usin? Ө 89 





As seen, it is a separable ordinary first-order differential equation. Its integration 
yields 


„=з (cord — sind Intang) +Cyrsin@ (1.153) 
2u 2 


The condition given by Equation 1.145 forces Cı =0. The condition given by 
Equation 1.146 leads to 


cot 0 — ЖИЫН 
ур = Qrsin 6; 4 (1.154) 
cot 0; — sin 0; тапу 





From Equation 1.150, the shear stress Tg becomes 


sin 0;/sin? Ө 





Tod = 20.0, (1.155) 


0 
cot 8; — sin 0} ап 
The torque between the fluid and the stationary base can be computed by 


4a OR? їп Ө 
rdr de =F oe (1.156) 


cot 0; — sin 0, ап 


Torque = 








Toad 
0— 


ot ў 
o= > 


ыа 
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To simplify the representation of velocity profiles, let us rewrite Equation 1.154 
using the following dimensionless variables: 


Уф 
Y = ———— 1.157 
RO sin 6, ( ) 
F 
= — 1.158 
ё R ( ) 


Therefore 


сог — ЖЫШАЙ С 
yz а (1.159) 
cot 0; — sin 0, тап 





Figure 1.20 illustrates the dimensionless profile against dimensionless position (4) 
and angle (Ө). In the present case, the value for 09 = 7/10, or 0; = 77/2 — 77/10. 
The following can be noticed: 


* Maximum velocity (Y= 1) is obtained at the end of the film (Z = 1) and 
at the rotating cone surface (0 = 04). 





0.00 


1.571 


FIGURE 1.20 Fluid dimensionless velocity (Y) profile against angle (0) and dimension- 
less radius (4). 
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e Velocity is zero at the base (0 = 1/2). 

* Assumption of linear velocity profile against position r is reasonable 
because for positions near the surface meniscus (r= А, ог £— 1) the 
shear stress T, should approach zero. Since v, is zero, from Equation 
A.21a, the following can be written: 


a 


Therefore, the dependence of velocity on radius should be linear. 
A more rigorous approach of the present problem is presented in Chapter 11. 


=0 


r=R 





1.12 THERMOCOUPLE 


Consider a thermocouple with a spherical extremity exposed to ambiance at 
temperature Т, as illustrated in Figure 1.21. 

The thermocouple is composed of a wire and a solid sphere that surrounds it. 
The set, initially at an unknown relative low temperature, is inserted into an 
environment at higher temperature Ты, such as the interior of a furnace. During 
the processes, heat transfer between the sphere and environment occurs by 
convection and radiation, whereas between that of the solid and the wire by 
conduction. Therefore, the average temperature (T) of the solid as well as the 
one at the wire (Т) would be functions of time. Tẹ is also called *cold-end" of 
the thermocouple, while T remains as the ‘‘hot-end.” The difference between Т 
апа Tw induces an electrical current at the wiring and allows measuring the 
temperature of the environment Т... 

It is desired to have the relationship between the various temperatures against 
time. 


Thermocouple 
extremity 


Wire 


FIGURE 1.21 A thermocouple extremity exposed to ambiance at Т. 
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Let the following be the assumptions: 


. Spherical extremity is very small and metallic, which permits the 


approximation of uniform temperature throughout the whole solid. Actu- 
ally, this can be securely assumed for such terminals because the Biot 
number defined by Equation 1.9 is always below 0.1. 


. As the temperature is uniform throughout the sphere, the heat transfers 


from the environment and to the wiring can be, respectively, seen as an 
uniformly distributed source and sink of energy. 


. No phase change takes place in the solid or in the wire, and therefore, no 


velocity field is present. 
Air is transparent to the radiation at frequencies involved in the problem. 


. All involved bodies can be considered gray bodies for computations 


of heat transfer by radiation between the sphere and other bodies sur- 
rounding it. 

Environment surrounding the sphere remains at constant temperature 
Tx 


. No chemical reaction or any other form of energy source is present in the 


sphere or in the air. 

All physical properties of the sphere are constant. Obviously, this is 
another approximation and is valid for a relatively small range of 
temperature. As the thermocouples are usually applied to measure rela- 
tively high temperatures, such an assumption is among the most critical 
in the present treatment. 
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Once these conditions are accepted, the energy equation (Equation A.36) can 
be applied to the sphere surrounding the wire and can be written as 


T 


d 
pCp dt у= RQ,envir. + RaQ wire (1 .160) 


On the other hand, a similar equation can be applied for the wire, or 


Here 


ат, 


Ср 
Ру Р dt 


оА(Т = Т)  o(T4,-— TA 





RoQenvir. V | v(ze ре 1) 


€ 


ре р (1.161) 


= | (1.162) 


Коме = —a(T — Ту) (1.163) 
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The volume and area of the sphere are represented by V and A, respectively. The 
first term in the right-hand side of Equation 1.160 represents the energy per 
volume exchanged by convection between the sphere and surrounding air. The 
second term in the right-hand side represents the heat transfer by radiation 
between sphere and bodies in the environment. These basic aspects can be 
found in almost any reference dealing with radiative heat transfer [1,2,6—8]. 

Equations 1.161 and 1.162 would require a single boundary each. Of course, 
the most natural choice of boundary condition would be the one related to the 
initial temperature of the sphere. It is also reasonable that before being injected 
into the furnace, both sphere and wire were at the same temperature, say То. 
Therefore 


T(0) — Tg (1.164) 
and 
Т,(0) = To (1.165) 


The system formed by Equations 1.160 and 1.161 and boundary conditions given 
by Equations 1.164 and 1.165 can be solved by various methods. However, the 
solution of nonlinear systems is beyond the scope of the present text. 


EXERCISES 


1. Imagine a thin disk and a sphere, both with the same mass and made out of 
the same material. The lumped analysis would lead which one to smaller 
deviations? Justify your answer. 

2. Repeat the treatment shown in Section 1.2 for a body where an exothermic 
chemical reaction takes place. Assume that the rate of energy generation due 
to chemical reactions Rg remains constant. 

3. From solution given at Section 1.4, deduce the relations to provide the 
instantaneous rate of heat transfer to the ambiance and the total heat trans- 
ferred from the start to a given instant. 

4. Repeat the treatment shown in Section 1.4 for the case where the coil 
provides a constant power input from £— 0 until t — t; and stops operating 
from that time onward. 

5. Observing Equation 1.44, an interesting situation arises when parameter у 
approaches 1. Obtain the progress of the tank temperature for this case. 

6. Demonstrate relations given by Equations 1.61 and 1.70. 

7. Using the trial functions given by Equation 1.73, determine the first, second, 
and third approximations by any MWR method of the problem posed at 
Section 1.5. Compute the deviations (see Appendix E) among the successive 
approximations in order to decide, if the third approximation would be 
enough for a reasonable representation of the temperature inside the reactor 
as a function of time. Assume maximum acceptable deviation of 5%. 
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8. 


10. 


11. 


12. 


13. 


14. 


15. 


For the following values of parameters, a= 1 W so A=10 mî, о = 100 W 

m ^K !, p=1000 kg/m’, V=1 m?, Cp=4.2 kJ ке! K^!, To=290 К, 

а = 1000 W, a=0.1 sl, and Tf = 22% (ог twice the time constant), 

compare the second approximation obtained in Problem 7 with the exact 

solution. This can be done by computing values for temperature at various 

instants between zero and тү. 

Consider a cylindrical electrical wire with radius R and exposed to air at 

temperature T,. The wire heats up when electrical current is imposed upon it. 

Assuming steady-state regime and constant rate (Rg) of energy per unit of 

volume delivered to wire due to electrical energy dissipation, determine the 

(a) Temperature profile in the wire. The heat loss from the wire surface to 
ambiance due to convection transfer is given by o[7(r = R) — T;], where 
о is constant and r is the radial coordinate (r= 0 at the center line of the 
wire). Answer: T — T, — Ko (КЮ? —?) + TOR 

(b) Temperature at the surface of the wire. Answer: T = Т, + RoR 

(c) Rate (W m^?) of heat transfer per unit of surface area to air. 
Answer: Ro & 

Try to solve Equation 1.75 using the method of variation of parameters, 

Laplace transform, and MWR (any type until second approximation). Com- 

pare that approximate solution with the ones obtained by other methods. 

Using the method that better fits or leads to easier solution, solve the problem 

shown at Section 1.4 (Equations 1.25 and 1.26, and T(0) = To = Ты) assum- 

ing now that the electrical resistance delivers a power to the fluid at a rate 

equal to 

(a) аТ?, where a is constant. 

(b) ae “, where a and c are constants. 

(c) Repeat the above cases adding energy delivered by a chemical reaction 





following an Arrhenius form: a ехр(— Ё) , where а апа Ё аге constants 
(К is the gas constant). 

(d) Repeat the previous problem using the method of Picard. 

Develop a further improvement on the relation described in Section 1.7 by 

adding the influence of a varying gravitational field according to the famous 

law of decrease with the square of the distance. 

Try to solve the problem presented at Section 1.7 assuming a gas with a state 

described by Van der Waals equation. 

Imagine if in the problem of Section 1.8, the temperatures of inner and outer 

cylinders were different and kept constants at 7; and Те, respectively. In 

addition, assume that an ideal gas is between the cylinders. Answer the 

following questions: 

(a) Would it be reasonable to assume a linear profile for the temperature in 
the gas between the cylinders? Justify your answer. 

(b) Determine the temperature profile between the cylinders. 

Obtain the temperature profile for the fluid in Section 1.9 as a function of the 

derivative of temperature at z = 0. 
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Ti 





FIGURE 1.22 Conduction through a spherical shell with constant temperature at each face. 


16. 


17. 


18. 


19. 


20. 


21. 


Answer: T — To = [a6(0) + b] 5 (e^ — 1) — 22, where 6(0) is the derivative 
of temperature at z = 0. 

In the former problem, what would the physical condition to obtain a linear 
temperature profile for the temperature? Discuss the significance of that 
situation. 

Solve the temperature profile for the plug-flow reactor, described in Section 
1.9 using Laplace transform. 

Solve the problem presented in Section 1.9 when the rate of energy delivery 
by chemical reaction is given by Ro —a, exp(—aoz) where a, and a» аге 
constants. 

Using the result presented in Section 1.10, determine the rate of heat transfer 
to the wall. 

Repeat problem presented in Section 1.10 for the case of a sphere with cavity 
(or spherical shell), as shown by Figure 1.22. The external surface is kept at 
temperature Ту while the internal one at Tọ. Use the correlation shown by 
Equation 1.136 to describe the dependence of thermal conductivity on the 
temperature. 

Using the results presented in Section 1.11, find the pressure profile as 
function of radius and angle (0) within the viscometer fluid. 
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Problems 112; One 
Variable, 1st Order, 
2nd Kind Boundary 
Condition 


2.1 INTRODUCTION 


This chapter presents methods to solve problems with one independent variable 
involving the first-order differential equation and the second-kind boundary 
condition. Mathematically, this class of cases can be summarized as f (d.c, 99), 
second-kind boundary condition. 


2.2 HEATING OF A SOLID 


Let us consider the same problem shown in Section 1.2. However, instead of the 
initial body temperature То, the derivative of its temperature is known at this 
instant or at any other instant (a). Again, one seeks to predict the temperature in 
the body against time. 

The same assumptions made in Section 1.2 are valid here; therefore, the 
problem would lead to the same final differential equation as in Section 1.2, or 








dT aA 
= T — T% 2.1 
ae ) (2.1) 


Nevertheless, now the boundary condition is given by 


dT 


— =b 2:2 
ш (2.2) 


a 


Here parameters a and b are known constants. 
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2.2.4 SOLUTION BY SEPARATION OF VARIABLES 


As in Section 1.2.1, the above differential equation is separable and can be easily 
integrated to give 


aA 
In(T — T») = ——— t--InC 2.3 
n( ) pvc, T In (2.3) 


Here C is a constant. Thus 








aA 
T =T „+C — t 2.4 
р ev( РУС, ) ~ 
Its derivative is 
dT aA C aA 1 (2.5) 
== ех . 
d pva ^ "X. рУС, 


Using condition given by Equation 2.2, the constant C is obtained, and 
Equation 2.4 becomes 


bpVC, aA 
T = Ta 2. 
m ор 7 (а J (2.6) 





Notice that if b > 0, the body is heating up, and therefore the temperature T is 
smaller than that of the environment (Т). Of course, if b < 0 the contrary occurs. 
The initial temperature of the body is found for t — 0, leading to 


Ty = T, 





ZEE exp| = | (2.7) 


а 
aA pVCy 


Finally, the relationship between T and Ty can be obtained by combining the 
above two equations to give 











bpVC, aA aA 
Т = Т 1 t 2.8 
i aA CP ae a) | sv ( pVCp ) Ea 
Combining Equations 2.6 and 2.7 it is possible to write 
T — Т» A 
Es ep (a (2.9) 
To = Tas pVC, 


This is exactly the same as Equation 1.6 if ў = 0. 
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2.3 HEAT CONDUCTION IN A SPHERICAL SHELL 


Let us consider a problem similar to that presented in Section 1.10; however, for 
the case of a spherical shell and with a second-kind boundary condition, as 
illustrated in Figure 2.1. 

The temperature at the central cavity surface (r= Ro) is set as Tọ while a 
constant heat flux qı is maintained on the external surface (r = К). It is desired to 
determine the temperature profile inside the spherical shell at steady-state condi- 
tions. The thermal conductivity of the shell material is a function of temperature. 

The assumptions are as follows: 


1. Steady-state condition, i.e., the temperatures or any other property or 
variable of the problem does not change with time. 

2. Apart from thermal conductivity, all other properties of the sphere 
material do not depend on temperature. This might become a rough 
approximation if the gradient of temperature inside the sphere increases. 

3. Thermal conductivity is a function of temperature and is given by 
Equation 1.136 [1]. 

4. Solid material of the shell does not go through any phase change or 
chemical transformation. 


Again, because of variations of thermal conductivity, Equation A.36 cannot 
be applied and Equation A.33 should be used instead. Because of the assumptions 
made above and because of no transfer in any other direction but r, this equation 
simplifies to 





d(r?q, 
а _ 9 (2.10) 
dr 
e. Spherical shell 
Q1 
Constant 
heat flux 






at the 
surface 


Central cavity 


FIGURE 2.1 Conduction through a spherical shell with constant heat flux at external 
surface and constant temperature at internal face. 
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and 
rq, = С, (2.11) 
The boundary conditions are 
T(Ro) = To (2.12) 
and 
dT 
qı = |-A— = constant (2.13) 
dr г=В, 


This last condition can be immediately applied to Equation 2.11 to give 
constant C; or 


C; = Rig (2.14) 


Using Equation 2.14, Equation 2.11, and Equation A.28, one gets 


dT 
ra rm Ка (2.15) 


Applying the correlation for thermal conductivity against temperature (see 
Equation 1.136), Equation 2.15 becomes 


(2.16) 





) dT Ri 


с 
(ат ЬТ? + d qi 


T r 
2.3.1 SOLUTION BY SEPARATION OF VARIABLES 


Despite being a second-order differential, Equation 2.11 led to Equation 2.14, 
which is a first-order separable equation. Its general solution is 


quer Зз Ri 
а = +сТ= д + С (2.17) 
2 3 r 
After applying the condition given by Equation 2.12, the solution becomes 


b 
3 


[m T) ый сэй ы (2.18) 
0 То a r Ro \ 





; (7^ – 18) 


This allows the determination of the temperature profile at the spherical shell 
according to heat flux at the surface [4 (W)] and is illustrated in Figure 2.2. 
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290.0 ® -1.7 


FIGURE 2.2 Temperature profile through a spherical shell with constant heat flux at 
external surface and constant temperature at internal face; case for varying thermal 
conductivity. 


The heat flux assumes negative values because it is in an opposite direction to 
that of the radial coordinate. In this case, the following parameters were assumed: 
Ro=0.1 т, Rj = 1 т, Ty= 298 K, a =0.1 Wm!) K ,pb-2X10^Wm '! K^, 
and c=0.1 W ш !. The numbers chosen for the parameters of conductivity 
relationship do not relate to any specific material and are used here just as an 
example. 

It should be noticed that the above parameters a, b, and c lead to conducti- 
vities around 12 W m^! K^! at 298 K, which is similar to values found in metals. 
The above parameters have been chosen to produce an increased effect on the 
thermal conductivity. For instance, at 400 К it is around 7 W m ! K7'. 

For the case of constant thermal conductivity, the solution to the temperature 
profile is given by 


тет 2A E. (2.19) 
aio À r Ro : 


Figure 2.2 can be compared with Figure 2.3, illustrated for the case of constant 
thermal conductivity (12 W m^! K^) obtained at 298 К from Equation 1.136. 
In both cases, the same geometry and heat flux were imposed. 
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FIGURE 2.3 Temperature profile through a spherical shell with constant heat flux at 
external surface and constant temperature at internal face; case for constant thermal 
conductivity. 


Of course, the higher conductivity used to chart Figure 2.3 led to faster heat 
transfer; therefore, preventing the temperature to reach as high as in the case 
represented in Figure 2.2. 


2.4 BATCH REACTOR 


Consider a well-stirred batch reactor, where a chemical species A is to be 
produced by the decomposition of another component B according to the simple 
following reaction: 


B>A (2.20) 
The reaction is first-order reversible and the rate is given by 
Rua = Kafg — kiña (2.21) 


Here, the reaction coefficients for the direct and for the inverse reactions are 
constant and represented by the symbols kg and ki, respectively. 
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Assume that the production rate (a) of component A at a given instant Р is 
known and given by 


ард 
—- = 2.22 
а а (2.22) 
The concentration of A at апу instant сап be determined. It represents a second- 
kind boundary condition. 
As always, the assumptions should be clearly stated as follows: 


1. Reactor is well stirred; therefore, the concentration of reactants and 
products do not vary from point to point inside the reacting vessel. 

2. Reactor has good heating and refrigeration systems that ensure constant 

temperature throughout the entire reacting vessel. 

Pressure inside the reactor is maintained constant as well. 

Temperature and pressure inside the reactor are known. 

5. Fluid in the reactor is Newtonian with constant density. 


ZA 


Because of assumptions 4 and 2, the equation of energy conservation would 
not be necessary. 

The equations for conservation of species are to be used. Applying the above 
assumptions, Equation A.40 can be simplified to 


dpa 
——=R 2.23 
di M,A (2.23) 


Using Equation 2.21, this equation can be written at molar basis as 


d Е Я z 
А = RAS — kiða (2.24) 


Since the temperature is constant, the kinetic coefficients do not vary. 
The stoichiometry of Equation 2.20 allows writing 





di, _ djs 
———— 2.25 
dt dt ( ) 
which 
dp, рв  d(pa--pg) dp 
= =—=0 2.26 
dt 2: dt dt dt ( ) 


Thus, the total molar concentration is constant. This is only possible in the 
particular case of Equation 2.20, where the number of moles produced is equal 
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to the number of moles that react; therefore, the total remains constant. Equation 
2.24 becomes 


dpa 
dt 





= Кар — (ki + ka)Ďa (2.27) 


2.4.1 SOLUTION BY SEPARATION OF VARIABLES 


Equation 2.27 is separable and the solution can be written as 


k, 
Ba =F P+ Ce (2.28) 


where 
k = ka + ki (2.29) 


Using Equations 2.28 and 2.26, the derivative of concentration of A is given by 


dp, —kt 23 
— = k . 
i Cie ( 0) 


Applying boundary condition given by Equation 2.22, it is possible to 
determine C, and to write Equation 2.28 as 


me puo Q.31) 


Notice that Equation 2.31 is dimensionally and physically coherent because the 
concentration of A increases with time. 


2.4.2 SOLUTION BY LAPLACE TRANSFORM 


The problem formed by Equation 2.27 with boundary condition given by 
Equation 2.22 can also be solved by Laplace transform. 
Let the transform be 


Lipa} = es) (2.32) 
This when applied to Equation 2.26 yields 


- 
se(s) — pA(0) = = — kels) (2.33) 


where k is given by Equation 2.29. 
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An apparent difficulty arises here because the initial value of concentration is 
not known. However, it is a constant and can be determined later. At present, let 
us write Equation 2.33 in the following form: 








e) = A x ae 3 (2.34) 
The inverse is 
Pat) = PaO ™ + pu (1— e) (2.35) 
Equation 2.35 leads to 
Pa = — (kpa (0) — kap)e™ (2.36) 
Using boundary condition given by Equation 2.22 one gets 
jAQ) = ee (2.37) 
This when applied to Equation 2.35 reproduces Equation 2.31. 
2.4.3 DISCUSSION 
Equation 2.31 can be easily put under a dimensionless form, or 
xa = b — be^? (2.38) 
where 
b - b. by =kb, т= и (2.39) 


The derivative of molar concentration (хд) of product А in the reactor is 


dx 
ZA = pgh-T (2.40) 

dr 
From these equations, it is clear that the molar concentration of species A depends 
on the following: 


1. Parameter Бу, which is the ratio between the direct reaction coefficient 
and the sum of direct and inverse reaction coefficients. Of course, this 
agrees with the fact that concentration of A should increase with faster 
direct reaction when compared with the inverse reaction. 
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FIGURE 2.4 Dimensionless concentration in the reactor against time. 


2. Parameter bz, which is the ratio between the instantaneous rate (a) of A 
production and the sum of reaction coefficients. Higher b; leads to 
higher rates of A production. However, as the second derivative of x4 
against time is negative, a maximum in the concentration should be 
expected. Nonetheless, the point of maximum cannot be reached because 
Equation 2.40 does not have a root. This is a consequence of simpli- 
fied—and somewhat artificial—boundary condition given by Equation 
2.22. In addition, the concentration of A will increase faster for 7 « b4 (or 
t « b) and slower for 7 > Рз (or t > b). In Chapter 3, the same problem is 
solved using a third-kind boundary condition, which allows a more 
realistic approach. 

. Attention should be paid to representations because of the limitation in 
molar concentration. An example is presented in Figure 2.4, where the 
following values have been assumed: b, = 0.5 and b3 = 1.0. From this, it 
is easy to see the progress of species A concentration against time and 
the decrease of achieved molar fraction for larger values of b>. 


шә 


2.5 PLUG-FLOW REACTOR 


Consider the problem of determining the temperature profile inside a tubular plug- 
flow reactor, similar to the one presented in Section 1.9 and illustrated in Figure 
1.16. However, at this time, the temperature То at the reactor entrance is not 
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known. Instead, the derivative of temperature at this position is known. 
This situation might occur if, for instance, a constant flux of energy is applied 
by the grid to the passing fluid. The controlled power input to the electrical 
resistance grid would ensure an initial positive derivative of temperature at the 
reactor entrance. 

To leave the conditions clear, let us list the assumptions: 


Steady-state regime. 

. At the position z= 0, the fluid experiences a given and known constant 

increase of temperature in the @ direction. In other words, a positive 

constant derivative of temperature is maintained at the grid. 

Tube is perfectly insulated, e.g., a reactor with adiabatic walls. 

4. Plug-flow regime. Of course, this is a strong approximation but useful 
and often applied for a first attack to reactor design. 

5. Fluid properties are constants. Since the chemical species are reacting 
and the composition as well as temperature change from point to point in 
the reactor; this is another severe approximation. 

6. Reaction delivers a constant and uniform rate (Ко) of energy per unit of 
volume. This is very difficult or even impossible to achieve because the 
reaction depends on the concentration of reactants, which in turn are 
decreasing for increasing values of coordinate z. Therefore, the objective 
of the present example is just to illustrate how to solve a differential 
equation. Situations with a more plausible picture are present in chapters 
ahead. 


Ne 


чә 


The initial development is the same as shown in Section 1.9. Therefore, 
calling 


dT 
A(z) = — (2.41) 
dz 
Equation 1.112 becomes 
аө 
——а0+Ь=0 (2.42) 
dz 


where constants a and b are given by Equations 1.116 and 1.117. 
The boundary condition is 


dT 


nce 6(0) = ф (2.43) 
z z=0 


where ф is a constant. 
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2.5.1 SOLUTION BY SEPARATION OF VARIABLES 


As before, the solution is straightforward because Equation 2.42 is a separable 
differential equation, leading to 


dT 
gt атаа. (2.44) 
dz a a 
On applying the condition in Equation 2.43, it provides 
Cı =аф+Ь (2.45) 
and 
dT b b 
ө — (e+) E (2.46) 
dz a a 
The above can be integrated again to give 
b\ 1 b 
T= (642) te" 2240 (2.47) 
aja a 


As seen earlier, apart from the condition given by Equation 2.43, another one 
is necessary. For instance, if the temperature of the fluid entering the reactor is 
known, the remaining condition is translated by 


T(0) = To (2.48) 
Of course, this is one possibility among several, and leads to 


r- n (+2) це” jet (2.49) 
aja 


a 





In order to facilitate and generalize the representations by graphs, Equation 
2.49 is represented by the following dimensionless form: 


T — To 
To 





Ф = = (су + сз) (е — 1) - спс (2.50) 


where 


ae (2.51) 
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FIGURE 2.5 Dimensionless temperature against position in the tubular reactor for cz = 0.1 
and сз = 0.3. 


c; = ав (2.52) 
_ Фф 

drm (2.53) 
z 

f=5 (2.54) 


Apart from the introduction of a new parameter сз, the solution given by Equation 
2.50 is similar to the one provided by Equation 1.124. The parameter c3 only adds 
to c, and Figure 2.5 can be seen as a particular case of Figure 1.17, at which c, is 
always greater than zero. Figure 2.5 is plotted for the particular values of cz and сз 
(0.1 and 0.3, respectively). It is easy to see that 


1. Because of the exothermic reaction, the temperature will increase for 
positions ahead the entrance. Notice that, according to Equation 1.117, 
the reaction rate affects parameter b, and therefore parameter сү. Thus, 
higher values of c, lead to higher temperatures. 

2. As imposed by boundary condition given by Equation 2.43, the deriva- 
tive of temperature remains constant at z= 0 or ¢ = 0. 
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FIGURE 2.6 Dimensionless temperature against position in the tubular reactor for c; = 0.1 
and c3= 1.0. 


3. Temperature derivative is always positive, even when c, = 0. 

4. Increases in the imposed temperature derivative (or increases in para- 
meter c3) lead to higher temperature across the reactor. This is illustrated 
in Figure 2.6 for the case where c» remains equal to 0.1, but сз is set as 1.0. 


EXERCISES 


1. Solve the problem presented in Section 2.3 by replacing the spherical shell 
with a cylindrical one. 
2. Solve the case of a well-stirred reactor (Section 2.4) if the reaction were 


B— 2А 


Again, assume a first-order reversible reaction occurring at constant tempera- 
ture and pressure. 

3. Solve the case of well-stirred tank (as shown in Section 2.4) for a second-order 
reaction, or Ru, A= Кард — kipx Continue to assume all other hypotheses listed 
in Section 2.4. 
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4. Solve the problem presented in Section 2.4, using collocation and Galerkin 
methods. Suggest a reference time for the interval in which the solution is to 
be sought. 

5. Solve the problem presented in Section 2.5 using any branch of the method of 
weighted residuals. Find, at least, two levels of approximations. 
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3.1 INTRODUCTION 


This chapter presents methods to solve problems with one independent variable 
involving first-order differential equations and third-kind boundary conditions. 
Mathematically, this class of cases can be summarized as f (6,0, £), third-kind 
boundary condition. 


3.2 HEATING OF A SOLID WITH CONTROLLED HEAT 
TRANSFER RATE 


Let us consider a similar problem as shown in Sections 1.2 and 2.2. Instead 
knowing the initial body temperature or assuming a constant energy flux at the 
surface, the rate of heat transfer is now controlled according to a given function of 
its temperature or time. 

Basically, the same assumptions made in Section 1.2 are valid. 

The problem would lead to the same final differential equation, 1.е., Equation 
1.3, or 


dT 
dt 








aA 
= pvc, (T — Т) (3.1) 


The boundary condition related to the heat transfer is represented by 


dT) 2 a 
reat ae) (3.2) 


Неге f(t) is any continuous function. This is an example of a third-kind condition. 
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3.2.1 SOLUTION BY SEPARATION OF VARIABLES 


As in Section 1.2.1, the above differential equation is separable and can be easily 
integrated to give 


A 
Mir eae 
pVCp 





t+Inc (3.3) 


where C is a constant. Therefore, 








Т =Т»+С BA (3.4) 
— loo ex m . 
| pVCp 
Its derivative is 
dT aA aA 
= С t 3.5 
dt pVC, ev( pVC, "m 


Using the boundary condition given by Equation 3.2, the constant C is obtained 
and Equation 3.4 becomes 





A 
T quare exp| = 
«А 


РУС, (а J (3.6) 


The initial temperature of the body is deduced for t= 0, leading to 





(3.7) 


A 
Ту = Т. у PUES exp| 2 | 
аА 


а 
pVCp 


Finally, a relation between T and То can be obtained by combining Equations 3.6 
and 3.7 to give 








pVC, aA aA 
T= 1 t | 
o t f(a) xA P (ус, а ехр pVC, (3.8) 


3.3 TEMPERATURE-CONTROLLED BATCH REACTOR 


Almost all chemical reactors require temperature control, either to avoid accidents 
or to ensure maximum productivity or both. In cases of exothermic reactions, 
safety is a major concern and this demands precise control of the reactor tem- 
perature. In some cases, even a control of the temperature derivative is required to 
take action before any surge occurs. 
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FIGURE 3.1 Scheme of a water-jacketed and well-stirred batch reactor. 
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Figure 3.1 presents a scheme to illustrate the present case. An exothermic 
reaction takes place in a well-stirred reactor, which is cooled by a water jacket. A 
sensor measures the temperature inside the reactor and its derivative is imposed 
according to a given relationship. This is accomplished by varying the flow of 
cool water through the jacket. One is interested in the profile of reactor tempera- 


ture against time. 


To follow the usual procedure, let us list the assumptions applied in the 


present problem: 


1. Given amounts of two liquid reactants A and B are introduced in the 


reactor and an exothermic process takes place where a liquid product C 
is generated. Within the residence time of reacting species inside the 
vessel, conditions are far from equilibrium. Therefore, the reaction can 
be considered irreversible. 

. Pressure inside the reactor is high enough to maintain the mixture as a 
liquid, even at relatively high temperatures. 

. As explained in Section 1.5, exothermic reactions increase the internal 
energy or enthalpy of the reacting mixture. In the present case, it is 
assumed that the rate of energy generation per unit of reactor volume is a 
function of the temperature itself and given by the following simple 
relation: 


Ro, reaction — aT (3 
where parameter a is constant. Of course, this is just an example. In more 


realistic situations, the reaction rate follows the Arrhenius relation. This 
is discussed ahead. 


9) 
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4. Reactor is well stirred and the average temperature (7)—аѕ well as any 
other parameter inside the reactor—varies only against time; therefore, it 
is not a function of position within the volume. 

5. All physical-chemical properties of the mixture inside the reactor as well 
as of the water inside the jacket are assumed constant, including the heat 
transfer coefficient between the water jacket and reactor interior. Obvi- 
ously, the constancy of properties constitutes a strong assumption because 
it would require the properties of produced components to be equal or 
approximately equal to the reacting mixture. In addition, all properties 
need to be weak functions of temperature. This may be a reasonable 
approximation for specific heat but a critical one for viscosities. 

6. Temperature variation of water in the jacket is small, and an average 
value (Tw) may be assumed for its temperature throughout the jacket. In 
other words, the reactor derivative-controlling system would not require 
significant variations of the cold-water flow to the point so that its 
average temperature might be assumed constant. Of course, that simpli- 
fication might be criticized if large variation of the water temperature or 
phase change occurs. 

7. Rate of temperature increase of the reacting mixture against time is 
controlled. This is accomplished by a system that measures its derivative 
and, by increasing or decreasing the mass flow of cooling water, forces 
the derivative to follow a prescribed relationship against time. Let us 
assume here that such a relationship, at a given instant fj is given by 


dT 


az = BIT) (3.10) 


fp 


where B is a constant. This is a typical third-kind boundary condition. Notice that 
parameter B reflects how well the cooling jacket helps to control the inevitable 
increase on the reacting mixture inside the internal vessel. Larger values of B 
means that the cooling is not too effective and the temperature would increase 
faster than for lower values of B. 

Using the above assumptions and considering the heat transfer by convection 
to the water in the jacket, one may apply the energy balance Equation A.31 to 
arrive at 





dT A(Tw = T 
_ аА(Ту Jy a 


T 3.11 
dt VpCp pCp ( ) 


Here A is the area of the surface between the reactor and the water jacket, and V is 
the internal volume of the reactor. The density and specific heat refer to the 
mixture inside the reactor, which are assumed constant. 

In the present case, it should be noticed that the source and sink terms include 
the energy input or output because of heat transfer through the reactor surface. 
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This can only be done because of assumption 4, which ensures uniform tempera- 
ture inside the reactor at any time. 
Equation 3.11 can be put in the form 





dT 
— — bT 3.12 
di +с (3.12) 
where 
V—aA 
por (3.13) 
pCyV 
and 
ATi 
pec (3.14) 
pCyV 


3.3.1 SOLUTION Bv SEPARABLE EQUATION 


Equation 3.12 is separable with the following solution: 


С. 
(Т +7) = bt+InC, (3.15) 
or 
Cip, с 
poro —© 1 
dero (3.16) 


In order to facilitate the application of boundary condition given by Equation 
3.10, let us take the case when it is an initial one, or fj — 0. This would lead to 


Мс? + AbB 
Сі = wo (3.17) 


Finally, the temperature progress against time would be described by 


cct Vc --AbB „ c 
e 
2b b 





T= (3.18) 


As seen, the temperature will be a function of imposed parameter B. On the other 
hand, the temperature has limits. First, its absolute value should not only be 
positive but also fall within the range dictated by the validity (or at least 
approximate validity) of the assumptions listed before. For instance, if the 
reactants are in liquid phase, the temperature inside the reactor cannot become 
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lower than the freezing value or higher than the boiling point of any phase of the 
mixture. Additionally, the temperature value is a real number; therefore 


c? +4bB > 0 


It is interesting to notice that 


dT c+vc?+4bB ,, 
= e 
dt 2 





(3.19) 


Therefore, the derivative decreases with b. According to Equation 3.13, this can 
be achieved for increasing values of heat transfer coefficient (о) or higher cooling 
rates by the jacket. If b becomes negative, there is a possibility of achieving a 
minimum derivative value given by 


dT c 


SENGS bmint 
F 5° (3.20) 
where 
2 
C 
Din = = = 3.21 
4B ( ) 


To illustrate one possible situation, let us assume the following values: 


* Reacting part of the vessel is 2 m high and 1 m in diameter (A = 6.2831 п, 
V= 1.5708 m?). 

* Heat transfer coefficient (о) is around 100 W NUR 

* Average temperature of water (Tw) in the jacket is equal to 298 K. 

* Average density of the liquid mixture (p) in the reactor is equal to 1000 
kg ni 

e Average specific heat of the liquid mixture (Cp) is equal to 4200 J kg !K .. 


It should be noticed that the average temperature in the reactor would only 
become stable or controllable for negative values of parameter b, or for «A > aV. 
In other words, the rate of heat transfer by convection between reactor and cooling 
jacket should surpass the rate of energy generation by the exothermic reaction. In 
the case of the example, the rate of reaction should be below 400 W m ? K~!. As 
an example, let a — 100 W m^?K-. 

The above values lead to parameter b equal to —7.143X 10 ? s^! and c equal 
to 2.838X10 ? K s^ !. According to the consideration related to possibilities of 
temperature value, B should be smaller than 2.819 К? s^!. With these values, 
Equation 3.18 provides the values of temperature against time. In addition, if 
we assume that the freezing temperature of the mixture inside the vessel is 
T= 270 К, this value should be used as a boundary for possible ones computed 
using Equation 3.18. 


=1 
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FIGURE 3.2 Temperature as function of time and process parameter inside a batch reactor. 


The temperature against time and controlling parameter B is illustrated in 
Figure 3.2. 
It becomes clear that 


* Gradient temperature increases in the reactor against variations of para- 
meter B. 
* Because of the negative value of b, the temperature is controllable and 
tends to limit around 400 K. 
3.3.2 SOLUTION BY LAPLACE TRANSFORM 


The problem given by Equations 3.12 and 3.10 can be solved by Laplace 
transform as well. 
Let us consider the following transform: 


p(s) = LIT} (3.22) 


The transform of Equation 3.12 becomes 


se(s) — T(0) = be(s) +5 (3.23) 
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The initial condition 7(0) is not known; however, it may be determined later. For 
now, let us write 


_ TO) с 
es) PETS + =й (3.24) 





Its inversion is given by 
T(t) = Т(0)е + ce E (3.25) 


If this solution is introduced into Equation 3.10, one gets a second-degree 
polynomial equation. The only feasible (positive) root would lead to 


+ Vc? +4bB Le, C 
e 
2b b 





T0) = © (3.26) 


Substituting Equation 3.26 into Equation 3.25 reproduces Equation 3.18. 
The reader is invited to verify the limitations for parameters in order to allow 
a meaningful real problem or 7(0) greater or equal to zero. 


3.3.3 ARRHENIUS RELATION 


A more realistic equation for the energy source because of the reaction is 
described by the Arrhenius formulation, or 


E 
Ro, reaction — 21 €Xp (- Б) (3.27) 


Thus, the differential energy balance becomes 


dT оА(Тұ — T) Q0 ( E ) (3.28) 
= ех = " 
dt Үрс pCp P RT 





The boundary condition given by Equation 3.10 should be observed. 

The above differential equation is not separable and cannot be solved by 
Laplace transform. Among the possible methods to achieve a solution there is the 
weighted residual method. 


3.3.4 SOLUTION BY WEIGHTED RESIDUALS 


As seen in Appendix E, there are several available weighted residual methods, 
which may be applied to solve the boundary value problem formed by Equation 
3.28 and the boundary condition given by Equation 3.10. Moreover, these 
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methods are easier applied when variables are normalized and dimensionless. For 
such purposes, let us define 


p= (3.29) 


and 


T2 (3.30) 


tres 


Here, Ту is a limiting temperature observed for the process and f, is the reactor 
residence time, which is usually defined by the ratio between the reactor volume 
and the injection volume flow of reactants. Such parameters are assumed known 
for the given process. Let us seek approximated solutions for the problem within 
the ranges 0 X0 € 1 апа 0 € 7 € 1. 

Using the dimensionless variables, Equation 3.28 becomes 





dé 
qr = Pio 220 + bs exp (— b407!) (3.31) 
= 
where 
A tres T ‘A tres tres E 
j Rc MW qu pre, „узу ==, чаазы рту 
VpCpTL VpCp PCpTL RT, 
The boundary condition given by Equation 3.10 becomes 
аө = 
d; = 8100717. (3.33) 
T T=Tb 
where 
tres ty 
B-—B-; and ть = — (3.34a,b) 
Tt tres 


3.3.4.1 Choosing the Form of Approximations 


According to Section E.1, the best approach is to have approximations in the form 


ð, = bo + 9 Сф, (3.35) 
j 
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with functions фо and Фф; (1<j<n) that satisfy the boundary condition or 
conditions. For instance, the function 


by = ОВт)!? (3.36) 


satisfies the boundary condition given by Equation 3.33. 

Finding functions $; (1 <j < n) that satisfy that same condition is not a trivial 
task. In such cases, it is best to set functions that equal zero at the boundary point, 
leaving just function фе, which does satisfy the condition. Therefore, let the 
following be the approximation function: 


On = QBr)'? + у ^ C — m) (3.37) 
j 


where coefficients C; can be found through the application of one or more 
weighted residual methods, as follows. 


3.3.4.2 First Approximation 


The first approximation would be 
б, = Qgr)' "Ci (T — ть) (3.38) 


Its respective residue is obtained by substituting the above equation in Equation 
3.31, or 


dà = Я 
A, = ao — by + b38, — bs exp (— b46;') (3.39) 
3.3.4.3 Collocation Method 


If the residual is to be made equal to zero at, for instance, the middle point of the 
range in which we are interested іп (т = 1), then the following results: 


b4 ote 
pV? + с. т) Е 
(3.40) 











1 
pi? + С, bi ь›С!?. С, (5 n) b3 enl 


The presence of an exponential function does not allow obtaining an explicit form 
for parameter Cı. Nonetheless, this difficulty is easily overcome by any simple 
convergence procedure. In order to facilitate discussions, let us assume a case 
where h is half of the residence time tes. In this case, ть = i and C can be written as 


Ci = bi + B (by — 1) + bs exp(—bsp-"/?) (3.41) 
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The simplest set of collocation points would be provided by evenly distributed 
points. Therefore, the first approximation can be computed using Equation 3.38. 


3.3.4.4 Second Approximation 


The second approximation is 
6; = (2B7)"?-+C\ (T — ть) + С›(т — ть)” (3.42) 


Following the same steps, two equations can be obtained by equating the residual 
to zero at two collocation points. Now, let us use the roots of an orthogonal 
polynomial, such as Legendre. As seen in Section E.4, the range of such a 
function rests between 0 and 1. This illustrates why the normalization of inde- 
pendent variable is a useful procedure. 

The second-order Legendre polynomial is i (3х2 — 1), and therefore the roots 
are +,/1/3. However, there are two roots in the 0-1 domain. For this, the fourth- 
order polynomial, or i( 354^ — 3032 + 3) would give (approximate) roots 
Tı = 0.33998104 and 7; = 0.86113631. The residue for each root т; is 








1 = 
5 08) т + Cy +2С(т — ть) — bi + OB) "bo C (ri — ть) 
ba 
+ b2C2(7; т)? Рз ехр = 0 
Qr)? Cu (v; — ть) + С›(т; — Y 


(3.43) 


Parameters can now be obtained through the application of any convergence 
method to solve the system given by Equation 3.43 at two roots 7, and т». 

Section 3.3.1 provides values to illustrate a plausible situation. In addition, the 
following are considered: 


e Residence time in the reactor (Т): 50,000 s 

* Limiting temperature (Тү): 400 K 

* Ratio between reaction activation energy and universal gas constant 
(E/R):1x 10* K 


The above values have been chosen to approximately match the reaction 
rate given by Equation 3.9 at 400 K. With this, it is possible to calculate 
parameters b,—b, in Equation 3.32. Then the values of С, and C; can be obtained, 
and therefore, the approximated solution for temperature as a function of time 
given by Equation 3.42 and illustrated in Figure 3.3. 

Comparison between Figures 3.3 and 3.2 shows that even a second approxi- 
mation is enough to approximately represent the exact solution. 
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FIGURE 3.3 Second approximation of dimensionless temperature as function of time and 
process parameter inside a batch reactor. 


3.4 BATCH REACTOR 


This is similar to the problem seen in Section 2.4, i.e., a well-stirred batch reactor 
where chemical species A is to be produced by the decomposition of another 
component B according to the simple reaction: 
BA (3.44) 

Again, the reaction is of first order and the rate is given by 

Ru, a = kafg — Кр (3.45) 
As before, the reaction coefficients for the direct and the inverse reactions are 
assumed constant and represented by the symbols kg and ki, respectively. 


On the other hand, at a given instant (b) the production rate of component A 
depends on the concentration of the reactant at the same instant, or 


А = apy (b) (3.46) 
b 
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This is a more realistic picture for batch reactors than the one described in Section 
2.4. Notice that as the concentration of reactant B decreases with time so does the 
production rate of component A. As Equation 3.45 links the concentration of 
reactant with the concentration of product, Equation 3.46 represents a third-kind 
boundary condition. Therefore, the difference between the situation presented 
earlier and here resides on the type of imposed boundary condition. 

The assumptions made in Section 2.4 are still valid; therefore, one would 
arrive at Equation 2.27, or 


dp _ " 
ТА = kað — (ki + КОЙА (3.47) 





3.4.1 SOLUTION BY SEPARATION OF VARIABLES 


Equation 3.47 is separable and the solution can be written as 


k 
бА = Р + Cje™ (3.48) 


where 
К = ka + ki (3.49) 
Using Equations 3.48 and 2.26, the derivative of concentration of A is given by 


ард -kt 
F Cie (3.50) 


In order to apply the boundary condition given by Equation 3.46, it is necessary 
to use Equation 2.26, which shows a constant total concentration, therefore 


бв = B— Ba (3.51) 
With this, Equation 3.46 becomes 


ар, 


| =a- Pa) (3.52) 


t=b 





This allows determining the integration constant C, and to write Equation 3.48 as 


" а(—— 
DA _ Ка ki k(b—t) 

== 3.53 
Р k Кей” Vo 
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The left-hand side of Equation 3.53 represents the molar fraction of component A 
in the reactor and the whole equation can be easily put in the dimensionless 
form or 


XA = by — Һе" (3.54) 


where 


Ка 

k ccm 

bi = E. by = “++, by—kb т=М (3.55a,b,c,d) 
k k—a 


The form of Equation 3.54 is similar to Equation 2.38, as well as the 
respective derivative, as given by Equation 2.40. The only difference remains in 
the definition of parameter b». In the present case, this parameter includes the ratio 
between direct and inverse reaction coefficients. 

For the following discussions, it is worthwhile to repeat the derivative 


dx 
EE = Бе?" (3.56) 
Its second derivative is 
d 
EG = Ье?" (3.57) 


Keeping in mind that k is always greater than parameter a, the following сап 
occur: 


1. If ka > А, b2 would be positive and therefore the time derivative of molar 
fraction of A (Equation 3.56) would also be positive, but its second 
derivative Equation 3.57 would remain negative. Differently from Sec- 
tion 2.4, the value of derivative may reach zero when kg is equal to ki. 
Therefore, a maximum concentration of component A might be reached, 
which is a plausible picture for a batch reactor. However, this is not 
really a maximum because bz would be equal to zero and the concen- 
tration of A would remain constant. Figure 2.4 is a possible representa- 
tion for this case. 

2. If ka < А, the time derivative of the molar fraction of component A will 
be negative and the second derivative will be positive. Such a situation 
only will be feasible if some product A is present at the start of the 
reaction. Its concentration would decrease to reach a minimum. This 
case is illustrated in Figure 3.4 for b, = 0.5 and Р; = 1.0. Of course, the 
concentration of A would decrease faster for larger absolute values of 
parameter Б» or smaller ratios ka/ki. 
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FIGURE 3.4 Dimensionless concentration in the reactor against time; case of reversing 
reaction. 


EXERCISES 


1. From the conditions set and the solution achieved in Section 3.2, deduce 
the rate of heat transfer between the body and the surrounding environ- 
ment at instant t= a. 

2. Redraw Figure 3.2 for the case when the minimum value for b (given by 
Equation 3.21) is used. 

3. Develop a graphical representation of temperature as a function of time 
using the second approximation given by the collocation method. Apply 
the values suggested for an example in Section 3.3.4.4 and compare the 
graphical representation with Figure 3.2. 

4. Develop the third approximation for the problem presented in Section 
3.3.3 using the collocation method. Compare it with the previous first 
and second approximations. 

5. Repeat the solution presented in Section 3.3.4 by the Galerkin method. 

6. Solve the problem presented in Section 3.4 by Laplace transform. 
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4.4 INTRODUCTION 


This chapter presents methods to solve problems with one independent variable 
involving second-order differential equations and first-kind boundary conditions. 
Mathematically, this class of cases can be summarized as f $,0,%, £4), first- 
Й Ww 
kind B.C. 
Likewise, almost all classes of differential equations, second-order ordinary 
equations, can be classified by several methods. The most common classifications are 


1. Linear 
2. Nonlinear 


Additionally, there are situations where second-order differential equations 
can be reduced to first-order equations. This chapter starts with such cases. Then, 
examples of linear and nonlinear second-order differential equations with first- 
kind boundary conditions are shown. If the reader is interested only on solutions 
of complete second-order differential equations, it is advisable to consult the 
problems presented after Section 4.8. More examples of such equations are 
shown in Chapters 5 and 6. 


4.2 MASS TRANSFER THROUGH A CYLINDRICAL ROD 


Consider two very large tanks connected by a cylindrical porous rod, as illustrated 
in Figure 4.1. 

Both tanks contain liquid solutions of component A in one and component B 
in the other. The porous rod connecting both tanks allows diffusion of components 
A and B; however, the impermeable coat around it prevents any mass transfer to the 
external ambiance. The left tank is maintained at constant concentration pao, while 
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FIGURE 4.1 Scheme for mass transfer through a rod. 


the tank on the right holds a solution at constant concentration рду. This is possible 
because both tanks are very large and small amounts of A or B transferred through 
the rod would not significantly affect the concentrations in the tanks. 

One is interested in the profile of component A (or B) concentration in the 
porous rod as well as its rate of mass transfer from one tank to the other. 

The following assumptions are made: 


Steady-state regime. 

. Extremities are kept at constant and different concentrations. 

3. Rod is made of homogenous porous material with an impermeable 
coating that avoids mass transfers to the external environment, or in 
the radial direction (7). In addition, no swirl flow is verified or imposed. 
Therefore, concentrations are a function of only coordinate z. 

4. Components A and B do not react. 

5. Temperature and pressure in the whole system remain constant. 

6. Density of A and B mixtures can be considered independent of their 
concentrations. 

7. Diffusivity of component A into component B is constant. 

8. Rod is very porous and does not impose additional resistance to mass 
transfers between the two tanks. 

9. No appreciable velocity field is observed in the rod, i.e., the densities of 

solutions in both tanks are almost equal. 


pu 


Some comments may be necessary on the above assumptions: 


* Rate of mass transfer of one component into another depends on various 
factors such as difference in concentration, diffusivity, temperature, 
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pressure, etc. [1-4]. Of course, the dominant factor is difference in 
concentration. As seen, the total mass transfer of component A into 
component B can be expressed in mass or molar basis by Equations 
A.53 and A.54, respectively. The sum of mass fluxes Na and Ng are 
connected to the overall velocity field (v) by Equation A.55. According 
to assumption 9 above, the overall mass flow is negligible and, therefore, 
the total velocity or velocity of mass center is zero. This can be under- 
stood by imagining that the molecules of A run, for instance, from left to 
right (or positive z direction) and B in the opposite direction. If their 
densities are similar, the total velocity is zero. This can also be seen by 
examining the overall continuity equation, which for cylindrical coord- 
inates in the rod is given by Equation A.2. According to assumptions 
1 and 3, this equation can be simplified to 


d 
g5 


89 


Now, the overall density of a mixture is given by Equation A.45, and the 
assumption of similar densities for A and B leads to constant overall 


density. Therefore, the above equation shows that the overall velocity 
the transfer direction must be zero. 


Mass transfer may be affected by several factors, among them tempera- 
ture and pressure. These are special effects called Dufour and Soret, 
which depend on gradients of pressure and temperature, respectively. In 
view of assumption 5, these are neglected here. 

Diffusion coefficients either between two pure components or between any 
other combinations are functions of temperature, pressure, and con- 
centration itself. For mass transfer problems on isothermal and isochoric 
ambiances with relatively small variations of concentration, diffusion coef- 
ficients can be taken as constants. This justifies assumption 7 above. In 
addition, the presence of a porous media through which A and B diffuse 
interferes in that phenomenon. Usually, this interference tends to decrease 
the diffusion coefficient found for pure components [5,6]. 


in 


Having in mind the geometry of the rod, it is possible to start from Equation 


A.41, which in view of the assumptions listed before becomes 


Фрд 
SA 4 
dz i ( 


dpa 
— = 4 
dz x ( 


1) 


Owing to its simplicity, Equation 4.1 does not require any special method because 
it results in 


2) 
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Hence 
pA = Ciz C5 (4.3) 
Using the boundary conditions 
PA() = Pao (4.4) 
and 
Pa(L) = Par (4.5) 


into Equation 4.3, the solution becomes 
z 
Pa = Pao — (Pao — PAD y. (4.6) 


The expected linear profile has been obtained. 
It is worthwhile to deduce some important parameters related to the mass 
transfer phenomena, such as the following: 


* Mass flux of component A. This can be obtained by applying Equation 
A.53. According to the discussion above, the sum Na and Ng is zero; 
therefore, using Equation 4.6 this would give 





dp Pao — P. 

Na = Pava = -DaB А = Dag —0 "AL (4.7) 
Notice that if paz < Pao, the mass flux would be positive, i.e., it would occur in 
the positive z direction. Of course, molecules of component B would travel in the 
opposite direction with flux given by 


dpg PBL — PBO 
Ng = = -D = —D 4.8 
B PBYB AB dz AB L (4.8) 





Using Equation A.53 it is easy to verify that N4 + Ng becomes zero. 


4.3 MASS TRANSFER IN A ROD WITH VARIABLE DIFFUSIVITY 


In Section 4.2, the diffusion coefficient of component A into B was assumed 
constant. This may be approximately true for cases where the temperature, 
pressure, and concentrations in the extremities of the slab are not too different. 
However, a more realistic situation involves diffusivity as a function of these 
variables. Of course, the solution for the concentration profile in the rod would 
depart from the linear behavior, and the problem may become somewhat difficult 
to solve. 
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To demonstrate this, let us assume diffusivity as a function of concentration 
itself. Therefore, the differential equation governing the problem is 


E [paon =0 (4.9) 

with 
Pa) = Pao (4.10) 

and 
РА) = Par (4.11) 


As an example, let there be a linear dependence of diffusivity on concentration, or 
D = Do + alpa — pao) (4.12) 


where the symbol D represents Dag. Parameters a and De are constants. Of 
course, Do would be the diffusion coefficient between components A and B at 
the position z = 0 or at concentration рдо. 

Consider the following change of variables: 


о = РА PAD (4.13) 
PAL T Pao 
and 
Z 
== 4.14 
x= (4.14) 


In Equation 4.9, these lead to 


K- b+. aM0']'=0 (4.15) 
or 
(— b+ а0)0" + а(О”)? = 0 (4.16) 
where 
par 208 (4.17) 
Pao — PAL 


As commented before, if the concentration of A at z=O is greater than 
concentration at z — L, the mass flow of component A occurs in z direction, 
leading to positive parameter b. 
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The boundary conditions become 
Q(0) = 0 (4.18) 
ОП) =1 (4.19) 


Despite being nonlinear, Equation 4.15 is another particular case where it is 
possible to reduce to a first-order equation. Therefore 


(— b 4- aQ)Q! = С, (4.20) 


This is also a separable equation, and the following is derived after integrations: 


o? 
-b0 на = Cix + Cr (4.21) 


Using Equations 4.18 and 4.19 one gets to 


yO? — 20 = (y - 2x (4.22) 
where 
2g (4.23) 
Y= b В 


which is a dimensionless parameter. 

Keeping in mind Equation 4.12, it is easy to see that, at least for most cases, 
the value of parameter a should be relatively small if compared with the ratio 
between diffusivity and concentration difference. Actually, this parameter should 
be in the vicinity of parameter b, as defined by Equation 4.17. A simple estimation 
is possible. 

Assume, for instance, the case of liquids, where diffusivities are around 107° 
m? s7", On the other hand, the concentrations of salts in liquids usually fall in the 
range of 10? kg m ?. Therefore, in such situations, parameter b should have 
magnitudes around 10 !! m? kg ! s^!. In any situation, it is expected that 
parameter y should vary from 0 to 1 or near that. 

Keeping in mind that y is a positive real number and that x and О vary 


between 0 and 1, the only solution that might lead to valid values is 


1-1 + yCy - 2]? 
y 


О = 





(4.24) 


It should be observed that the boundary conditions given by Equations 4.18 and 
4.19 are satisfied using the negative determination. Moreover, as 0 < О < 1, the 
possible range for parameter y is 0 < y < 1. 
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4.3.1 APPLICATION OF METHOD OF WEIGHTED RESIDUALS 


Of course, the above explicit solution was only possible for a simplified dependence 
of diffusivity on concentration. However, for more complex cases, other methods 
could be necessary or useful, such as the weighted residuals. Its application is 
illustrated below. 


4.3.1.1 Choice of Trial Functions 


As explained in Appendix E, it is very convenient if function фо could satisfy the 
boundary conditions given by Equations 4.18 and 4.19. For the sake of simplicity 
(desired whenever it is viable), a possible choice is 
фу) =x (4.25) 
The other trial functions are set as 
eat x ў=1,2,...,п (4.26) 
Therefore, the approximation function becomes 
N H 
Oy =x+ у GE – х) (4.27) 
j=l 
Using Equations 4.16 and 4.27, the residual is 
AGON) = (— 1+ YANAN” + WON (4.28) 


Let us now work on some approximations and apply the various weighted 
residual methods (WRM) introduced before. 


4.3.1.2 First Approximation 
Using Equation 4.26, the first approximation is 

Оп =x+ 0 — x) (4.29) 
with 

Q =1+C(2x— 1) (4.30) 
and 


О,” = 2С, (4.31) 
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Thus, the residual given by Equation 4.28 becomes 


АС) = —2С + yt Су — 2€, y + 6Cyy(1 — Cx 6C2 yx? (4.32) 





4.3.1.2.1 Method of Moments 
Let the Legendre polynomials (Appendix C) be the weighting functions. Therefore 


Wi(x) = Р(х) = х (4.33) 
апа 
W2(x) = Р›(х) = 1/2(3 — 1) (4.34) 


The method of moments requires that 
1 
[мес = 0 (4.35) 
0 


The solution for the above equation provides 


Y 


CS 
| 20-y» 


(4.36) 


Therefore 


= y 2 
Q4 cA a m x) (4.37) 


It becomes now clear that a linear profile would be reproduced if y equals zero, 
which would be the same solution achieved in Section 4.2. 


4.3.1.2.2 Collocation 

As seen in Appendix E, the application of the collocation method requires 
choosing points inside the domain of variable x. Of course, the first approximation 
demands just one point at which the residue given by Equation 4.32 would be 
made equal to zero. If, within the frame of a simple choice, the point x= 1/, is 
chosen, the following is obtained: 


za ya 
prends eem | У-У (4.38) 





Clearly, the linear concentration profile should be reproduced for у= 0. 
Although this value could just be approached as a limit, the only possible choice 
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is the positive determination. In addition, to allow real values for С, parameter у 
should range between 0 and 2\/2 — 2. This has no special significance because other 
collocation points could be chosen. However, as higher levels of approximations are 
used, the solution should converge to the exact one, no matter what the choices of 
collocation points are. The difference is the efficiency, or the level of approximation 
needed to achieve an acceptably low deviation from the exact solution. 


4.3.1.2.3 Sub-domain 
Here it is only possible for one partition, or 


1 
[Ace dx =0 (4.39) 
0 


The remaining is left to the reader as an exercise. 


4.3.1.2.4 Least Squares 
Here, the weighting function would be 


_ OAG,61) 


W. 
: 8C, 


(4.40) 


The remaining details on how to obtain the approximate solution are also left as 
an exercise to the reader. 


4.3.1.2.5 Galerkin 
Observing Equation E.16, the weighting function is 


№ =x -x (4.41) 


Using Equation 4.32, the integration (Equation 4.35) leads to 


— 2) + \/145y2 + 100 
с = )+ 5y? + 100 (4.42) 


2(6y — 5) 





Again, the linear concentration profile should be reproduced for y = 0. This is 
the reason for choosing the positive determination. Additionally, the above 
imposed no limiting values for parameter y, except 5/6, which equals the root 
of the function in the denominator. 


4.3.1.2.6 Comparisons between Various Solutions 
The various approximations can be compared with the exact solution given by 
Equation 4.24. Graphs representing each approximation and the exact solution are 
presented below. 

Figure 4.2 shows the exact solution within the possible range for parameter y 
and dimensionless coordinate x. 
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FIGURE 4.2 Dimensionless concentration profile against dimensionless coordinate and 
diffusion-correlated parameter: exact solution. 


It is interesting to observe that the concentration profile deviates from the linear 
for larger values of у. The range for parameter у was kept between 0 and 0.6 only to 
allow possible real values for all studies based on the first approximations made 
here. The reader is invited to enlarge the plotting shown by Figure 4.2 for < у < 1. 

The representations of first approximations obtained using the method of 
moments are presented in Figure 4.3, and in Figures 4.4 and 4.5 in the cases of 
method of collocation and Galerkin, respectively. 

It is easy to see that, at this particular approximation and case, the method of 
moments provides the best result. However, in general, the method of Galerkin 
usually works better. 

Of course, if one is trying to use the method of weighted residuals (MWR), 
the exact solution is not available and the decision whether to go further or not is 
based on comparisons between subsequent approximations. More on this can be 
found in Section E.2. 


4.3.1.3 Second Approximation 


From Equation 4.27 it is possible to write the second approximation as 





О» 2 x - Ci + Cox? — (С + С) (4.43) 
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FIGURE 4.3 Dimensionless concentration profile against dimensionless coordinate and 
diffusion-correlated parameter: first approximation by method of momentum. 
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FIGURE 4.4 Dimensionless concentration profile against dimensionless coordinate and 
diffusion-correlated parameter: first approximation by method of collocation. 
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FIGURE 4.5 Dimensionless concentration profile against dimensionless coordinate and 
diffusion-correlated parameter: first approximation by method of Galerkin. 


The respective residue [A (x,05)] is obtained from Equation 4.28. After this, each 
method will require two independent equations for the determination of C, and С». 


4.3.1.3.1 Method of Moments 
Here, the two required equations could be given by 


1 
| toss =й (4.44) 
0 


and 


1 
| 062 —1)dx=0 (4.45) 
0 


4.3.1.3.2 Collocation 
The two necessary equations for the determination of C, and C; require that two 
points (p; and p5) within the domain D be chosen to give 
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A(p,,Q5) = 0 (4.46) 
and 
А(р›,О») = 0 (4.47) 


It is possible to prove [7] that the best choice for these points is the roots of an 
orthogonal polynomial of О. This method is called orthogonal collocation. 

For now, the equidistant collocation could be used, and the points would be 
given by 


(Xmax S Xmin) (4.48) 


Oo 
Ру= үү 


Of course, Xmax is equal to 1 and Xmin is equal to 0. If N=3, the points will be 
pı = 1/3 and p; = 2/3. 


4.3.1.3.3 Galerkin 
Here the two weighting functions are 


29, 
= =r 4.4 
Wi aC, x (4.49) 
and 
B 005 syg 
W = ЭС, —x-—x (4.50) 


The remaining details are again left to the reader as an exercise. 


4.4 CONDUCTION THROUGH A PIPE WALL 


As illustrated by Figure 4.6, a fluid at average temperature T; flows in a pipe with 
internal and external diameters equal to d; and do, respectively. Its external surface 
is kept at constant temperature 7o, while the internal surface at temperature T;. 
The temperature profile in the wall as well as the rate of heat transfer through it 
has to be determined. 

The following is assumed: 


1. Steady-state regime. 

2. External surface is in contact with fast moving air at temperature То, and 
because of the high rate of heat transfer, this surface remains at the same 
temperature. Of course, this is only approximately possible because no 
matter how high the convective transfer at the surface, the temperature at the 
surface should differ from that of the environment. 
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Pipe wall 





FIGURE 4.6 A pipe with insulation. 


3. Flow rate of fluid inside the tube is so high that its temperature remains 
constant at 7; and the temperature of the tube wall is also at the same 
temperature. Similar to the situation before, this is an approximation; 
otherwise no heat transfer would take place. 

4. Wall material has a constant thermal conductivity. 

5. Pipe is very long and no border effects are present. In other words, 
developed flow regime is established at the heating region. 


Departing from Equation A.35, it is possible to write 


d dT 
Ed ШШЕ 4.51 
dr (« =) 9 GaN 
which leads to 
dT 
r—=C, (4.52) 
dr 


where C; is a constant. 
As seen, Equation 4.51 is another example of a second-order equation that can be 
reduced one level, leading to a simple first-order equation with the following solution: 
T = Ci Inr +С» (4.53) 
as the boundary conditions are 
T(ri) = Ti (4.54) 


and 


Т(го) = То (4.55) 
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After using the above conditions, the result is given by 


Е 
1 = 
e Е (5) (4.56) 


ro 


Hence, if the internal and external conditions of a given geometry are known, 
the temperature profile would have the same form, no matter what the conduct- 
ivity value. This is valid as long as the conductivity remains constant. 

The rate of heat transfer is given by 





dT 


= —AA — = AÀ 
dr 








О = Aiqr|,—, = —AA (4.57) 





ro 
In — 
т 


r=} 


Here A is the internal area of the tube section in which the rate of heat 
transfer is computed. Of course, the rate would depend on the wall thermal 
conductivity. 


4.5 ELECTRICALLY HEATED PIPE WALL 


It is common to find a situation where the transport of hot fluids between two 
distant points requires systems to heat the pipe walls, not only to keep its high 
temperature due to process requirements but also, in some situations, to allow for 
transportation of the fluids. For instance, some fluids, such as asphalt, need to be 
heated to decrease their viscosity, otherwise more energy should be delivered by a 
pump or pumps. In several situations, this can be accomplished by an electric 
blanket wrapped around the pipe. The power delivered to the blanket should be 
enough to guarantee the fluid arriving at a desired temperature at the destination. 

For several reasons, one being the safety of the heating system, it is interest- 
ing to determine the temperature profile inside the electric blanket around the 
pipe. Obviously, another important information, related to costs, is the heat 
transfer rate between the blanket and the pipe. 

For the sake of simplification and to allow comparisons with the solution 
achieved in the last section, let us assume that an electric current is made to 
pass through the metal of the pipe shown in Figure 4.6. In other words, the 
pipe by itself a source of electric resistance and energy is dissipated by the Joule 
effect. 

As above, the conditions and simplifying hypothesis should be clearly stated: 


1. Steady-state regime. 

2. External surface of the electrically heated pipe is kept at temperature То. 
This is approximately possible only if high rates of heat transfer were 
observed between the environment at To and the surface. 

3. Internal surface of the pipe remains at constant temperature 7;. This is also 
approximately possible for fast flowing fluid at constant temperature T;. 
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Of course, this is convenient because it coincides with the desired effect, 
1.е., approximately constant fluid temperature throughout the pile length. 

4. Thermal conductivity of the pipe material may be considered constant. 
This also constitutes a more or less strong approximation and it will be 
approximately valid for relatively small differences between the internal 
and external surfaces of the heated pipe. 

5. Very long pipe and no border effects. In other words, accomplished flow 
regime is already established at the heating region. 


The problem is the same as that presented in the previous section, but with the 
addition of an energy source. Therefore, after the above assumption, Equation 
A.35 is simplified to 


ld / dT 


It should be remembered that the term Rg represents the power input per unit of 
volume where it is delivered. Electric heating manufacturers inform the power or 
rate of energy delivered by unit of pipe length, or 


Power 
а = 
L 





(4.59) 


According to the treatment used here, the source should have the following 
form: 








Power 
Ro = 4.60 
Q V (4.60) 
Consequently, 
буш з : (4.61) 
Sy 6102 0) ` 
In this case Rg is a constant. Thus, Equation 4.58 can be rewritten as 
XR NE =0 (4.62) 
tap ae ` 
Here the constant a, is given by 
R 
е 9 - (4.63) 





А Ат - Р) 


The boundary conditions given by Equations 4.54 and 4.55 are applied again. 
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Consider a new variable ф given by 


dT 
Ф = (4.64) 
ГА 


With this, it is possible to write Equation 4.62 in ће following form: 


de 


"dr 


+o+ar=0 (4.65) 


As seen, Equation 4.62 is another example of a second-order equation that 
can be reduced to a first-order equation. This in turn can be solved by several 
methods, one among them being the variation of parameters (Appendix B), which 
assumes a solution in the form 


etr) = u(r)vr) (4.66) 
Applying this to Equation 4.65, one arrives at 
kp (4.67) 


and 


r2 
u(r) = —ai Ба + С, (4.68) 


where С, is an integration constant. Therefore 


g(r) = -а5+ Cr! (4.69) 


Using Equation 4.64 and after another round of integration, it is possible to write 


r 


2 
T=-a gt elr es (4.70) 


Boundary conditions given by Equations 4.54 and 4.55 can now be applied, 
leading to 








In-Y h 
T—-Ti a r-r "n "RH (4.71) 
To-T, 4 TT, inh mn | 
Г r 
The dimensionless form is 
2x l 1 
9 = É {еш л (4.72) 
4Tà (To = T;) Xo — X4 In xo In xo 
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where 


T — Т, ГА ro 
m А =, х= 1, — 4.73a,b,c,d 
тт x = Xi XQ т ( a,b,c,d) 








0 





This equation provides the temperature profile in the pipe wall, and therefore can 
be used to obtain the rate of heat transfer to the pipe interior. This is illustrated by 
Figure 4.7 for a particular case where T; = 300 К, To = 800 К,А = 5 W mE 5 
Xo — 2, x; — 1, and parameter a varies from 0 to 2 X 10 Wm !. It is interesting to 
Observe that if a = 0, the above solution includes the solution for the case without 
the heating (Equation 4.56) effect. Equation 4.72 shows how increases of para- 
meter a lead to higher temperatures inside the wall. Despite fixed end values of 
temperatures (Т; and To), larger values of parameter a lead to greater derivatives 
of temperature at the extremities, which represent higher rates of heat transfers 
delivered to the flowing fluid. 

Usually, the electrical heating blanket is isolated from the ambiance to 
minimize energy losses. The reader is asked to apply Equation A.25 to find the 
relation for the rate of heat loss (W m 2) from the external surface to ambiance in 
the case of no insulation. 
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FIGURE 4.7 Dimensionless temperature profile in the electrically heated pipe wall. 
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4.6 HEAT TRANSFER IN A SPHERICAL SHELL 


105 


Consider a solid sphere with a central cavity, as shown by Figure 4.8. The internal 
and external surfaces of the shell can be kept at constant temperatures, Т; and 75, 
respectively. It is desired to determine the temperature profile in the shell as well 
as the rate of heat transfer between the external surface and surrounding envi- 


ronment. 
The following are the main characteristics or assumptions: 


Steady-state regime. 


Ne 


. External surface of the sphere is in contact with fast moving air at 


temperature 75. Owing to the high rate of heat transfer, the surface 


remains at the same constant temperature. 


3. Surface of the cavity is kept at constant temperature Т}. A simple method 
to achieve this would be to continuously inject saturated steam at 
temperature T, into the cavity using a very fine probe, which is assumed 
to have negligible interference in the physical situation. If temperature Т» 
is below Тү condensation will occur. Another fine probe may be used to 
withdraw the condensed water from the cavity. As the heat transfer 
coefficients during condensation are usually very high, the temperature 


at the cavity surface would remain very nearly constant. 


4. Shell material has constant thermal conductivity and density. This also 
constitutes an approximation, which would become critical for larger 


differences between T» and Т}. 


In view of the above, only heat transfer is observed through the shell, and 


from Equation A.36 it is possible to write 


1 dif ат 
zx T) =0 


Spherical CK) 


shell 


Central № 
cavity 


FIGURE 4.8 Sphere with internal cavity and surfaces at different temperatures. 


(4.74) 


106 Analytical and Approximate Methods in Transport Phenomena 


In the case of the shell, the radial coordinate can never become zero, therefore 


a LEE eg (4.75) 
dei ay : 
and 
dT 
= = С (4.76) 
dr 
This yields 
C 
T=- c (5 (4.77) 


Despite being a second-order differential problem, it could be reduced to two 
first-order differential equations. These equations lead to two constants, which 
can be found using the following boundary conditions: 


T(R) = Т, (4.78) 
T(R;) = Т» (4.79) 


Using condition given by Equation 4.77, one gets 





Ту — T. 
C --1—1 (4.80) 
Ri R 
and finally 
1 1 


TÄN quy 
= 4.81 
L-n 1.0 (81) 


R Р 





According to Equation A.25, the heat flux at the external surface is given by 


dT 


e Ge] _ (4.82) 
rh) 


Using Equations 4.76 and 4.80, Equation 4.82 can be written as 


171-75 
qrl,—n, T^g 1 1 
Ri R 





(4.83) 
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Finally, the rate of heat exchange with environment is 


T-n 
01 = A 1T (4.84) 
R Ro 


As always, there is a flux of energy given by the ratio between the potential 
represented by the numerator (Тү — 75) and the resistance represented by the 


denominator d (= — 1). Obviously, the resistance decreases for thinner shells 


(К; approaching R2) or for higher conductivities of the shell material. 


4.7 ABSORPTION WITHOUT REACTION 


Several industrial processes employ selected absorption for separation of a given 
component from a mixture. Among these, there is gas—liquid absorption, where a 
mixture of gases is put in contact with a specific liquid capable of diluting only one 
among the components in the gaseous mixture. An example is hydrogen chloride, 
which can be extracted from a mixture with air when in contact with water. This is so 
because the acid is much more soluble in water than nitrogen and oxygen; therefore, 
after some time the concentration of HCl in the air decreases significantly. Of course, 
the concentration of acid in water may find a limit or saturation. However, during 
most of the process, a flow of НСІ is established from the gas to the water. 

The usual interest resides in estimating the rate of transfer of absorbed species 
from one phase to the other. To simplify and generalize the problem, let us 
imagine a gas mixture with a component A soluble in a liquid B, as illustrated 
by Figure 4.9. It is desired to determine the concentration profile of component A 
in the liquid phase as well as the rate of its absorption by liquid B. 

The following assumptions are set here: 


1. Steady-state regime. 
2. Among all possible components of gas mixture, only A is soluble in the 
liquid B and these two chemical species do not react. 


ith t A soluble in B 
Gas with component A soluble in Surface at 


concentration 
0 Pao 


Liquid layer with component B 














FIGURE 4.9 Diffusion through a deep fluid. 
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3. Liquid B is still and its rate of evaporation into the gas is negligible. Of 
course, this is an approximation because all liquids would evaporate into the 
gas phase. A velocity field would be observed in the liquid and in the gas. 

4. Area between liquid and gas is indefinite. 

5. Despite the absorption of A, diffusivity, density, and any other property 
of the liquid phase remain constant. This would become even more 
critical if A is too soluble in B, i.e., if large concentrations of A in B 
may be observed. 

6. Temperature and pressure remain constant in the gas and fluid. This is also 
an approximation because even in the case of very low evaporation rate of 
the liquid, the absorption process usually leads to temperature variations. 

7. Concentration of A is known at depth L of the liquid. For now, this 
concentrationis assumed equal to zero, another critical assumption because 
at steady-state regime concentration of A tends to be uniform within the 
fluid. The only possibility for such a situation would be if at the bottom of 
the vase containing B another substance immediately reacts with A. This is 
seen in a process where a catalyst surface provides the disappearance of A. 


During such a process, a concentration рдо of diffusing component A is 
established at the liquid surface. If temperature, pressure, and concentration of 
A in the gas phase remain unchanged, pao is also constant. This situation 
characterizes the saturation value for mixture A in B. An approximated example 
would be the case of air and water, with oxygen as component A and water as 
component B. At the surface of a lake, the concentration of oxygen in the water 
reaches a saturation level where the concentration of oxygen can no longer 
increase. However, this does not mean that oxygen can no longer be transferred 
from air to the water. As long as the oxygen concentration beneath the surface is 
smaller than the saturation value at the surface, the gradient of concentration 
ensures that more oxygen would migrate from air into water. 

There are two possibilities of treatment for the present problem. One is very 
approximated, by assuming negligible velocity field in the liquid, and the other 
more realistic, where the assumption is not made. However, the mass flow of 
component A into resting B would inevitably lead to a velocity field. To under- 
stand this, consider Equation A.55, which shows the relation between the sum of 
mass fluxes and velocity, or 


Naz + Np; = pv; (4.85) 
Therefore, the approximation of negligible velocity would occur only if 


1. Both mass fluxes could be neglected and approximately valid only for 
very small values of mass fractions of component A, i.e., low solubility 
of A in B. This is equivalent to low diffusivity or mass transfer rate of A 
into B, which due to Equation 4.86 leads to low velocity field. 

2. Mass fluxes are exactly equal but in the opposing directions. 
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In the present case, only flux of B is zero. Therefore, a velocity field 
should exist. 

As no momentum or energy transport is involved, let us depart from Equation 
A.37. Because of assumption 1, no time variations may occur. In addition, as the 
liquid area is indefinite, all variations would take place only in the vertical 
direction z. Therefore, the above leads to 


ама; 
dz 





=0 (4.86) 


A relationship for mass flux is given by Equation A.53 and on just one direction is 
written as 


d 
ee WA(NA + Ng) (4.87) 


Naz = —Dasp dz 


As component B does not move, the above equation becomes 











1 dw 
Naz = —Dapp А (4.88) 
1— WA dz 
Thus, Equation 4.87 would be written as 
d 1 dwa 
=0 4.89 
dz s — WA dz ) ( ) 


Alternatively, we may depart from Equation A.40, which after the assump- 
tions is reduced to 


dwa = 
d2 





0 (4.90) 


However, arriving at the above relation required neglecting the velocity in the 
vertical (z) direction. The circumstances of such strong approximation have been 
discussed already. 

Equations 4.90 and 4.91 are second-order equations that can be easily reduced 
to first order. 

The boundary conditions are 


wa(0) = oa = wao (4.91) 


wa(L) = 0 (4.92) 
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The solutions are as follows: 


1 dwa m 
(A) =< aon 


— In(1 — wa) = Ciz + C5 (4.94) 


1. Using Equation 4.90 





and 


Applying the two boundary conditions, one gets 


eStats (4.95) 


2. Using Equation 4.91 the following is obtained: 
Wa = Ciz + C5 (4.96) 


After the boundary conditions, one arrives at 
Z 
ine wao( I = =) (4.97) 


Despite the differences, solutions in Equations 4.95 and 4.97 provide similar 
concentrations depending on the value of saturation concentration удо. This is so 
because more solubility leads to higher saturation concentration and therefore 
higher rates of mass transfers. In turn, these induce higher velocity fields in the 
solution. The profiles provided by the solution in Equation 4.95 are shown in 
Figure 4.10 and by Equation 4.97 in Figure 4.11. 

From the figures, it is easy to see they are similar for small values of wao. 
However, great errors can be made if one applies Equation 4.97 for cases of 
highly soluble A or high saturation concentrations (wAo). Numerical comparisons 
between the two solutions can be easily provided through the use of flux rate of 
absorbed component A, given by Equation 4.89. The solution given by Equation 
4.95 leads to the following flux at the liquid surface: 


D 1 
М], = 522 in( ) (4.98) 





L 1 — wap 
On the other hand, using solution given by Equation 4.97 one arrives at 


dwa = pDaB 


z=0 L 





Naz|--9 = —PDas Wao (4.99) 
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FIGURE 4.10 Concentration profiles provided by Equation 4.95. 
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FIGURE 4.11 Concentration profiles provided by Equation 4.97. 
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The relative deviation between the fluxes provided by the two solutions can 
be written as 





1 1 
1 I 
[Difference between solutions| _ Wao ^ (; — s) 


[Sum of two solutions| 1 1 
1+—In 
мло \1—wao 








(4.100) 





Just to show a few values, for wajg=0.1, the deviation would be 2.61%. 
For wao —0.01, the deviation would be 0.25%. This demonstrates how the 
assumption of no velocity is valid only for low solubility of A in B. 


4.8 DIFFUSION THROUGH A SPHERICAL SHELL WITH 
ZERO-ORDER REACTION 


Consider the spherical shell as shown in Figure 4.12. Gaseous species A is kept in 
the central cavity whereas pure liquid B is kept in the shell, which is sealed by 
rigid membranes permeable only to molecules of A. Such membranes are called 
“molecular sieves,” with several industrial applications. 

Gas A is continuously injected into the cavity just to keep the pressure 
constant or to replace the amount diffused through the shell. While diffusing, 
species A reacts with B following an irreversible and zero-order reaction: 


A+B-— 2С 


It is desired to find the concentration profile of A in the shell as well as the rate of 
its mass transfer from gas phase to the liquid. 
The following assumptions are applied here: 


e Steady-state regime. 
* Practically constant temperature and pressure throughout the system. 
Obviously, this is an approximation because the pressure in the central 
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FIGURE 4.12 Diffusion through a liquid in а spherical shell. 
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cavity should be higher than that of the exterior to allow the flux through 
the shell. 

* Negligible variations of physical properties for any composition of 
the liquid mixture in the shell. This is the strongest assumption and 
should be seen as an approximation valid for cases where the concen- 
tration of B remains high throughout the shell. This can happen in 
various circumstances such as 
1. Reactant B is in great excess related to stoichiometric reaction 
2. Reaction with equilibrium leading to low concentrations of product C 

combined with low solubility of A into B 

* Concentration at the external surface of the interior membrane 
(к= Ку) equals to pa; and at the internal surface of the external 
membrane (r= R5) equals to Paz. Those values are known and are 
constants. 

e Liquid components B and C are static, i.e., no velocity fields related to 
these species are present. This does not assume that no velocity field is 
present. The very fact that component A is passing through the liquid 
shell involves a velocity and this is not neglected. 

* Zero-order reaction with constant coefficient (k). 


As no major velocity field or temperature variations are present, only mass 
transfer equations are necessary and sufficient to solve the problem. Using the 
molar version of Equation A.39, one gets 


1 
D] 


: (Ña) = Rua (4.101) 


d 
dr 
The molar version of the equation is usually preferred when chemical trans- 
formations are involved because reaction rates are easily represented using this 
basis. Of course, if a zero-order reaction is present, no particular advantage is 
gained with one form or the other. 
As mentioned, a zero-order reaction takes place, therefore 


Rua = —pk (4.102) 


where the SI unit of kis s^ !. 


The second-order differential equation (Equation 4.101) can be easily integrated. 
However, as the boundary conditions are related to concentrations, it is convenient to 
apply the form linking the flux and concentration and is given by Equation A.54. 
Since the fluid B and the new generated component C are still, their mass fluxes are 
zero, therefore 


1 ах 
1—xa4 dr 





Nar = —pDap (4.103) 
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After the first integration, Equation 4.101 becomes 


1 ахд а Ci 








= 4.104 
1—хА dr 3^ 18 200) 
and 
C 
n — хд) = =? uic (4.105) 
6 r 
where 
£ (4.106) 
а= — . 
Dag 


Since the total concentration is constant, the boundary conditions for this 
problem are 


xa(R1) = = = хл (4.107) 
PA 
XA(R2) — rn XA2 (4.108) 
After application of these conditions the following are obtained: 

1— 

in( х) “(к — К?) 
1— XA2 6 

Ст = 


1 1 
Кү Р 








(4.109) 


апа 


а/ву)-(а/) 


l— xA = 1 — xa? \ 070-07) a P Й a (1/R)) - (0/r) 
exe (т=®) E Ro = Ry) Re | 


(4.110) 











Figure 4.13 illustrates profiles of mole fraction of A against the radius and 
parameter a for the particular case where К = 0.4 m, R;=0.1 m, x44 = 0.5, 
and x45 = 0.1. It is possible to notice the lower concentration of component A 
inside the shell for faster reactions or higher values of parameter a. 


4.9 ABSORPTION WITH HOMOGENEOUS REACTION 


Consider a similar example as presented in Section 4.7. However, diffusing 
components A and B react under a first-order and irreversible reaction, or 
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FIGURE 4.13 Molar fraction of component A through a spherical shell against reaction 
rate parameter (a) in the particular case of Rz 0.5, and x4» — 0.1. 
(4.111) 


Rua = —КЁх 


Since the molar basis is used, the rate of A consumption would be given, 
for instance, іп kmol (of A) m? s^, and the unit of kinetic coefficient k would 


bes’. 
The same assumptions set in Section 4.7 should be used. 


4.9.1 Case or Low SOLusiLity 
In the present simplified approach, low solubility of A in the liquid is assumed. 
Therefore, no velocity field is negligible. The reader must refer to the discussion 


made before regarding this approximation. 
If the velocity induced by the mass transfer of A into liquid B is neglected and 
after the other applying the assumptions listed in Section 4.7, the molar form of 


Equation A.40 can be written as 
(4.112) 
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The boundary conditions would be 


PA(0) = Pao (4.113) 
бА) = 0 (4.114) 


The following dimensionless variables are proposed: 


g= Pan A (4.115) 
Pao  XA0 
Zz 
== 4.116 
Т ( ) 
With this, Equation 4.111 becomes 

Фф, 
== 4.117 
d ф ( ) 


where 


k 
== © (4.118) 
Dap 


The boundary conditions are now written as 


$(0) = 1 (4.119) 
(1) =0 (4.120) 


As seen earlier, Equation 4.117 is homogeneous, linear, second-order, and with 
constant coefficients. According to Appendix B, Equation 4.117 has the following 
general solution: 


ф = C, sinh (a£) + С» cosh (a£) (4.121) 
After the application of boundary conditions, it becomes 


B sinh (aZ) 
ф = cosh (a£) — mantas (4.122) 


This equation is represented by Figure 4.14 within the range of characteristic 
parameter a between 0.5 and 10. It is interesting to notice the linear dependence of 
concentration ф against liquid depth Z for low values of parameter a, or slow 
reaction rates. Of course, the other lines are also approximations valid only for 
low solubility of A in B. 
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FIGURE 4.14 Concentration profiles of component A into the reacting liquid B; case of 
low solubility. 


The mass flux at the liquid surface can now be computed by 


D daa 
1—хд(0) dz |. 





Na|..9 = —Das (4.123) 


Further work to arrive at a final form is left as an exercise. 


4.9.2 Case OF HIGH SOLUBILITY 


As commented, Equation 4.112 is just an approximation valid for constant overall 
concentration p and constant diffusivity. If component A is appreciably soluble in 
B, this concentration would not remain constant and the velocity field induced by 
the mass transfer would not be negligible. In this case, the molar form of Equation 
A.37 should be employed, which after the application of assumptions listed at 
Section 4.7 combined with Equation 4.111 becomes 


ONa- 
Oz 





= ka 
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Since no flux of species B is observed, Equation A.54 leads to 








x 1 dx 
Naz = —Dasp 2 (4.124) 
1— XA dz 
Therefore, one gets 
d 1 dxa k 
= 4.125 
dz (5 — XA za) iu ( ) 


In the above, the global density was assumed constant. Comments on this are 
made below. 

Using the same dimensionless variables as set by Equations 4.115, 4.116, and 
4.118, it is possible to write 


oa cdd 
d ( = хлоф к) Edi TOS) 


Before solving this equation, it is interesting to remember that the saturation 
concentration at the liquid-gas interface (хдо) is an indication of how soluble 
component À is in B, or A is in a mixture of B and C. This is why Equation 4.117 
approaches Equation 4.126 for low values of хдо. 

The previous equation can be put in the following form: 


(1 — хдоф)ф” — хлоф? — a*(1 — xao) = 0 (4.127) 





while the boundary conditions continue to be given by Equations 4.119 and 4.120. 


4.9.3 SOLUTION BY MWR 


Equation 4.127 is a nonlinear, second-order differential equation, and an analy- 
tical exact solution is very difficult at the least. Therefore, let us apply an 
approximated method, such as MWR. 

As mentioned in Appendix E, an approximate solution should be proposed, 
and a possible form is 


bul) = У Се; + po (4.128) 


j=l 


where functions ¢ and ф; are trial functions. Preferably, they should satisfy the 
boundary conditions given by Equations 4.119 and 4.120. Having this in mind, an 
alternative would be 


bx) = (1-9 + >, ca- 0^ (4.129) 


j=l 
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The first approximation becomes 


Ф. 0 = 1-д+ала -– 2° (4.130) 


The corresponding residual is obtained by using Equation 4.130 in Equation 
4.127, and is given by 





Ay = 2C,[1 — xao(1 — @ — Cixao(1 — £7] — xao[71 — 2C11 — £)] 


А (4.131) 
а [1 — xao(1 — 2) — Cixao(1 — 2] [a — 2 + €i - £y] 





Now, several submethods can be used. For the sake of simplicity, let us just apply 
the collocation method and choose Z — 0.5 as the collocation point. For a particu- 
lar case of хдо = 0.5 and a = 5, the solution is С, = — 1.99683. 
This first approximation is plotted in Figure 4.15 along with the solutions for low 
solubility as given by Equation 4.122 for various values of characteristic parameter a. 
Itis interesting to notice that the first approximation given by Equation 4.131 is 


* Already able to represent the concentration profile not too far from the 
real trend 

* Closerto the solution given by Equation 4.122 representing the case of low 
solubility when the value of parameter a is around 3, therefore far from 5, 
which was the value used to determine constant C, at Equation 4.130. 
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FIGURE 4.15 Concentration profiles of component A into the reacting liquid B; first 


approximation by MWR method compared with the case of low solubility against various 
values of parameter a. 
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This shows that the solution of the problem assuming low solubility may 
lead to important errors 


The reader is invited to derive the second approximation using MWR methods. 


4.9.4 VARIABLE GLOBAL DENSITY OR CONCENTRATION 


Actually, in all cases of mass transfer, variations on the global density (mass or 
molar) occur. The molar density or concentration should vary because the involved 
species does not have the same density or molecular mass. In such cases, the global 
concentration can be evaluated at each point using the correlation 


B = Pa + Pp + c (4.132) 


Therefore, another equation for the concentration of B would be necessary. 
This is given by the stoichiometry of the reaction. For instance, if the reaction 
А + B — 2C could be considered irreversible, the following holds: 


1 арс dpa рв 
= = 4.1 
2 dt dt dt (159) 





This more complete problem would, therefore, involve a system of differen- 
tial equations, which is beyond the scope of this text. 


4.10 REACTING PARTICLE 


The field of reactions within a solid porous material is vast with innumerable 
applications in industry. Several solutions of such problems lead to second-order 
equations including Bessel differential equations and are therefore excellent 
examples to be described here. Applications of such equations include combus- 
tion of carbonaceous particles [6,8,9]. 

A porous particle of pure graphite has been thrown into a combustion 
chamber and one is interested in estimating its rate of consumption at a given 
position of that chamber. Obviously, the situation is much complex in real 
situations where coal or biomass are used as fuels. First, these fuels are composed 
of several chemical species and phases of moisture, volatiles, fixed carbon, and 
ash. One should be aware that volatiles and fixed carbon are composed of a large 
amount of organic and inorganic substances. In addition, ash is a mixture of 
several oxides; many of them may catalyze or poison the various pyrolysis, 
combustion, and gasification reactions taking place in the chamber. Second, 
drying and devolatilization occur within a very short time after the injection 
of a particle in a combustor, therefore involving fast reactions and physical 
processes. The complexity of pyrolysis or devolatilization of particles is consi- 
derable, and therefore beyond the scope of this text. Third, once the solid fuel 
particle starts burning, an ash layer is formed at the outer shell or layer of that 
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particle. If conditions allow, this layer stays around the unreacted nucleus of fuel; 
otherwise it detaches from the particle. The previous model is called an unreacted- 
core model and the other is known as an exposed-core model [6]. 

As the particle is exposed to an atmosphere with oxygen, the gas as well as 
other substances in the chamber atmosphere diffuses into the particle through the 
pores. During this process, the oxygen reacts with carbon leading to the formation 
of carbon monoxide, which in turn combines with oxygen, leading to the forma- 
tion of carbon dioxide. To simplify, let us add the two steps and write the 
complete oxidation as 


C+ Oz CO, 


The general problem is to find the concentration profile of oxygen inside the 
particle and from there to deduce the rate at which oxygen is consumed by 
the particle. In turn, this also provides the consumption rate of solid fuel during 
the combustion. 

The present treatment can be used for other cases of reaction involving gases 
and particles as well. These include situations where the reacting solid species 
impregnates an inert porous material such as ceramics. 

On the other hand, the shape of any particle could be approximated by 
one among the three basic forms: plate, cylindrical, or spherical, as shown in 
Figure 4.16, and it is easy to adapt the present treatment to forms different from 
spherical forms. Moreover, the present model can be applied to particles with 
irregular shapes, which are better approximations for most cases of the solid fuels. 
This is accomplished through the use of the sphericity concept, as commented 
ahead. 
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FIGURE 4.16 Basic shapes of particles. 
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During this treatment, the basic forms have been simplified by assuming the 
following: 


* Plane or flat particle with thickness (2R) much smaller than any other 
dimension. Consequently, the particle would be defined by its total area 
and thickness. Mass and energy transfers would occur in the direction 
offering the lower resistance or in the direction (r) perpendicular to the 
main flat surfaces. 

e Cylinder with length much higher than diameter (2R). Again, critical 
transfers would occur in the direction offering the lower resistance or in 
the radial direction (r). 

* Sphere with diameter 2R and, of course, the main transfers occur in the 
radial direction. 


To precisely define the simplified situations, let us list the other assumptions 
made here: 


1. Steady-state regime. Consider a continuous flow of fuel particles injected 
into a combustor. During their travel, the carbon particles react with 
oxygen, and therefore the temperature, density, and concentration of 
chemical components inside them vary according to their position in 
the equipment. However, average characteristics of particles passing at 
a given position in a reactor remain constant. In other words, we 
are interested in the oxygen concentration profile inside the particle 
(or profile in the radial direction) and its combustion rate at a given instant 
or position in the combustor chamber. 

2. Injected solid particles are homogeneous in all directions, except of 
course the one at which the main mass transfer occurs. For instance, 
variations on concentrations occur only in the radial (r) direction. 

3. The velocity field inside the particles is negligible. As gases are entering 
and leaving the particles, their flow in opposite directions tend to cancel 
each other, at least approximately. Therefore, overall mass transfer does 
not create a substantial velocity component in the radial or any other 
direction. Even if an overall mass flow of gas from inside toward the 
particle surface exists, the convective term will be assumed negligible 
compared with source/sink term (or production/consumption due to 
chemical reactions) or with the diffusion term. 

4. Particles are isothermal. This assumption can be also criticized, mainly 
when large particles with low thermal conductivity are involved. How- 
ever, the usual pulverized particles used in conventional suspension of 
pneumatic combustion are so small (bellow 100 jum) that the Biot 
number is much smaller than 0.1 and the particle can be considered 
isothermal. 

5. Velocity field of gas around the particle is such that the concentration of 
oxygen or reacting gas A is constant and known at the particle surface. 
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This is a strong simplification and made here to allow first-kind boundary 
conditions. A more realistic approach would set third-kind boundary con- 
ditions at the surface. This originates from the equality between the 
convective and diffusive mass transfer at the surface [6,9]. 

6. Heat and mass transfer are assumed independent of transport phenomena. 
Hence, Soret’s effect is neglected*. This hypothesis is a consequence of 
the isothermal approximation for the particle. 

7. Particle pores do not suffer severe blockage by related process. 

8. As described before, it is assumed that only the reaction of carbon and 
oxygen will occur. Of course, this is not the case in real combustion 
where the fuel is composed of various other species than carbon (such as 
Н, М, О, S, etc.) and the surrounding atmosphere would contain several 
additional gases to oxygen, as water, carbon dioxide, etc. These gases 
also react with carbon as well as with other components of the fuel. 
Additionally, and as has been commented, solid fuels such as coal and 
biomass go through drying and pyrolysis [6,8,9]. 

9. Indicated reaction will be assumed as first order and irreversible. This is 
not too far from reality in the case of oxidation of carbon. 


Of course, the mass transfer for each basic shape would be easier treated if the 
respective differential mass balance were applied, i.e., Equation A.40 for planar or 
flat shape, Equation A.41 for cylindrical shape, and A.42 for spherical one. 
Nonetheless, it will be shown that if the treatment starts with the spherical or 
using Equation A.42, a generalization that would allow treatment for all other 
shapes would be obtained. This equation in molar basis is 


ар Or me r 00 rsin дф 


x 1 Of 50p.V ,. 1 Of. др 1 GER 
= ( dr | ` r?sin0 00 une 00 emm аф? + Rua 








(4.134) 


Here component A might be understood as oxygen and component В as the solid 
material of the sphere (porous carbon). Actually, the diffusion coefficient Dap 
should be replaced by another coefficient that reflects the real diffusivity of gas in 
a porous medium. This is known as effective diffusivity. More details can be 
found elsewhere [5,6,9]. From now on, Dag will be just written as Da. 

The use of molar basis is justified because reaction rates are easily expressed 
in this basis, therefore simplifying the mathematical treatment. 

Assumption 1 allows elimination of the first term on the left side of Equation 
4.134, while assumption 3 permits to neglect all convective terms represented in 





* Soret effect is caused by interference of temperature gradients into mass transfer process [1]. 
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the left side. Simplification of assumption 2 eliminates the two last terms inside 
the brackets of the right side and it is possible to write 


d / ар Я 
Раг? (^ HS +Ёмд =0 (4.135) 


Here the source (or sink) term on the right is the total rate of production (or 
consumption) of component A due to one or various competing reactions. For the 
present, it is assumed that rate of consumption of component A can be written in 
the following form: 


Rua = —kpy (4.136) 
where k is the reaction rate coefficient with unit s~". 
In order to transform Equation 4.135 into a dimensionless form, the following 
change of variables are proposed: 





=~ 4.137 
х= р ( ) 
za EA (4.138) 

Pas 


In the above, R is the radius (or the dimension at the direction in which the main 
transfers occur) of the particle and pA , is the concentration of gas A at the particle 
surface. Both values are assumed constant and known at the instant in which we 
are interested on determining the concentration profile of A in the particle and its 
combustion or reaction rate. 

After that, Equation 4.135 can be rewritten as 


V2y = ф?у (4.139) 


The Laplacian operator can be generalized to include other coordinate systems 
(rectangular and cylindrical) and written as 


d d 
2 Dd T. Bo 4.14 
V x (x ) ( 0) 


Parameter a may assume the following possible values: 0 for plane geometry, 
1 for cylindrical, and 2 for spherical. In the present case, it equals 2. 
The Thiele coefficient is given by 


k 11⁄2 
$-n Ра (4.141) 
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4.10.1 SOLUTION FOR SPHERICAL PARTICLES 
In the case of spherical shape, Equation 4.139 can be written as 
xy!" + 2ху — Oxy = 0 (4.142) 


From Appendix C, this is a modifier Bessel differential equation with solu- 
tions given by 


x IP? о(хФ) (4.143) 
and 

x Pp (xo) (4.144) 
Notice that an alternative for this last solution would be х? К 1/2 (хФ). 


Also from Appendix С, relations between these and hyperbolic functions 
allow writing the general solution in the form 





sinh (x®) cosh (x®) 
= С + С (4.145) 
х х 
Assumption 5 leads to one boundary condition as 
yO d (4.146) 


The other conditions come from the fact that the concentration at the particle 
center must acquire finite values. Since 


. sinh (хФ) 
lim ———— = 


Ф (4.147) 
x0 X 
and 
h (xb 
lim cosh P) _ (4.148) 
Ж X 


the coefficient С» must be identical to zero. Therefore 


оО) (4.149) 
X 


Using condition given by Equation 4.146, it is possible to write 


. lsinh(xo) 
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This provides the concentration profile of reacting gas A inside the porous 
particle, which would be an approximation for the case of oxygen inside a 
porous carbon particle. 

Despite the above very simplified approach to the problem, let us obtain 
the rate of consumption of A. This can be accomplished by realizing that the 
diffusion rate of oxygen (or gaseous component A) into the particle is usually a 
much slower process than combustion. Therefore, it is reasonable to assume that, 
once the oxygen molecule penetrates the particle, it will be consumed by the 
reaction with the solid phase. In other words, the rate of mass transfer of A at 
the particle surface would provide the total reaction rate or rate of gas consump- 
tion. Such a rate is given by Fick’s law applied at the particle surface, or 











х ард Da. dy 
—Da—— = — Pas — 4.151 
ГА АСД, Lu rp PAS dx La ( ) 
р 
Using Equation 4.151, ће above becomes 
D 
Fa = р, „В (4.152) 
oe 
where 
Ф 
В = —1 4.153 
tanh Ф ) 


Figure 4.17 illustrates the behavior of parameter B against Thiele modulus 
(Equation 4.141). 
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FIGURE 4.17 Graph showing dependence of parameter B on Thiele modulus. 
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Of course, the reaction rate or consumption of oxygen should increase with 
the reaction constant or Thiele modulus. 


4.10.1.1 Solution through Power Series 


To illustrate the application of power series method or its more elaborate version, 
the Frobenius method, the solution of Equation 4.142 will be repeated. 

The method is applicable for cases of linear differential equations. Of course, as 
the solution of that equation is known, the use of Frobenius method is unnecessary. 
Nonetheless, the very definition of Bessel functions appeared after the application 
of power series method is known today as Bessel differential equations. 

Frobenius method is described in Appendix C and starts by rewriting that 
equation in the form similar to Equation C.22, or 


y! ay —Ф?у=0 (4.154) 
X 
Therefore 
b(x) = 2 (4.155) 
and 
c(x) = -x (4.156) 


As analytical functions of x with center in zero, functions b(x) and c(x) allow at 
least one solution of Equation 4.155 in the form similar to Equation C.23, or 


уб) = x Уан" (4.157) 


т=0 


Using Equations 4.155 and 4.156 and the series in the forms given by 
Equations C.25 and C.26, it is possible to see that 


by =2 (4.158) 
and 
су) = —Ф? (4.159) 


The other terms of b(x) and c(x) series аге zero. Therefore, the indicial equation 
(C.29) becomes 


r+r=0 (4.160) 
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with roots rı = 0 and r2 = —1. Hence, this is a case of distinct roots, but differing 
by an integer. One solution is 


yi) = M A x" (4.161) 
m=0 


The other solution is given by 


yo(x) = Сут) ах +271 V B," (4.162) 


m=0 


Let us start by collecting the coefficients A,, belonging to the first solution. 
Using Equation 4.143 we arrive at the following: 


5 m(m — Ах" +2 5 MA, Xx" — d? 5 AX"? = 0 (4.163) 
m=0 m=0 m=0 


* No relationship is obtained for terms with zero powers of x. 
* From terms with х! the following can be written: 


Ai =0 (4.164) 

* From terms with x? the following can be written: 
6A; 47A, = 0 (4.165) 

* From terms with х? the following can be written: 
12A; — ФА, = 0 (4.166) 


However, due to Equation 4.164, A4— 0, as well as all others with odd 
indexes. 


* From terms with х“ the following can be written: 
20A4 — Ф2А, = 0 (4.167) 
Using Equation 4.165, it is possible to write 


«Ao 


АФ 1 


(4.168) 


Опе may verify that in general 


Ao 
ОРЕ 





Ay = ФУ Аул = 0, ј= 1,2,3... (4.169) 
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Thus, the first solution becomes 


oo 2m 
x 
= Ау di^ — — 4.17 
nG-A Ф эй (4.170) 
From Equation C.5, the above is recognized as 
sinh (x) 
у(х) = Br (4.171) 


which, according to Equation 4.145, reproduces one possible solution. 

The second possible solution, as given by Equation 4.162, can be substituted 
into Equation 4.142. If the first term on the left of Equation 4.162 is used in 
Equation 4.142, one should verify that constant C must be equal to zero. There- 
fore, we are left with the second term. Using this in Equation 4.142, the following 
is obtained: 


У m- Dm – 2B"! +2 У |(т— DB, 1 – Ф? V Bax”! = 0 
m=0 m=0 


т=0 


(4.172) 


After collecting the terms related to the same powers of х, their general forms 
become 


B, 


. Bo : 
By = Ф 2, and Ву = $7 —  — 
2j an 2j+1 Qj4 1)! 


AT a Pn ed, ites (4.173) 
Qj 
Comparing the above with the series given by Equations C.5 and C.6, one 
concludes that the even terms may be written as Bo cosh (bx) and the odd terms 
as B, sinh (x). 
Therefore, the second solution would be 


yi(x) = Bo (4.174) 





cosh (bx) dB sinh (x) 
x x 


Of course, the hyperbolic sinus term has already been found as the first solution 
and therefore repetitive. The general final result is the sum of y, and у», or 





у(х) = С 


сон) +G sinh (®x) (4.175) 


X 


which is exactly the same as given by Equation 4.145. Equation 4.150 is obtained 
after application of boundary conditions. 
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4.10.1.2 Solution Using Laplace Transform 


Equation 4.142 can also be solved using Laplace transform. For such, the 
properties listed in Appendix D should be applied. 
That equation can be written as 


xy” + 2у — Ф2ху = 0 (4.176) 


Using properties given in Equation D.10 and in Equations D.33 through D.36 
(all summarized at Table D.1), it is possible to transform the above equation and 
arrive at 


—s’¥'(s) — 2sY(s) + yO) + 2s¥(s) — 2y(0) + &?Y'(s) = 0 (4.177) 
or 
(^ — s*)¥"(s) = у(0) (4.178) 
This is a separable equation and the integration gives 


Y) = XO) In (222) JS (4.179) 


As the sought function y(x) should be continuous, property given by Equation 
D.1a ensures that constant C4 must be equal to zero. Using the Tables in 
Appendix D, the inverse of Y(s) above would be 


6) = (0) а (е ес) = с (4.180) 


X 


As y(0) is unknown, its combination with Thiele modulus has been replaced by a 
constant (C). Therefore, the solution is exactly as given by Equation 4.149. 
4.10.1.3 Solution Using Method of Weighted Residuals 


Another example of MWR application is shown here. 
According to Appendix E, a possible approximate solution might be given by 


ж) =х+ M 61-3) (4.181) 
j=l 
It should be noticed that such approximation complies with the boundary 


condition given by Equation 4.146. 
The first approximation is 


э =х+ С1(1 – 22) (4.182) 
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FIGURE 4.18 Graph comparing exact and approximate solutions for the dependence of 
parameter B on Thiele modulus. 


The corresponding residual is obtained by combining the above and Equation 
4.142 to obtain* 





Ay =2 — 6Cix — Cix — d? 2 + OC (4.183) 


One might apply any MWR method, among them collocation. If the point 
х= 2/3 is chosen as collocation one, parameter C, becomes 


54 — 12? 


ai ME 4.184 
! — 108 + 1092 Gaa 


In a general situation, the second and other approximations should be 
obtained and the decision regarding satisfactory solution would emerge from 
comparisons between the deviations between consecutive approximations. How- 
ever, in the present case, it is possible to verify that even this first approximation 
may be acceptable for crude calculation by comparing the result with the exact 
one, given by Equation 4.150. In particular, it would be easier here to compare the 
rate of species A consumption from exact and approximated solution. 

Using Equation 4.182—with C, given by Equation 4.184—and Equation 
4.151, the first approximation for the rate can be written as Equation 4.152, 
where parameter B is given by 


108 — 24? 
Bj—-1—-———— (4.185) 
108 + 10Ф 
Figure 4.18 illustrates the value of B, against Thiele modulus. This can be 
compared with the exact solution shown in Figure 4.17. 





* To simplify, here Equation 4.142 was divided by x, therefore the solution is not valid at x = 0. 
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The reader is invited to obtain the same as well as further levels of approx- 
imations by other MWR methods. 


4.10.2 SOLUTION FOR CYLINDRICAL PARTICLES 


In the case of cylindrical shape, Equation 4.139 becomes 
xy’ +y — Oxy = 0 (4.186) 


As seen in Appendix C, this is another modifier Bessel differential equation with 
solutions given by 


I; (xe) (4.187) 
and 


Kı /2(x®) (4.188) 


Using the alternative forms for the above equations as shown in Appendix C, 
it is possible to write the general solution as 


sinh (хФ) cosh (x®) 
ae 





у= С, (4.189) 


The boundary conditions to be applied аге the same as in the case of spherical 
particle. In addition, the same conclusions related to the limits of functions of 
general solution for positions approaching the center (x — 0) are obtained. 
Therefore, the final solution is 


_ 1 sinh (хФ) 
У Vx sinh (D) о 


This provides the concentration profile of reacting gas A inside the porous 
particle. 

The consumption rate of species A due to gas—solid reaction can be obtained 
similar to that for the case of spheres. 


4.10.3 SOLUTION FOR FLAT PARTICLES 


In the case of flat or planar shape, Equation 4.139 is simplified to 


y’-@y=0 (4.191) 
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As shown in Appendix C, this is a linear second-order differential equation with 
general solution given by 


у = Cı sinh (x®) + С» cosh (x) (4.192) 
Like before, the boundary conditions are applied and the final solution is 


_ 1 sinh (хФ) 
У Vx sinh (®©) More 


Again, the consumption rate of species A due to gas-solid reaction can be 
obtained in the same way as for the spherical shape. 


4.10.4 GENERAL IRREGULAR SHAPE 


After proper series of grinding processes, coal particles reach a desired range of 
size distribution. Other solid fuels as biomasses are fed to combustors after 
cutting. In most of those cases, the particle shapes may not even approximate 
any of the previous studied cases of sphere, cylinder, or plate. For such situations, 
the use of sphericity concept provides reasonable approximation for computations 
of fuel consumption. It is defined by 


dos (4.194) 


Here A,, is the surface area of a spherical particle with the same volume of the real 
studied particle and A, is the surface area of the real particle. Therefore, the 
sphericity is always a number between 0 and 1. Its usual values are 0.7 for general 
coal particle after leaving the mill and 0.2 for wood chips. 

To compute the fuel consumption rate for the present case, one should just apply 
the formulas deduced in the case of spherical particle and replace the diameter by 


d, = d, 4? (4.195) 


where the diameter indicated on the right side is the average value determined by 
screen analysis of a fuel sample [6]. 


4.11 HEAT TRANSFER THROUGH A REACTING PLATE 


Let us consider a plate with a material such that it undergoes an exothermic 
reaction when heated. It is in contact with air or any fluid, as shown in Figure 4.19. 
One is interested in obtaining the temperature profile in the plate as well as the 
rate of heat transfer through it. 

To clearly set the problem, let us list the assumptions: 


1. Wallis very wide and long, but with relatively small thickness. In other 
words, it is considered infinite in all directions except coordinate x. 
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FIGURE 4.19 A reacting semi-infinite solid wall with faces at different temperatures. 


2. Steady-state regime is established, 1.е., the temperatures will be only a 
function of the position x. 

3. No velocity field exists inside the solid wall. 

4. All physical properties of the plate material are constants. Of course, if 
transformations in the material occur due to chemical reactions, this assump- 
tion will be difficult to ensure. However, for the sake of illustrating methods 
to solve the mathematical problem, it will be assumed that these transform- 
ations are not too severe. Improvements to the solution might consider the 
thermal conductivity and other properties as functions of temperature. 

5. Temperatures of the plate surfaces are kept at constant values, as shown 
in Figure 4.19. Such a situation may be forced by several means, one 
among them is high heat transfer by convection with fluids in contact 
with each face. For this, the fluids may be flowing at such velocity that 
the surface temperatures are very similar to the values found at positions 
far from the plate in each respective fluid. This usually constitutes a 
strong approximation because the temperature at the plate surfaces must 
be different from those found at the respective fluids. Actually, a more 
realistic approach for such a situation should include heat transfer by 
convection between the fluids and the plate. This is discussed in Chapter 6. 
Other methods would also allow the assumption of constant temperat- 
ures at each plate main surface, one among them being the condensation 
of a vapor at the surface. The heat transfer coefficients found in such 
phase changes are usually high, therefore leading to constant tempera- 
tures at the condensing surface. 

6. Plate goes through an exothermic reaction and the rate of energy gener- 
ation per unit of plate volume (W m ?) is given by 


Rg =cT (4.196) 
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where c is a positive real constant. Of course, this is a simplification and only used 
here for the sake of showing applications of analytical mathematical methods. 
After the above assumptions, Equation A.34 would lead to 


2 


ФТ 
А+ = 0 (4.197) 


The boundary conditions аге 
Т(0) = Т, (4.198) 
апа 


T(L) = T; (4.199) 


Therefore, they are first-kind boundary conditions. 
The solution of homogeneous linear second-order differential equation with 
constant coefficients is described in Section B.4.1. From this, the general solution is 


T(x) = Су sin ку) + С» cos (ху) (4.200) 


Applying boundary conditions leads to 


Tə — Ti cos (Lc 
sin (Le) 


This can be written in dimensionless form, or 


T(x) = 





) п (хус) +T, cos(xy/c/A) (4.201) 





sin (Ф) sin[g(1 — £)] 
eub _- n sin (Ф) i [ sin (Ф) | 
Т — Ту T-T 





0 (4.202) 


where 


eS us and ¿= (4.203a,b) 


The dimensionless temperature profiles through the plate for each parameter ¢ are 
shown by Figure 4.20. The values for T, and Т» were chosen as 300 and 600 К, 
respectively. 

It is easy to recognize that a linear profile is approached for cases of small 
reaction rates, drawn when c or ф are close to zero. The distortion from this results 
into higher peaks of temperature inside the plate, caused by the exothermic 
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FIGURE 4.20 Dimensionless temperature profiles in the reacting plate. 


reaction. To maintain the temperatures at the plate surfaces at constant values, 
faster reactions would require higher heat transfer rates between the surfaces and 
the environment. These rates of heat transfer are easily obtained by 


(0) À = d q,(L) À ы (4.204a,b) 
x = А — an x = ASS Я а, 
E dx x=0 dx x=L 


The deductions of formulas for computations of heat transfer rates are left as 
exercises to the reader. 


EXERCISES 


1. Using Equations 4.7, 4.8, and A.45 show that the sum of fluxes A and B at 
any point of the rod (Figure 4.1) is equal to zero. 

2. Solve the differential Equation 4.20 to arrive at Equation 4.21. 

3. Find the first approximation of the problem posed in Section 4.3 using the 
method of sub-domain. Likewise, as presented by Figures 4.2 through 4.5, 
plot a graph of О against x (between 0 and 1) with parameter у (between 0.1 
and 0.6). 
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4. Repeat the previous problem using the method of least squares. 

5. Complete the application of Galerkin method to obtain the second approxi- 
mation for the problem proposed in Section 4.3. 

6. Solve the problem proposed in Section 4.3 in the case of diffusivity given by 


Dag = Do + а(рд — Pao)” 


where Do, a, and n are constants. Choose any MWR method and determine 
the number of approximations necessary to obtain a 5% deviation between 
successive trials. 

7. Solve the problem of temperature profile in the pipe wall presented in Section 
4.4 when its conductivity depends on the temperature as given by 


A = ào + aT — To) 


8. Try to solve Equation 4.65 by Laplace transform. 
9. Using Equation 4.71, obtain the heat transfer between the wall and fluid as 
well as between the external surface and surrounding air. 

10. Solve the same problem presented in Section 4.5 but in the case where 
insulation covers the electric heating blanket. Assume the following infor- 
mation: 

* Temperature of outside surface of the insulation is known. 

* Temperature at the interface between the electric blanket and the insula- 
tion are equal. 

* Diameter of pipe, thickness of electric heating blanket, and insulation are 
given. 

* All physical properties such as electric heating coefficient (a), thermal 
conductivities of blanket, and insulation material are provided. 

Is this information sufficient to solve the problem? 
11. With the results of the previous exercises, compare the rate of heat transfers 
to the pipe and environment with and without insulation around the electric 
heating blanket. 
12. Letus consider a sphere made of a porous solid catalyst substance with a central 
cavity, as shown by Figure 4.21. Gas with component A is injected into the 
cavity just to keep the pressure constant. The component A diffuses through the 
shell. An irreversible and zero-order reaction (A — B) takes place between 
component A and the catalyst material. Assuming 
* Constant temperature and practically constant pressure in the whole 
system. 

* Component A behaves as an ideal gas. 

e Concentration at the interior surface (r= А) equals to рд; and at the 
external surface (r= R2) equals to pA». 

* Component B is retained by the catalyst, and therefore does not flow as 
fluid through the porous material. 
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FIGURE 4.21 Sphere with internal cavity and surfaces at different concentrations. 


* Effective diffusivity (DA) of A through the porous substance, as well as all 
other properties are kept constant. 
* Mass flux of component A in the radial direction through the porous 


substance can be approximately given by Na, = —Da a 


Determine 
1. The concentration profile of component A in the shell 
2. The mass flux of species A from the external surface to the surrounding 











environment 
Pai — P 2- Ri К — R\N (1/)— (1/К 
Answers; СА! РА _ P UU +( EE aL) E (1/Ri) 
Pai — PA2 Pai — PA2 Pay = Paz) (L/R) — (1/Ё\) 
and 
Е Da (Bai — Pao) — а(к2 — R2 
Na = 2aDAR» + A Pal Paz) — (КЁ D 
r=R) R$ (1/R1) — (1/R2) 
where a — —— 
6Da 


13. From the results presented in Section 4.8, obtain the molar flux of component 
A at the internal (r= R4) and external (r= R2) surface of the shell. Interpret 
the difference between those two results. 

14. Repeat example shown in Section 4.8 for the case where a first-order 
irreversible chemical reaction takes place between components A and B. 

15. Using the same approach as followed in Section 4.9.2, find the second 
approximation for concentration profile of A. Apply the assumed form 
given by Equation 4.128 by collocation MWR method. Plot a graph similar 
to that shown in Figure 4.15 to compare with solutions found for low 
solubility. 
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16. 


17 


18. 
19. 


20. 


21. 


22. 


23; 


24. 


25. 


26. 


27. 


28. 


29. 


Repeat the previous problem using Galerkin’s MWR method. 

Solve the problem presented in Section 4.9 for the case of a second-order 
chemical reaction. 

From Equation 4.117 arrive at solutions given by Equations 4.121 and 4.122. 
From Equation 4.142 arrive at solutions given by Equations 4.120 and 4.121. 
Hint: use a new variable z= Фх. 

From Equation 4.186 arrive at solutions given by Equations 4.187 and 4.188, 
as well as to the form given by Equation 4.189. 

Arrive at the same solutions as that of Equation 4.190 by solving Equation 
4.186 using the Frobenius method. 

Arrive at the solution given by Equation 4.189 using the Laplace transform. 
Use Galerkin's MWR method to find the first and second approximations of 
solutions to Equation 4.142. Deduce the consumption rates using these 
approximations and compare with the exact solution given by Equation 4.152. 
In Section 4.10, arrive at the solution for the case of flat plate through the use 
of Frobenius method and Laplace transform. 

Using a similar mathematical treatment as shown at Section 4.10 for the case 
of spheres, obtain the consumption rate of species A for the cases of 
cylindrical and flat particles. 

Using Equation 4.204, deduce the formulas for fluxes of heat transfers at the 
plate surfaces. 

Repeat the treatment made at Section 4.11 for the case where the rate of 
energy release in the plate because of exothermic reaction is given by 
КОЕТ”, 

Solve the following differential equations by reducing them to ће Bessel 
form using the indicated hints for variable changes: 

(а) ey" + ху + (a?x — Ь2)у = 0 (ax = z) 

( y” +y +4у=0 (ух= 

(о) vy" + ху + (44 )у=0 (= 2) 

(d) 4x?y" + 4ху + (х – ay = 0 (үх = 2) 

(е) yi+a@xty=0 (у = мух, jar = 2) 

(f) xy" + (1 — 2а)ху + а2002° + 1 а)у 20 (у= ху, № =D 

(8) ху" (1+ 2а)у xy 0 (у= х у) 

W 2у'+4(х+у=0 Wawa, ух= 2) 

@ W+axry=0 (у= мух, far = 2) 

O у" +аху= 0 (у = мух, Za? =) 

(К) xy" – Зху + 404 — y = 0 (у= их, = 2) 

(0 у ху =0 (у= мух, 9? = 20) 

Solve the following differential boundary-value problems by Laplace trans- 
forms (leave the other condition as a constant): 

(a) у'(х) --xy'G) – 2у(х) = 1, yO) =0 

(b) ху" (х) + (x — Dy'@+y@) = 0, у(0) = 0 

(c) xy'Q) + (2х + 3)у (х) + (5+3), у0) = 3 

(d) xy"(x) — 2у(0) 22x, у(2) = 2 








~ 
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Problems 122; One 
Variable, 2nd Order, 
2nd Kind Boundary 
Condition 


5.1 INTRODUCTION 


This chapter presents methods to solve problems with one independent vari- 
able involving second-order differential equation and second-kind boundary 
condition. Therefore, only ordinary differential equations are involved. Mathe- 
matically, this class of cases can be summarized as f pw, 9$, 1€ , second-kind 
boundary condition. 


5.2 FLOW ON AN INCLINED PLATE 


Despite being very simplified, this example is important as it shows a solution for 
the important problem of calculating the drag force between surfaces and flowing 
fluids around them. 

Consider a thin film of fluid flowing on an inclined plate, as shown in Figure 5.1. 

One is interested in obtaining the velocity and tension profiles as well as the 
formula to estimate the drag force between fluid and plate. 

For the sake of simplicity, the following are assumed: 


1. Steady-state regime. 

2. Liquid fluid is Newtonian with constant physical properties; among them 
are the density and viscosity. This is an approximation because the very 
stress throughout the fluid causes energy dissipation. According to the 
first law of thermodynamics such an effect can be correlated to work 
on the fluid. If not properly dissipated as heat, the fluid would experience 
increases in temperature, which would lead to changes in its viscosity 
and density. However, for relatively low velocities and thin fluid 
layers, the assumption of constant properties is a very reasonable 
approximation. 
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FIGURE 5.1 Flowing film on an inclined surface. 


3. Laminar flow. This is also an approximation and valid for a very smooth 
solid surface and within a relatively short length of plate. Of course, 
there is no such thing as perfectly smooth surface. Therefore, every fluid 
would experience perturbations on the laminar flow due to imperfec- 
tions. These perturbations are more or less cumulative and, after a certain 
length, the flow would reach a turbulent behavior. 

4. Plate is very wide and long and the studied region is far from the borders, 

therefore possible interference of them is negligible. 

Flow is already developed at position z = 0. 

6. Since the fluid density is assumed constant, which is the same to say that 
the fluid is incompressible, its thickness (ô) is constant, at least within 
the plate length where the present solution is approximately valid. 

7. Shear stress at the interface between the fluid and air above it is negli- 
gible. Owing to very low viscosity of air when compared with usual 
fluids, this is also a very reasonable approximation. 


d 


In such problems, the routine is to apply the total continuity and then 
the momentum or motion equation at each direction. Obviously, rectangular 
coordinates are the best choice here and the basic equation of mass continuity 
(Equation A.1) should be the first to be applied. According to assumptions 3, 4, 
and 6, there are no velocity components in direction x or y. With the aid of other 
assumptions, one is allowed to write 


Ov; _ 
Or 0 (5.1) 
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Once assumption 2 is observed, the momentum conservation in the x-coordinate 
can be written in the form of Equation A.7. After the application for this simple 
situation, Equation A.7 becomes 


д А 
ES = pgx = pgsinB (5.2) 
X 


The momentum at the y-coordinate, or Equation A.8, does not provide any 
information, while the z-coordinate, or Equation A.9, leads to 


др _ 
Oz | 





dv, 
(SS) + pg cos В (5.3) 
It is important to notice that as velocity v, depends only on the x-coordinate, its 
partial derivative on this direction could be replaced by a total derivative. Moreover, 
pressure does not vary in the z direction because the film is exposed to ambiance, 
which is at constant atmospheric value. Therefore, the above equation becomes 


d? 
m сеш a cos B (5.4) 





The following are the boundary conditions for the present case: 


v,(6) = 0 (5.5) 
dv, J 
p EN =0 (5.6) 


Of course, condition given by Equation 5.5 is imposed because the plate is 
stationary regarding the chosen coordinates. Equation 5.6 is the consequence of 
assumption 7 and is represented by a second-kind boundary condition. 

Equation 5.4 is a second-order separable differential equation and its first 
integration yields 


d 
SM PE cose С, (5.7) 
dx ш 
The second integration provides 
pg ? 
у, = —— cosB э tlx C (5.8) 
ш 


Boundary conditions given by Equations 5.5 and 5.6 can be applied to arrive at 


8? 
C18 + С, =”? соз8 — (5.9) 
ш 2 


C; = 0 (5.10) 
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Therefore, 


у, = T cos B (8^ — x?) (5.11) 


As expected, a parabolic velocity profile with decreasing velocity for higher 
viscosity is obtained. From this, the profile of shear stress in the fluid is deduced by 


d 
Ta = -u= = pgô cos B (5.12) 
x=6 


This shows a linear distribution of stress in the fluid. 
From the above, the drag force imposed on the plate due to the shear stress 
between fluid and surface can be easily calculated by 


Е = At,(x = д) = Араб cos B (5.13) 


where A is the wetted area of the surface. 

It is interesting to notice that the shear stress, and consequently the drag force 
between fluid and plate, does not depend on the fluid viscosity. This happens here 
due to the inverse linear dependence of velocity on the fluid viscosity, as given by 
Equation 5.11. 

Finally, one should observe that Equation 5.2 provides the variation of static 
pressure for points inside the fluid, and of course due to the weight of fluid above 
the considered position x. 


5.3 FLOW IN AN INCLINED TUBE 


Instead of the flat plate of the last section, the flow now occurs inside a cylindrical 
tube inclined by an angle 0 in relation to the horizontal line, as shown in Figure 5.2. 
In addition, a cross section at z= 0 is shown in Figure 5.3 of a cross section. 
Notwithstanding the similarity, the present problem includes the effect of 
pressure gradient, which did not exist in the last problem. 
Again, it is desired to determine the following: 


1. Velocity profile of the fluid 
2. Shear stress profile in the fluid 
3. Drag force between fluid and tube 


The following conditions or assumptions are used: 


— 


. Steady-state regime. 

2. Liquid fluid is Newtonian with constant physical properties; among them 
are the density and viscosity. Considerations regarding this assumption 
can be found at the similar point of the last section. 
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FIGURE 5.2 Circular inclined tube. 


3. Laminar flow. This is also an approximation and valid for very smooth 
tube internal surface and within a relatively short tube length. 

4. Flow is already developed at position z= 0. The analysis is valid for the 
region where the flow is completely developed, therefore unaffected by 
border effects. The situation near the entrance border is illustrated 
in Figure 5.4. At the entrance, attrition forces the fluid near the wall 
to decelerate. Therefore, a region near the wall would present lower 
velocities whereas the region near the tube centerline is still at the same 
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FIGURE 5.3 Cross section of Figure 5.2 at z=0. 
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FIGURE 5.4 Developing flow region in a tube. 


velocity of the original entering flow. In other words, the velocity 
profile for regions near the centerline of the tube is flat or unaffected 
by the presence of the internal tube walls. This situation remains for a 
short length after the entrance and soon the velocity profile reaches 
a stable shape. The present study refers just to the developed region. 

5. No swirl on the fluid is imposed or observed. 

6. Pressure measured at position z=0 is equal to po. Therefore, pressure 
assumed is uniformly applied at each section z, thus independent of 
radial or angular coordinates. 

7. Pressure measured at position is equal to ру. 


As always, one should depart from the most fundamental equations, which 
in this case is the mass continuity equation given by Equation A.2. From the 
above assumption, and as there is only velocity in the z direction, this equation 
yields 


Ov. _ 
$0 (5.14) 


Since there is no movement in the r or 0 directions and pressure depends only on 
z, the momentum conservation equations at these coordinates lead to trivial identity. 
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Equation A.15, or momentum conservation in the z direction, can be simplified to 


ld/d 
ш ( =) = “P+ pesind (5.15) 





rdr\ dr 
According to information given by conditions 5—7, it is possible to write 


Op _ PL — po 





5.16 
Oz L (HS) 
Therefore, Equation 5.15 gives 
d / а, 
: G3 э (5.17) 
Неге 
== рш (5.18) 


uL ш 


Despite being a second-order differential equation, Equation 5.18 is а separ- 
able one and can be integrated by a sequence of two first-order equations. The first 
integration leads to 


dv, a Ci 
S и m 1 
йг zii r ae 
and the second integration to 
arg 
мт + CiInr + С» (5.20) 


The following are the boundary conditions: 


v(R) = 0 (5.21) 
d 

SEE | o (5.22) 
dr r=0 


This last condition (Equation 5.22) is the consequence of symmetry of velocity 
field as well as due to zero shear stress at the centerline of the flow. As seen, it is a 
second-kind boundary condition. 

Since the velocity is finite at r=0, C, —0. Using Equation 5.21, C3 is 
obtained and the velocity is given by 





(R 2) D (> — PL + pgsin Ф) (R? e r?) (5.23) 


m 4ш L 


4 
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The parabolic velocity profile of a Newtonian incompressible laminar flow is well 
known. Again, as expected, the velocity decreases for fluids with larger viscosities. 
Using Equation 5.19, the shear stress profile is deduced as 


dv, 








_ а == 
Hzr 


а= ш 5 (2 + pgsing) (5.24) 


Tz = —M 

Hence, the shear stress has a linear profile, as illustrated in Figure 5.2. Notice 
that again, the shear stress, and consequently the drag force between fluid and 
tube walls, does not depend on the fluid viscosity. 

Equation 5.24 allows obtaining the drag force of the fluid on the tube wall, or 
vice versa. This is left as an exercise. 

To understand the nature and role of pressure, let us consider the situation of a 
vertical tube (ф = 90°). Looking at Equation 5.23 and imagining a situation where 
the velocity were zero, or static condition, the following would result: 


PL = po + pgL (5.25) 


which is the simple relation of pressures in a static column of incompressible 
fluid. However, the movement of the fluid imposes a pressure loss. In the cases of 
horizontal tube, the pressure would always decrease (or рү <po) due to the 
attrition between tube and fluid. 


5.4 RECTANGULAR FIN 


Fins are used to enhance the heat transfer between surfaces and a fluid and can be 
found at the top of cylinders of engines, air conditioning, radiators, as well as 
several other equipment. 

The basic effect provided by the fin is to increase the area for heat transfer 
between the surface and surrounding fluid, as shown in Figure 5.5. 
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FIGURE 5.5 Rectangular fin. 
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The rectangular fin is welded to a vertical wall at Т, and is in contact with a 
wall and ambient air or any fluid at temperature Ta. The objective here is to find 
the temperature profile in the fin as well as the total rate of heat transfer between the 
fin and the surrounding fluid. Moreover, a comparison between this rate and the rate 
achievable without the fin would allow evaluating the fin efficiency. 

To arrive at a reasonable approximated solution, let the following be the 
assumptions: 


1. Steady-state regime. 

2. In the fin, heat is transferred by conduction only in the z direction. Of 
course, this is an approximation because heat is transferred also in the x 
and y directions. Nonetheless, usually fins are very thin and wide, or the 
dimensions of b and c are small and large, respectively, when compared 
with a. Thus, the rates of heat transferred between the lateral borders 
(including the tip of the fin at z — a) and the air or fluid are negligible 
when compared with the rates transferred between the horizontal 
surfaces (up and down). The consequence of this assumption is that 
temperature would be only a function of the z-coordinate. 

3. Thermal conductivity of the fin material is constant, or does not depend 
on the temperature. 

4. Coefficient (a) for the heat transfer by convection between fin surfaces 
and fluid is constant. This is a reasonable assumption since steady state is 
achieved. 

5. No phase change is observed in the fin, therefore, no velocity field is 
possible in it. 


Under these assumptions, Equation A.34 is simplified to 


2 


dT 


Heat transfer between the fin and surrounding air occur by convection, and 
the total area for such exchange is given by 


A — 2a(b 4- c) (5.27) 
The volume of the fin is 
V — abc (5.28) 


Therefore, the rate of energy gain per unit of fin volume is equal to 


|. G2a(b t c) 
Ко = pm (T — T) (5.29) 
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Thus, Equation 5.26 becomes 


ФТ 2a(c- b) 


dto Im (5.30) 





The following are the boundary conditions for this problem: 


T(0) = T, (5.31) 
and 

dT 

— =0 5.32 

Ela (5.32) 


Equation 5.32 is a second-kind condition and is due to the approximation of 
negligible heat transfer between the tip of the fin and the surrounding fluid. 

Equation 5.30 is a nonhomogeneous linear ordinary second-order differential 
equation with constant coefficients. The method for solution of these equations is 
described in Appendix B. However, this equation can be easily transformed into a 
homogeneous equation through the introduction of the following dimensionless 
variables: 





y = : 5.33 
T, — T, (5.33) 
and 
y=% (5.34) 
a 
With the introduction of the above variables, Equation 5.30 becomes 
dv , 
——— = p А 
ТЕД В (5.35) 


where 


atc + Б) 


The boundary conditions given by Equations 5.31 and 5.32 are respectively 
written as 


vO) = 1 (5.37) 
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and 


dv 


ы = 0 (5.38) 
dy |, 


This example illustrates, once more, the advantages of using dimensionless 
variables. 
Following the method presented in Appendix B, the solution will be 
assumed as 
Ф = exp (Cy) (5.39) 
Неге С is a constant, апа from Equation 5.35, one would arrive at 


С? = р? (5.40) 


Consequently, there are two roots for the characteristic equation and the 
general solution can be written as 


V = C exp (By) + Cr exp ( — By) (5.41) 
Alternatively, this may be put in the following form: 
WV = Сз sinh (Ву) + C4 cosh (By) (5.42) 


The boundary conditions given by Equations 5.37 and 5.38 can be applied to 
reach at 


'Y = cosh (By) — tanh (8) sinh (By) (5.43) 
With the above temperature profile, it is possible, for instance, to compute the 


total rate of heat transfer from the fin by 


Ong | «(Т — 7,) dA = 2 + Qaa(T, — T.) IL dy 





A=fin surface 0 
tanh 
= 2(Ь + oam — Ta) a ) (5.44) 
Using Equations 5.36 and 5.43 the following is obtained: 
| 2a(b 1/2 
Orin = [2bc(b + c Aa]? (T, — T.) ү a (5.45) 
C 
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As for large values of the argument, the hyperbolic tangent is limited to 1. 
Thus, the rate of heat transfer from the fin increases when any of the following 
terms increases: 


* Difference of temperature between the surface and the air 
* Area of the fin 


* Heat transfer coefficients (o or A) 


On the other hand, if no fin were attached to the surface, the rate of heat 
transfer at the contact area between fin and vertical wall would be 


Ono tin = bco(T, — Ta) (5.46) 


The efficiency of a fin can be defined by 





Ono fin — 1 1 


аы 5.47 
Orin pe + ox id * mfa Е ES д | oye 


bca bcAÀ 


Figure 5.6 illustrates the dependence of fin efficiency against the thermal 
conductivity of the fin (A) and the heat transfer coefficient (o) between fin and 





a (W т2 К) 


FIGURE 5.6 Efficiency of a rectangular fin against heat transfer coefficients for a= 0.3 m, 
b=2 mm, с= 0.2 m. 


Problems 122; One Variable, 2nd Order, 2nd Kind Boundary Condition 153 


surrounding fluid. The dimensions adopted for the fin here are a= 0.3 m, b= 2 mm, 
and c=0.2 m. 
The following are clearly observed: 


* Efficiency increases with the thermal conductivity (A) and this is one 
among the most important factor. 

* Efficiency decreases with a. In other words, for cases where the air is 
blowing with high velocity and therefore higher values of a, the pres- 
ence of fin becomes less important. 

* [n addition, Equation 5.47 shows that efficiency increases for larger fin 
perimeter [2(b 4- c)] and small cross-sectional area (bc). Therefore, thin 
fins are more effective than thick ones regarding heat exchange with 
the ambiance. Of course, the limitation would rest on the mechanical 
resistance of the fin against eventual impacts. 


To illustrate the effects of dimensions, Figures 5.7 and 5.8 are variations of 
Figure 5.6. In Figure 5.7, the following dimensions were adopted: a = 0.05 m, b = 2 
mm, and c — 0.05 m, therefore much smaller fin perimeter than for the case shown in 
Figure 5.6. One should notice the relatively higher values for the efficiency obtained 
now when compared with the previous case. In Figure 5.8, the following dimensions 
were adopted: a — 0.05 m, b — 10 mm, and c — 0.05 m, therefore thicker fin than for 
the case shown in the two previous figures. One should verify another decrease in 
efficiency when compared with the previous cases. 
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FIGURE 5.7 Efficiency of a rectangular fin against heat transfer coefficients for a= 0.05 m, 
b —2 mm, c—0.05 m. 
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FIGURE 5.8 Efficiency of a rectangular fin against heat transfer coefficients for a= 0.05 m, 
b= 10 mm, с= 0.05 m. 


5.5 CIRCULAR FIN 


Likewise the case of rectangular fin, the circular fin is in contact with air or any 
fluid at temperature Т. The fin is welded to a tube with surface temperature Т, as 
shown in Figure 5.9. 
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with 
surface 
temperature 

equal to Fluid at 
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(Side view) (Front view) 


FIGURE 5.9 Side and front views of a circular fin attached to a central tube. 
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The objective is the same as before, or to find the temperature profile in the fin 
as well as the rate of heat transfer between the fin and the fluid. A comparison 
between this rate and the rate achievable without a fin would allow evaluating its 
efficiency. 

To arrive at a reasonable solution, let us assume the following: 


1. Steady-state regime. 

2. In the fin, heat is transferred by conduction only in the radial direction. 
Therefore, the temperature is just a function of the r-coordinate. Hence, 
the temperature profiles are flat in axial coordinate z. Of course, this is an 
approximation because heat is transferred also in the z direction. None- 
theless, it is assumed here that the fin is very thin when compared with its 
radius (R2). Thus, the rates of heat transfer between the border (r = А) and 
the air are negligible when compared with the rate transferred from the 
surfaces with large areas, or sides of the disk, to the surrounding fluid. 

3. Fin is homogeneous, or there is no variation of flux in the angular 
0-coordinate. 

4. Thermal conductivity of the fin material is constant, or does not depend 
on the temperature. 

5. Constant coefficient a for the heat transfer between fin surfaces and fluid. 


Departing from Equation A.35 and using the above assumption, it is possible 


to arrive at 
1а ат 
О= А | | r— R 5.48 
aC) + бл) 


The rate of heat transfer from the fin by its volume is given by 


«(Т — T2nr? 





Ко = 5.49 
Q arc (99) 
Thus, Equation 5.48 becomes 
dT dT ar’ 
2 
T — T, = : 
болто Та С“ ju (5.50) 
The following are the boundary conditions: 
TR) = T, (5.51) 
and 
dT 
e =0 (5.52) 
dr 


r—R5 
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The boundary condition given by Equation 5.52 is a second-kind equation, which 
is similar to the equation derived in the case of rectangular fins. 

Again, the application of dimensionless variables is convenient. Of course, 
there are several possibilities and the following is one among them: 





T-T 
y= (5.53) 
Т, — Ta 
апа 
б=— (5.54) 
= . 
Finally, 
d^ 
— + EE egi poo 5.55 
2 а ё d ё (5.55) 
where 
hcm (5.56) 
COCHE 4 


Equation 5.55 is a modified Bessel differential equation. Its solution can be 
found through the following transformation of variables: 


x= be (5.57) 
Applying Equation 5.57 to Equation 5.55 results in 


,dVv ат 
ж +y—-7¥=0 (5.58) 
dy? dy 


Its general solution is shown in Appendix C, which when applied here 
provides the following: 


Y = Cih) + CoKoQO (5.59) 


Here Jp is the modified zero-order, first-kind Bessel function and Kọ is the 
modified zero-order, second-kind Bessel function. 
The boundary conditions given by Equations 5.51 and 5.52 become 


Wb) = 1 (5.60) 
and 


dV 


mE =0 (5.61) 
dX | ya 
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Here the parameter a is given by 


Ry 
= b— .62 
a be (5.62) 


Using Equation 5.60 in Equation 5.59 leads to 
1 = Cilo(b) + CoKo(b) (5.63) 


The derivative of Equation 5.59 is (see Appendix C) 


dv 1 1 
TI Cih) + C2K g(x) (5.64) 
On the other hand, 
000) = hoo (5.65) 
Ky) = —Ki00 (5.66) 


Therefore, the condition given by Equation 5.61 yields 











0 = Cil (a) — CoKi(a) (5.67) 
Finally, 
- ки E em 
or 
— Ki (bR2/Ri)lo (bE) + (ЬЕ / Ri) Ko(bE) SD 
КІФЕ / R))Io(b) + I (bRo / Ri)Ko(b) 





For the case of R2/R, equals to 5, Figure 5.10 illustrates the dimensionless 
temperature (WV) as function of dimensionless position in the fin (Z) according 
to parameter b. 

One should notice the zero derivatives at the outer border of the fin, or  — 5. 
In addition, the temperatures in the fin are higher for lower values of b. From the 
definition of b in Equation 5.56, this is easy to understand because higher 
conductivities tend to even the temperature throughout the fin. 

As shown in the previous section, it would be simple to obtain the rate of heat 
transfer between the fin and air as well as its efficiency. These are proposed as 
exercises. 
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FIGURE 5.10 Dimensionless temperature (‘V) as function of dimensionless position in the 
circular fin (Z) according to parameter b for R2/R, = 5. 


5.5.1 SOLUTION BY LAPLACE TRANSFORM 


The Laplace transform can also be used to solve problems of linear differential 
equations with nonconstant coefficients, such as the Bessel ones. 
Equation 5.58 can be written as 


dV dy 
Kata uc (5.70) 
Let the transform be 
Об) = ҸО) (5.71) 


Applying Equation D.34 (see also Table D.1) to Equation 5.58 provides 


ey d ey d | 
Le dy? | = dé Bi dy? \ E di [S As) — sO(0) -Q (0)| 





,40 , YO) 


= —2sQ(s) — s ds | 
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The second term would lead to 


ц) = sQ(s) — V(0) (5.72) 
dx 
And the third yields 
dO 
L{XVO)} = = (5.73) 


Therefore, the transform of entire Equation 5.70 leads to 
(i= 420 — sQ(s) = 0 (5.74) 
ds 
Equation 5.74 is a separable equation and the solution is 
О) = C? – 11? (5.75) 
The inversion of Equation 5.75 is found in Table D.5 and 


VOX) = Clo) (5.76) 


The above reflects a particular solution among all possible derived from a 
general solution given by Equation 5.59. As the pair of Bessel functions is always 
the general solution, one would expect that a general solution would be given 
exactly as Equation 5.59. The previous sequence follows from this point. 

It should be noticed that if the Bessel equation (Equation 5.58) could not be 
simplified to Equation 5.70, the application of Laplace transform would lead to 
another differential equation with the same order of difficulty. In addition, it is 
possible to eliminate parameter V(0) in the process leading to Equation 5.74. 
Actually, according to the definition of variable y by Equation 5.57, it cannot 
attain value zero. Therefore, since W(0) is unknown, a difficulty would appear if it 
had remained in the final differential equation (Equation 5.74). 


5.6 FILM CONDENSATION 


The classical problem of heat transfers during the condensation of a vapor on a 
vertical surface is worth mentioning because it involves coupling between this 
and momentum transfer. In addition, it is an excellent example to illustrate the 
resolution of a second-order differential equation. 

Let the vertical plate be at a surface temperature 7, in contact with saturated 
steam (or any vapor) at temperature Tsa as illustrated in Figure 5.11. 

If these conditions persist, a liquid film would be formed and flow would be 
gaining mass due to additional condensation. 
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FIGURE 5.11 Scheme of a film formed by the condensation of a vapor on a vertical surface. 


Itis desired to obtain the rate of vapor condensation as well as the temperature 
and velocity profiles in the liquid film. 

Despite the simplifications listed below, the equations obtained through the 
treatment ahead are useful in design of industrial condensers. 

The following are the basic assumptions adopted here: 


1. Steady-state regime. Therefore, the surface of the vertical plate in contact 
with the liquid film is kept at constant temperature T, as well as the vapor 
at the saturation temperature 7,4. The vapor pressure and any other 
condition also remain constant. As a consequence, the shape of the film 
does not change. 

2. Plate is broad enough to avoid border effects. In other words, the plate is 
very wide in the orthogonal direction z to plane x-y. Thus, border effects 
on velocity and temperature profiles would be neglected, which also 
implies in no velocity component in the z direction. 

3. Plate is very smooth and laminar flow is observed in the film within the 
length (x) at which the present treatment is valid. Of course, due to several 
factors, after a certain extent in the vertical direction, small ripples appear on 
the film surface. This process is cumulative leading to fully turbulent flow. 

4. Shear stress between liquid and vapor at the film surface is negligible. 
Actually, the force balance dictates equal stress for the liquid and the 
vapor at that surface. However, as the viscosity of the vapor is usually 
much smaller than the viscosity of the liquid, therefore, justifying the 
present assumption. 


Problems 122; One Variable, 2nd Order, 2nd Kind Boundary Condition 161 


5. Proprieties (density, viscosity, and thermal conductivity) of the liquid are 
considered constant throughout the whole film. As a gradient of tem- 
perature is involved, this hypothesis could be criticized. However, this 
difference usually stays within the range that allows the approximation, 
at least as a first attack to the problem. 

6. Velocity component in the y direction is much smaller than the compon- 
ent in the x direction. In the present approach, the magnitude of v, will be 
approximated to zero. Despite the apparent crudeness, this assumption is 
found in the first works in the area of heat transfer [1] and was dropped 
in subsequent treatments [2—15]. 

7. Liquid is Newtonian. 

8. Any energy source due to viscous dissipation is negligible. This is very 
likely due to the relatively small velocity gradients involved in the 
process. 


5.6.1 | MOMENTUM CONSERVATION 


The overall mass conservation is given by Equation A.1, which after the above 
assumption is simplified to 


дуу 
дх 





=0 (5.77) 


Therefore, the vertical velocity is solely a function of the y-coordinate, or v, = v,(y). 
For a Newtonian and constant density fluid, the momentum conservation in the 
x direction is given by Equation A.7 and using the above hypothesis it becomes 


Op Фу, 


g=: E 
Ox ut ду? 





+ pg (5.78) 


The motion equation for the horizontal direction is given by Equation A.8. If 
the momentum (or velocity) in this direction is neglected when compared to the 
momentum transfer in the vertical direction and with the help of Equation 5.77, it 
is possible to write 


др _%) (5.79) 

ду 

Consequently, pressure is a function only of the x direction. In addition, at a 

given vertical position, the pressure values at the liquid should be the same as that 

in the vapor. Since owing to assumption 4 there is no movement in the vapor 
phase, the pressure variation is given just by static influence, or 


dp 
di ^4 (5.80) 
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Forced by the equality of pressure in both phases, this is the same variation 
observed in the liquid phase. Thus, Equation 5.78 becomes 


d Vx 
dy? 





=S tg (5.81) 
ш 


Here, ће properties without subscripts should be understood as related to the 
liquid phase. 

The momentum conservation equations for other directions lead to trivial 
equalities and bring no additional information. 

Equation 5.81 is an ordinary second-order differential equation with constant 
coefficients. It is easily solvable by the methods shown in Appendix B. 

The boundary conditions for the present problem are 


v0) =0 (5.82) 
d 

Sal du (5.83) 
dy |= 


The first condition (Equation 5.82) is obvious and the second (Equation 5.83) is 
due to assumption 4. Notice that 6 is a function of position x. It is also interesting 
to comment that Equation 5.83 is an approximation and a consequence of 
Newton’s second law or momentum conservation, which imposes equal shear 
stress at each side the liquid—vapor interface, or 


dv, 


Е ауу 
ў dz 


7 = -W dz 





т= 


(5.84)* 








y-ó y-ó* 


Remembering that the viscosity of the vapor is usually much smaller than 
the viscosity of the liquid, the derivative on the left-hand side (or at the liquid side 
of the interface) should be much smaller than the derivative on the right-hand side 
(or at the vapor side of the interface). In other words, the contact with the vapor 
leads to no considerable drag force to the liquid layers near the interface. 

Equation 5.81 under the boundary conditions given by Equations 5.82 and 
5.83 leads to 





vO) = 


&(p = p)9? р І o (5.85) 


m ô 2\6 





* The notation y 2ó symbolizes a limit position y tending to 6 by smaller values, or from the left to 
the right in Figure 5.11. The contrary when positive sign is used. 
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The above equation allows obtaining the mass flow of condensate at any position x by 


(x) 


F=b | руу = 
0 


_ Бы 
юре Р (5.86) 


where b is the width of the plate. 


5.6.2 ENERGY CONSERVATION 


The energy balance within the liquid layer can be obtained using Equation A.34, 
which under assumptions 1 and 8 becomes 


OT ӘТ QW PT 
pCp (a) (zr 2) T Ro (5.87) 


Equation 5.87 can be further simplified because of the following: 


1. Derivative of temperature in the horizontal ( y) direction is much higher 
than in the vertical direction (x). 

2. Velocity in the vertical direction is much higher than in the horizontal 
direction. 

3. Second derivative of temperature in the vertical (x) direction is much 
smaller than the similar in the horizontal (y) direction. 

4. Because of the small thickness of the film and relatively large difference 
between the temperature of the plate and condensing vapor, the heat 
transfer by conduction in the y direction is greater or even considerably 
greater than heat transfer by convection. 


In view of the above, it is reasonable to neglect the entire left-hand side of 
Equation 5.87 and the first term of the right-hand side to give 


dT 


In the present case, the rate of energy generation per unit of volume is given 
by the rate of vapor condensation times the energy involved in that phase change 
per unit of volume, or 


hg dF 





Using Equation 5.86, Equation 5.89 becomes 
h — dó 
Ro= feSP(p Pv) 5 (5.90) 


ш ах 
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Therefore 


ФТ _ hggp(p— py) 5% _ 
dy? par dx 





fœ (5.91) 


It should be noticed that the right-hand side is solely a function of x variable. 
Therefore, this equation can be easily integrated. 
The conditions for a particular solution are 
Т(у= 0) =T, (5.92) 
апа 


Т(у = 6) = Тш (5.93) 


Using Equations 5.92 and 5.93, it is possible to arrive at 





8? 2 
T-T, EQ Тә; fG) ; (5 ;) (5.94) 


Keeping in mind the small thickness of the film, it is possible [1] to make an 
interesting approximation by assuming a linear profile and equating the heat flux 
through the film with the energy delivered by the condensation, or 


dT Т, Ta hg AF 
а= ке E sat _ TE (5.95) 








Applying Equation 5.95 to Equation 5.86, it is possible to obtain the descrip- 
tion of film thickness: 


ó(x) = 


Е 1/4 
[ore o (5.96) 


&p(p — ру) 


An overall convection heat transfer coefficient between the plate and vapor 
phase can be defined as 


q = aT sa, — Ts) (5.97) 


Using the above equations, it is possible to arrive at 


= 3 1/4 
dt [EM (5.98) 


4ulTsa ж Т; )x 
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5.6.3 COMMENTS 


As seen, the above treatment allows the computation of heat transfer rates 
between a plate and the condensing vapor, including the rate of condensation. 
However, such treatment cannot be applied to long plates due to departing from 
laminar conditions. Further and more rigorous studies can be found in the 
literature [2—15]. 

Another interesting aspect of this problem concerns the dependence of film 
properties on temperature. Similar to the achieved in Section 5.2, the parabolic 
velocity profile obtained at Equation 5.85 was expected because the momentum 
transfer problem is the same as the set for an isothermal film flowing on an 
inclined plate. Nonetheless, here the temperature in the film varies and if a more 
realistic approach were to be followed, the physical properties of the film would 
be allowed to vary. This would lead to departure from the parabolic velocity 
profile and therefore modification on parameters related to the heat transfer 
between film and plate. Kruzhilin [2], Voskresenkiy [3], Bromley [4], and Labunt- 
sov [7] were among the first to verify that variations of film physical properties 
with temperature had nonnegligible influence on the rate of condensation. 
Depending on the relationships for specific heat and viscosity, the solution of 
coupled momentum and energy transfers might become awkward to solve by 
analytical methods. 

Another somewhat strong assumption made during the solution was 
to neglect the film acceleration or momentum convection. If included, the terms 


д ду, > : 
by 5? and vy E were considered, the momentum equation to solve would be 


Ovy ду, Pv 
Ox + vy ду y Dye tg (5.99) 





Vx 


Additionally, the convective heat transfer terms would be added, and the 
energy equation would become 


or, oT А ФТ 
üx v ду pC, Oy 





(5.100) 


Vx 


Finally, for surfaces different from the flat vertical one, the gravitational term 
of Equation 5.99 would be a function describing its dependence on variable y. 
Treatments of laminar condensation on surfaces of several forms can be found 
elsewhere [9—15]. 


5.7 HEAT TRANSFER THROUGH A REACTING PLATE 


This situation is similar to situation shown in Section 4.11, however with different 
boundary conditions, as illustrated in Figure 5.12. Again, the plate material goes 
through an exothermic reaction when heated but only one surface is kept at 
constant temperature, while the other exchanges heat with the environment at a 
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FIGURE 5.12 A reacting semi-infinite solid wall with a face receiving a constant heat flux 
and another at constant temperature. 


given and constant heat flux. It is desired to obtain the temperature profile in the 
plate as well as the rate of heat transfer through it. 
To clearly set the problem, let us list the assumptions: 


1. Wall is very wide and long, but with relatively small thickness. In other 
Words, it is considered infinite in all the directions except the x-coordinate. 

2. Steady-state regime has been established, i.e., the temperatures will be 
only a function of the position x. 

3. No velocity field exists inside the solid wall. 

4. All physical properties of the plate material are constants. Comments on 
this can be found in Section 4.11. 

5. Temperature at one face is known, while the heat flux at the other surface 
is kept at constant value, as shown in Figure 5.12. Such might be 
obtained through several means, among them by setting electrical 
resistances in contact with the plate. Varying current or resistance values 
can control the energy delivered to the surface. 

6. Plate goes through an exothermic reaction. The rate of energy generation per 
unit of plate volume (W m ^) depending on the temperature is given by 


Ко = cT (5.101) 
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where c is a positive real constant. 
With variable conductivity, Equation A.34 would lead to 


ФТ 
А+ =0 (5.102) 


The boundary conditions аге 


dT 
400) = -А—| =q (5.103) 
dx x=0 


and 
T(L) = Т» (5.104) 
Therefore, Equation 5.103 is a second-kind boundary condition. 


The solution of homogeneous linear second-order differential equation with 
constant coefficients is described in Appendix B, and given by 


T(x) = Су sin ку) + С» cos ку) (5.105) 


Applying ће boundary conditions, ће temperature profile сап be written as 





prse ay [tan (Ф) cos (e£) — sin (Фё)| (5.106) 
cos(p) Ф 
Here 
к кн Ее (5.107a,b,c,d) 
T" э =’ ап Y= тд . a,b,c, 


The dependence of dimensionless temperature profiles throughout the plate 
on parameter ф are exemplified in Figure 5.13, for the case of y equal to 10. 

Of course, higher values of temperatures (or its corresponding dimension- 
less value 0) are obtained for larger values of parameter œ, which reflects values of 
reaction rate factor (c). The constant derivative of temperature at x — 0 (or £ — 0) is 
the consequence of boundary condition given by Equation 5.103. 

The rate of heat transfer at x = L (or ¢ = 1) can be obtained by 


dT 
ахЧ) = —A—— (5.108) 
dx |. 


The deduction of the formula to allow calculations is left as an exercise. 
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FIGURE 5.13 Dimensionless temperature profile in a reacting plate with one face at 
constant heat flux and the other face at constant temperature. 


EXERCISES 


1. Obtain the rate of heat transfer between the circular fin and air. Use the 
temperature profile as obtained in Section 5.5 and follow the procedure 
shown in Section 5.4. 

2. Obtain the expression to evaluate the efficiency of a circular fin. 

3. Work the details to arrive at Equation 5.85. 

4. Use the result for velocity profile to perform the integration shown in 
Equation 5.86 to arrive at the last term on the right-hand side. 

5. Demonstrate Equations 5.96 and 5.98. 

6. Using the results in Section 5.6, compute the rate of vapor condensation if a 
plate maintained at 280 K is kept in steam at 1 MPa. Assume the plate to be 
0.1 m wide and 1 m long. 

7. Solvethe following differential boundary-value problems by Laplace transform: 
(a) у'(х) +ху(х) -2y0) = 1, y(0) 2 y' (0) 20 
(b) ху") + (x — Dy GO c уб) 20, у(0) = 0, y'(00—1 
(c) xy'Q) + Qx - 30) c (3, у(0) 23e", у(0)=2 
(d) ху (х) — 2y@) 22x, у(2) = 2, y(0)—0 

8. Deduce Equation 5.105. 

9. Work the details to arrive at Equation 5.106. 

10. Using Equation 5.106 into Equation 5.108, obtain the expression to calculate 
the heat flux at х = L. 








Problems 122; One Variable, 2nd Order, 2nd Kind Boundary Condition 169 


11. Solve a similar problem as set in Section 5.7, however, under the following 
boundary conditions: 





dT 
(0) = —A — = 
q,(0) ix | ai 
and 
Si dT Е 
qx) = ИЯ = #2 





In other words, assuming the flux at both faces of the plate (shown in Figure 5.12) 
as known constants. 





Answer: 
T(x) = 2998 (9D — 7 cos[e(1 — д] 
9 sin (Ф) 
where 
cope 
Ф PE A 
X 
ё CE 
y= = and 
2L 
ya = jm 
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Problems 123; One 
Variable, 2nd Order, 
3rd Kind Boundary 
Condition 


6.1 INTRODUCTION 


This chapter presents methods to solve problems with one independent variable 
involving second-order differential equation and third-kind boundary condition. 
Mathematically, this class of cases can be summarized as f bo, 0$, ES ‚а 

. . t ue do 
third-kind boundary condition. 


6.2 HEAT TRANSFER BETWEEN A PLATE AND FLUIDS 


Figure 6.1 illustrates the situation where two fluids—at temperatures T, and T>, 
respectively—are separated by a plate. However, the temperatures T, and Ty» at 
the wall surfaces are not known. The heat flux between the two fluids is to be 
calculated. Let us simplify the problem by assuming the following: 


1. Wall can be considered infinite in all directions but x. In other words, its 
thickness is much smaller than its width and length. 

2. Steady-state regime has been established; therefore, no condition 
changes with time. 

3. No phase change occurs in the solid. Thus, no macroscopic velocity field 
is involved inside the wall. 

4. All other physical properties of the plate material remain approximately 
constant. 

5. The convection heat transfer coefficients (о and аз) between each fluid 
and the wall are constants. These coefficients can be calculated by 
appropriate semiempirical equations. 
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FIGURE 6.1 A semi-infinite solid wall separating two fluids at different temperatures. 


The energy balance given by Equation A.34, and owing to the above assump- 
tions, becomes 





ФТ 
The boundary conditions are 

dT 

o (Ti — Twi) = —A Чу (6.2) 

х=0 
апа 

dT 

a2(Ty2 — T2) = —A T Е (6.3) 





The above conditions indicate that at the fluid-solid interfaces, heat flux by 
convection equals the respective due to conduction. These are typical third-kind 
boundary conditions. 


Problems 123; One Variable, 2nd Order, 3rd Kind Boundary Condition 173 


According to the explanation given in Appendix B, the solution of Equation 
6.1 is easily obtained as 


T = Cix + C2 (6.4) 
Therefore, Equations 6.2 and 6.3, respectively, become 


oa (Т — С) = —АС, (6.5) 
a5(CiL + C5 Т) = —AC; (6.6) 


From Equations 6.5 and 6.6, it is possible to obtain the indicated constants, 
and this is left as an exercise. 

The main interest on this problem is the computation of heat flux between the 
two fluids. From Equation 6.4 one sees that in the present case the flux is constant 
and is given by 


dT 
qx = —À rm —AC; (6.7) 


Using the value for Су obtained earlier, it is possible to write 


||. Ti- To 
«=I L 1 


a; A a 


(6.8) 


The numerator represents the potential, and the denominator the three resistances 
in series for the heat transfer: two due to convection and the center one due to 
conduction. 


6.3 HEAT TRANSFER IN A SPHERICAL SHELL 


Consider a spherical shell, as shown in Figure 6.2. The surface of central cavity is 
kept at temperature Tı while the external one exchanges heat by convection with 
the environment. One is interested in determining the temperature profile in the 
shell material as well as the rate of heat transfer between the external surface and 
surrounding environment. 

Despite some similarity with the problem shown in Section 4.6, the change in 
boundary condition leads to a very different solution. 

For the sake of clarity, the following are the main characteristics or assump- 
tions: 


1. Steady-state regime. 

2. Solid shell with no phase change, therefore there is no velocity field in 
the shell. 

3. All properties of the shell material are constants. 
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FIGURE 6.2 Sphere with internal cavity and external surface exchanging heat with 
environment. 


4. All properties of the external fluid as well as the heat transfer coefficient 
by convection remain constant. 

5. Far from the shell surface, the environment temperature remains constant 
and equals to T4. 


Therefore, only heat transfer is observed in the process. Given the above 
assumptions, Equation A.36 can be simplified to provide 


1d/ dT 
`` (r \=0 6.9 
r? dr ( =) (69) 
In the shell, the radius is never equal to zero, thus 
асю (6.10) 
ar\’ dr) à 


Despite being a second-order differential equation, Equation 6.10 can be 
easily reduced to separable first-order equations, with the following solutions: 


dT 
r—=C (6.11) 

dr 
This yields 


С 
T=-— +, (6.12) 


The boundary conditions are 


TR) = Т, (6.13) 
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and ae 
—\ — = a(T> — T,) (6.14) 
dr r=R) 


At this point, the solution departs from the one presented in Section 4.6. 
Using Equations 6.11 and 6.14, one gets 


| G-T 
ТЕ Teer (6.15) 


Кү R, аҝ̆ 


After Equation 6.13, it is possible to write 





1 1 
т-п R т 
ТТ, 1i 1 Р À (6.16) 
Кү К; аҝ̆ 
The heat flux at the external surface is given by 
dT 
|p, = А 6.17 
q | Rp dr E ( ) 
Using Equations 6.11 and 6.15, the heat flux becomes 
Tı — T, 
La ы ыс чш. c m 6.18 
q | гт=К2 ЕК» К» 1 ( ) 
AR 1 À а 
The rate of heat exchange with environment is 
Tı — T, 
: (6.19) 








Ohm 7 "171 1 1 
T: 2 
À Ri К» Roa 


It is important to notice the following: 


* Driving force for the heat transfer is the difference of temperatures 
between the center and ambiance. 

* Resistance for heat transfer is composed of two terms that appear in the 
denominator. The first resistance decreases for higher thermal conductiv- 
ity as well as for smaller thickness of the shell. The second decreases for 
higher convective transfer coefficient as well as for larger superficial area. 

¢ Introduction of another resistance due to convection is easily verified by 
comparing Equation 6.16 with Equation 4.81 and Equation 6.19 with 
Equation 4.84. 
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6.4 REACTING PARTICLE 


The simplified treatment shown in Section 4.10 is assumed as a constant concen- 
tration of reacting gas at the particle surface. However, this is not the case in a real 
situation. Here, a more realistic treatment for the heterogeneous chemical reac- 
tions is presented. This can be used for modeling of gas-solid reactions found in 
industrial process such as catalytic conversions, combustion and gasification 
processes, etc. It is based on the following two limiting cases that are assumed 
as possible models: 


1. Unreacted-core model is schematically shown in Figure 6.3a. Here, a 
shell of inert or spent material surrounds the core where reactions occur. 
In the case of combustion, this spent material is known as ash, which is 
basically a mixture of inert oxides. Actually, a better name for this case is 
unexposed-core model. This model can include cases where no reaction 
takes place in the core and just absorption or desorption occurs. 

2. Exposed-core model is schematically shown in Figure 6.3b. Here, the 
shell of spent material cannot stand the stress suffered by the particle 
surface and, once formed, disintegrates into fine particles. Therefore, the 
core is always exposed to the gas environment. Another name for this 
model is segregation model because the reacting core is continuously 
separated from the spent material. 


Relations to allow the computation of overall consumption of fuel and 
reacting gas are shown below for both cases. Before this, the following are the 
basic hypotheses assumed in the present treatments: 


Ash or reacted 
material 


Gas boundary layer 





FIGURE 6.3 Unreacted-core (a) and exposed-core (b) models for the gas-solid particle 
reactions. 
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1. Particle is isothermal. This is a common assumption in the area of 
combustion and gasification of particles. However, this is only approxi- 
mately valid in cases of relatively small particle sizes with high thermal 
conductivity. The conditions for this approximation are related to the 
Biot number and have already been made in Section 1.2. 

2. At a given phase interface (core shell or shell gas), the concentrations 
of a chemical component at each side of the interface are assumed to 
be equal. In fact, the concentrations are near the equilibrium at each 
interface. 

3. Heat and mass transfer do not interfere with each other. This hypothesis 
is a consequence of the isothermal approximation for the particle. Some 
improvements of this can be found elsewhere [1]. 

4. Each reaction can be treated independently. This assumption should 
become clear with the treatment ahead. 


6.4.1 UNREACTED-CorE MODEL 


As idealized by unreacted-core model (Figure 6.3a), the reactions occur only in an 
internal core with radius ry. The spent material (ash in cases of combustion 
process) constitutes the external shell coating the core. This is a good approxi- 
mation of the reality for cases in which the mechanical resistance of the formed 
shell is enough to withstand attrition suffered by the particle. Therefore, the 
equivalent diameter (2 X ra) of a particle, at any point of the process, is the 
same as its original value. 

For a spherical particle, other geometric shapes are treated ahead, the mass 
continuity differential equation for component j at any layer can be written as 
(Equation A.39) 


ару. 
руг? 4 (^ 2) =й, (6.20) 


The rate of production of component j is given by 


M 
R= 5 vifi (6.21) 
i=l 
where vj indicates the reaction stoichiometry coefficient for each competing 
reaction. 

It should be noticed that the coefficient D; is the diffusivity of component j 
into the phase in which the process takes place. If this phase is the particle core, or 
nucleus, the parameter is called the effective diffusivity of j in that porous 
structure, and it is represented here by Dj. A similar notation is used for the 
diffusivity of j in the shell of inert porous solid that covers the core, namely, D; A. 


Djg is the diffusivity of component A in the boundary layer of gas mixture 
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surrounding the particle. Usually, the values for effective diffusivity can be 
correlated to the gas-gas diffusivity Р; с. 

For the present, it is assumed that all reaction rates can be written in the 
following form: 


ři = —k (6, = Pion) (6.22) 


where k; is the reaction rate coefficient. 
To put Equation 6.20 in a dimensionless form, the following change of 
variables is used: 


425 (6.23) 

TA 
ERREUR (6.24) 
Ороо — Djeq 


The treatment for a single reaction and on the basis of each consumed mole of 
reacting gas component j by reaction i (у; = —1), the Equation 6.20 can be 
rewritten as 


Vy = py" (6.25) 


The Laplacian operator is generalized as 


d d 
2 — Dp р 
Vi =x P— (х x) (6.26) 


Like before, the coefficient p takes the following possible values: 0 for plane 
geometry, 1 for cylindrical, and 2 for spherical. In the present case, p — 2. It 
should be noticed that Equation 6.25 was written for a single reaction and 
consequence of approximation announced by assumption d. 

The Thiele coefficient is given by 


A _ n—17 1/2 
ki (5 = Biss) 


Ф = r4 D 
JN 





(6.27) 


The above treatment is valid for most of the combustion and gasification 
reactions. For combustion processes, the reaction order n varies between 0 and 2. 
However, the main reactions that control most of the processes (carbon-oxygen 
and carbon-water) follow a first-order behavior. 

The objective now is to obtain the rate of mass transfer between the particle 
and the external gas layer, which is possible after solving Equation 6.25. Such a 
solution should be accomplished in two steps: initially, for the external shell layer 
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and then for the core. This is necessary because of the interface boundary 
conditions imposed by the problem, as described below. 

For the external shell, no reaction is observed, therefore Equation 6.25 
becomes 


d 
m —Ax?, а<х<1 (6.28) 


Equation 6.28 is a separable first-order differential equation and therefore 


y--Aw!M4By, a<x<l (6.29) 
where 
du (6.292) 
TA 


The surface concentration is given by 


уй) = EE UNA m LA E (6.30) 
Р;,оо m Djeq 


The mass transfer between the particle surface and the surrounding gaseous 
atmosphere gives one boundary condition, which is written as 


dj, "P 
Djs T. = Be Goo — ба) (6.31) 


T=TA(-) 


The mass transfer coefficient Bg is given as a function of the transport parameters 
[1-3]. The signal at the coefficient with the radius value indicates whether the 
derivative should be computed as limits from below (—) or above (+) the 
specified value. 

Equation 6.31 can be written as 


D; 
y (01) = № — у(1)] Da =С[1—у(@1)] (6.32) 
J 


The Sherwood number and associated parameter are given by 


Bara 

Ng = EG (6.33) 
Sh Dic 
D; 

C; = Non A (6.34) 


DA 
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Using Equations 6.28, 6.20, and 6.32, it is possible to write 


1— С, 
1 


By=1- 





А! (6.35) 


Hence, one extra relationship is necessary to compute the values of A, and В). 
This would be possible if the problem is solved for the core as well. Since reaction 
is involved, Equation 6.25 becomes 


ху! + 2у — Ф2ху = 0 (6.36) 


The following new variables are introduced in order to put the above in the 
form of a Bessel equation: 


y= x Vy (6.37) 
and 
z= x (6.38) 


After this, Equation 6.36 can be written as 





LM Een (6.39) 
Sue ы eq : 


As described in Appendix C, Equation 6.39 is a modified Bessel differential 
equation whose solutions are 


u = hjk) (6.40) 
and 
u= Lap) (6.41) 
In relation to variable y, they are 
хр aD) (6.42) 


and 


xI aD) (6.43) 


Problems 123; One Variable, 2nd Order, 3rd Kind Boundary Condition 181 


These can be transformed into an equivalent form to give the following 
general solution: 





2A snm) +B оти) 


, О<х<а (6.44) 


Of course, at ће particle center, as well as anywhere, the concentration must 
acquire finite values. In addition 


m ОФ) _ o (6.45) 
x0 X 
and 
. cosh(xo) 
lim —— one (6.46) 


Consequently, the coefficient B5 in Equation 6.44 must be identical to zero, and 


Й ѕіпһ(хФ) 


у= Аз О<х<а (6.47) 


х 
Owing to assumption 2, the concentrations at each side of the interface between 


the core and the shell are equal. Therefore, using Equation 6.29 and the above 
relation one arrives at 


sinhia®) А 
a 


y(a) = A» r5 +B, (6.48) 


Moreover, at the interface, the mass flux must be conserved, or 
Dj ay (a+) = Diny (a —) (6.49) 
From Equations 6.29 and 6.47 the following equation results: 
Dj yA, = DjnAzla® cosh(a®) — sinh(a®)] (6.50) 


Combining Equations 6.35 and 6.48 the relation between A, and A; is obtained: 


1 1-Ci 
1- А; { – 
А» (+ С, ) 


a sinh(a®) 








(6.51) 
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Finally, Equations 6.50 and 6.51 lead to 











А 1 
i 6.52 
а 1+ C2 + C3 ( ) 
where 
_ РА 
5 D;nla® coth(a®)] (6.53) 
апа 
1-С 
a x (6.54) 


The consumption rate of reacting gas j by reaction i is given by the rate of 
mass transfer through the external surface of the particle, or 
A ai 
" dr 


DjA f. ы dy 
== (5... £i) (6.55) 


D; 
d ГА dx х=1— 











r=ra— 


Employing the above with Equation 6.28, it is possible to deduce the con- 
sumption rate of component j as follows: 
1 dm | 


ОЛЕ О RES (6.56) 
Vp dt J ГА FS я 


Using Equation 6.52 now, one gets 





2 Dj sc E Pie 
[п] = ae a a (6.57) 
PI 
У Uuk 
k=1 
The three resistances indicated at the denominator are given by 
Uy, = | (6.58) 
aoe Мыс | 
Un ce (6.59) 
U2=7 Da . 
1 
Uy3 = (6.60) 


aDjnla® coth(a®) — 1] 
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6.4.1.1 Comments 


The rate of consumption (or production) of the reacting gas is given by a simple 
formula. In it, the role played by the three resistances to the mass transfer 
combined with the kinetics are explicitly shown as follows: 


e Uy, for the gas boundary layer 
e Uy» for the shell, which surrounds the core 
e Uy for the core 


It is interesting to notice that such parameters are inversely proportional to the 
first power of the diffusivities of gases through the respective layers. 

The relative importance between these three factors determines the ruling or 
controlling mechanism of the process related to each reaction. There is no pre- 
determined rule for this and the controlling factor would depend on the combined 
conditions to which the particle is subjected to at each point in the reactor. An 
example can be given for particles leaving the furnace, where almost all solid fuels 
have already been consumed. Therefore, relatively thick layers of ash surround the 
cores of the particles, and it is likely that at this condition the ruling resistance 
would be offered by the shell. The picture can be different for the particles entering 
the furnace. At these points, the layer of ash coating is relatively thin and the gas 
layer or the diffusion through the core could constitute the main resistances. 


6.4.2 ExposeD-Core MODEL 


In this case, it is assumed that no layer of spent material withstand, among other 
effects, the fast variations of temperature combined with attrition with other 
particles. Therefore, as soon as it is formed, the layer breaks into small particles, 
which break free from the original particle (Figure 6.3b). 

Adopting the same notation as before, the governing differential equation for 
the core is given by Equation 6.25 and the solution by Equation 6.47, or 


mus sinh(x®) 


О<х<а (6.61) 
X 


The finite value condition at the particle center has already been used. Similar 
to Equations 6.31 and 6.32 at the gas-solid interface, it is possible to write 


y(a) = С41 — y(a)] (6.62) 
where 
LAG 


D 
Са = № = 
Din 


(6.63) 
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Using Equation 6.62, this last condition leads to 


Cs 
Аз ————— 6.64 
E 1+ С ( ) 
where 
a 
dm sinh(a®) (6:69) 
and 
Ф coth(a®)— 1 
б = аФ coth(aP)— 1 (6.66) 


a® 


The consumption or production rate of the reacting gas by the particle is given 
in a similar way as before or 

















Din EP asad (6, à: ) 6.67 
JN dr oe TA Pico Ред dx Loe ( ) 
Using Equations 6.61, 6.64, and 6.67, it is possible to write 
2 Pico EY Dj, e 
VIRES EE (6.68) 
PI 
У Uxk 
k=1 
Here the three resistances are given by 
Ux; = =U 6.69 
Xd NsD; U,1 ( ) 
Ux2 =0 (6.70) 
a 2 
Ux3 = = a“ Uy3 (6.71) 





Djnla® coth(a®) — 1] 


The above formulas are similar to the case of unreacted-core model; however, and 
of course no reference to the shell diffusivity is made. Other considerations on the 
above treatment and application are beyond the scope of this chapter, but can be 
found elsewhere [1]. 
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6.5 HEAT TRANSFER BETWEEN A REACTING PLATE 
AND A FLUID 


The situation is shown in Figure 6.4. 

It differs from the situation discussed in Section 6.2, because one face is kept 
at a constant temperature (75) and the plate material goes through an exothermic 
reaction when heated. It is desired to obtain the temperature profile in the plate as 
well as the rate of heat transfer between the fluids. 

To clearly set the problem, let us list the assumptions: 


Wall is infinite in all directions but x. 

. Steady-state regime has been established, i.e., the temperatures will be 

only a function of the position x. 

No velocity field exists inside the solid wall. 

4. All physical properties of the plate material are considered constants. Of 
course, if transformations in the material due to chemical reactions 
occur, this assumption will be difficult to maintain. However, for the 
sake of illustrating methods for the solution of the mathematical prob- 
lem, it will be assumed that these transformations are not too severe. 

5. Convection heat transfer coefficient (е) between the fluid at tempera- 

ture T and the wall surface does not vary significantly. Such coefficients 

can be calculated by appropriate semiempirical equations. 
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FIGURE 6.4 A reacting semi-infinite solid wall where a face is exchanging heat with fluid 
and another face at constant temperature. 
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6. Plate goes through an exothermic reaction. The rate of energy generation 
per unit of plate volume (W m ?)is given by 


Ко = cT (6.72) 


where с is a positive real constant. Obviously, this is a simplification of depend- 
ence of energy released by any chemical reaction as a function of temperature. 
More elaborate and realistic situations would probably require numerical solu- 
tions, which is out of the scope of the present book. 

Using the above assumptions and Equation A.34, it is possible to write 


2 


dT 


Following are the boundary conditions: 


dT 
au (T, — Ту) = —А dz (6.74) 


x=0 
and 
T(L) = Т» (6.75) 


As seen, the boundary condition given by Equation 6.74 is a third-kind boundary 
condition. 

The solution of a homogeneous linear second-order differential equation with 
constant coefficients is described in Appendix B. After this, it is possible to write 


T(x) = С, (s f£) + С (у) (6.76) 


Applying ће boundary conditions, one would arrive at the following dimen- 
sionless form: 


ө — Mei sinoi) + g costei) (6.77) 


Ngi Sin(g) + ecos(o) 








where 





T+T c x æL 
0 = Po =k) o $——-. d № = 6.78a,b,c,d 
pua ү: ш ш а> онко) 


The solution is illustrated by Figure 6.5 for the case when Ng; is equal to 10 
and by Figure 6.6 in the case when Ng; is equal to 100. 
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1.300 





FIGURE 6.5 Dimensionless temperature profile in a reacting plate with one face exchan- 
ging heat with a fluid and the other face at constant temperature; case for Np; = 10. 
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FIGURE 6.6 Dimensionless temperature profile in а reacting plate with one face exchan- 
ging heat with a fluid and the other face at constant temperature; case for Ng; — 100. 
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The following is worth mentioning: 


* Obviously, the linear temperature profile is always obtained when no 
reaction occurs in the plate (ф approaching zero). 

* Faster reactions lead to higher temperatures inside the plate. 

* Increase on the heat transfer from the plate to the fluid at x= 0 (or ¢ = 0) 
is reflected by higher Biot numbers. Therefore, maintaining all other 
conditions, higher Ng; leads to lower peaks of temperature inside the 
plate. 


EXERCISES 


1. 


2. 
3. 


Solve Equation 6.1 under conditions given by Equations 6.2 and 6.3 in order 
to arrive at the temperature profile in the plate. 

Deduce Equation 6.8. 

Repeat problem set in Section 6.2 for the case where the thermal conductivity 
of the plate is a function of temperature given by A = a+ bT + cT?. Here 
parameters a, b, and c are known constants. If necessary, use method of 
weighted residuals (MWR) methods. 


. Consider the fin as shown in Figure 5.5. Derive the solution for the tempera- 


ture profile in the fin in the case where the heat transfer by convection at its tip 
(z — a) cannot be assumed negligible. 


. Repeat Problem 4 for the case of circular fin, i.e., considering heat transfer by 


convection at the outer border of the fin. 


. Consider an insulated pipe and heat transfer to fluid inside and to ambiance, as 


illustrated by Figure 6.7. The heat transfer coefficient by convection between 
the fluid inside the tube and the internal surface of the pipe is given as a;. The 
one relative to the convection between the most external surface and the 
ambiance is а,. It is asked to deduce the formula for the heat transfer rate 
per unit of tube length between the internal fluid and the ambiance as function 
of the geometry, convection coefficients, Тү, Т, and the conductivities of pipe 
wall (Ay) and of insulation (Aj). 

Assume constant conductivities. In addition, determine the temperature 
profiles in the pipe and in the insulation. 


. Deduce Equation 6.77. 
. Repeat the problem presented in Section 6.5 for the case where the rate of 


energy generation due to chemical reaction is given by Ко = cT?. As a 
suggestion, apply approximate or MWR methods. 


. Repeat the problem presented in Section 6.5 for the case of variable thermal 


conductivity of the wall. Assume that it is given by a linear function of 
temperature, or А = a + bT. Again, as a suggestion, apply approximate or 
MWR methods. 
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FIGURE 6.7 Pipe with insulation. 
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Problems 211; 

Two Variables, 

1st Order, 1st Kind 
Boundary Condition 


7.1 INTRODUCTION 


This chapter presents methods to solve problems with two independent variables 
involving first-order differential equation and first-kind boundary condition. 
Therefore, the problems fall in the category of partial differential ones, Mathe- 
matically, this class of cases сап be summarized as f | $,@1,@2, vo 00 ‚Боз , first- 
kind boundary condition. 


7.2 PRESSURE IN FLUID UNDER ROTATIONAL MOVEMENT 


In Section 1.8, the velocity profile of the fluid between the vertical drums was 
determined. Now, one is interested in determining its pressure profile. 

The situation is shown in Figure 7.1 and the assumptions set in Section 1.8 are 
still valid. 

As seen, Equation A.13, describing the momentum continuity in the radial 
direction provided 


др 2 


While, Equation А.15 representing the momentum in vertical direction gave 


д 
x = pg; = —pg (7.2) 
rA 
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drum 


FIGURE 7.1 Scheme of concentric drums to impose a rotating field in a fluid between them. 


7.2.1 ЅЕРАКАВІЕ EQUATIONS 


Since all terms on the right-hand side of Equation 7.1 are functions of only r or 
constants, the integration is immediate to give 


у2 
р=р | dr + az) (7.3) 


r="; 


It should be noticed that the arbitrary choice of one end of the integration is 
possible and this was taken at position r= гу. Of course, any other choice (for 
instance г = ro) would not change the final result. In addition, when dealing with a 
partial differential equation, the integration constants should, in principle, be 
assumed as a function of the variable or variables not involved in the integration. 
This is the case of the function a(z) in Equation 7.3, which appears after the 
integration related to the radial direction. 

A similar procedure can be applied to Equation 7.2, where the right-hand side 
is only a function of variable z. Its integration leads to 


p = —p8gz + bir) (7.4) 


Here, the lower limit of integration was set at z = 0. 
As seen, both differential equations, i.e., Equations 7.1 and 7.2, were separable. 
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The pressure is now given either by Equation 7.3 or 7.4, therefore 


r=r 


2 
p | “bar + а(х) = —pgz + b(r) (7.5) 


r=" 


Equation 7.5 can be written as 


r=r 


2, 
e| bar b(r) = —pgz — a(z) (7.6) 


r—ri 





Now, one should notice that the left-hand side contains only functions of r and the 
right only functions of z. As these variables are independent, this would be 
possible if and only if both sides are equal to a constant, or 


r=r 2 
p | “dr -brn=C (7.7) 


and 
—pgz — a(z) = C (7.8) 


Combining Equations 7.8 and 7.3 results into 


r=r 


2 
v 
р=р | — dr — pgz — С (7.9) 
The same would be achieved using Equations 7.7 and 7.4. 
The constant at Equation 7.9 can be found if the pressure at a given position 
of the drum interior is known. For instance, assume that at z=0 (bottom of the 


drum) and r— №; (surface of the internal drum) the pressure is р. The above 
equation allows writing 


C — —p; (7.10) 


Finally, 


2 
р=р+р | “bdr — pgz (7.11) 
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The velocity profile is given by Equation 1.105 





pep 
у, 022—5 
r i-r; 


Using the above equation into Equation 7.11, the pressure profile is provided as follows: 


2 " 2. 2 2 2 
pa D r-r r г; r 
= р | 14 4 1 7.12 
РР pss 2 rê -r ls -r ( 5) 2 2 a( ‘| ( ) 


г = i 





The pressure profile against the height (z) in the drum and the radius (r) is 

presented in Figure 7.2. In this case, the following values have been assumed: 

p= 1000 кет ?,g—9.81 ms ?, 0—10s !, = 0.1 m, ro = 1.0 m, p; = 0.2 MPa. 
One should observe the following: 


Dependence of pressure on the vertical direction due to the static term 
leading to a linear decrease from the bottom at z = 0 to the top at z= 1 m. 





0.100 0.000 


FIGURE 7.2 Pressure profile against the height (z) and radius (7) in the space between the 
drums. 
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* Increase of pressure from the inner drum (r = r;) to the outer one (r = ro). 
This difference on pressures is one of the most important aspects of the 
so-called centrifuges.* 


In the present particular case, the result arrived at Equation 7.11 could be 
achieved by another route. 

Since the total derivative of a function ( p) on its independent variables (r and z) 
is given by 


д д 
dp = 5 dr + d (7.13) 


Applying Equations 7.1 and 7.2 into Equation 7.13 leads to 
i2 
dp = pdr — pg dz (7.14) 
r 


This can now be integrated using inferior limits z — 0 and r=r; to arrive at 
Equation 7.11. The above was only possible because the explicit forms for partial 
derivatives at Equations 7.1 and 7.2 were available. 


7.3 HEATING A FLOWING LIQUID 


Several heating systems are designed to heat a fluid while passing through a tube. 
Among these devices, many employ a series of gas burners where the flames are 
directed on the tube surface. Others use electrical resistances either wrapped 
around the tube or set in a grid at the tube entrance. At this point, consider a 
simple scheme, as illustrated in Figure 7.3. 

The liquid flows in a very long tube and passes through electrical resistances 
in the form of a grid located at z = 0. 

For a first approximation, let us assume the following simplifications: 


1. Plug-flow regime or the velocity profile is approximately flat. Again, this 
is approximately valid when convective momentum transfer in the main 
flow direction is much higher than viscous influences. 

2. Grid does not interfere in the flow. In fact, grids are often employed to 
provide a flat velocity profile for the flow. 

3. Tube is very long and all possible border (inlet or outlet) effects are 
negligible, at least in the studied region. 

4. Tube is perfectly insulated. 





* One should be careful with the concept of centrifuge. Actually, the fluid experiences a centripetal 
force applied by the wall of the external drum. This is the force responsible for the fact that the fluid 
of any body under circular movement does not follow the inertial movement, which would lead it to 
escape the circular path following a tangential one. 
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Plug-flow 








FIGURE 7.3 Flowing liquid heated by a grid of electrical resistances. 


5. Liquid is Newtonian and its properties are approximately constant. Of 
course, this might be a strong approximation if large variations of 
temperature are present. This assumption would be invalid in cases 
of gases. 

6. No energy dissipation due to friction is observed. 

7. Before the heating system is turned on, the fluid is at uniform tempera- 
ture Ty. 

8. Once the heating starts working, the fluid leaving the grid (or at z= 0) is 
at temperature То. This implies an instantaneous jump of temperature, 
which is physically impossible. Despite this, such situations can be 
approximated in practice by a high heat transfer between the grid and 
the flowing fluid. On the other hand, sharp step functions are very useful 
in studies of process and control performance. 

9. Rate of heat transfer by convection is much higher than the rate by 
conduction. This is reasonable for cases where the velocity of the fluid is 
relatively high. 


The basic equations of momentum transfer are not necessary here because the 
fluid keeps a constant velocity. In other words, the only velocity component (у,) 
does not vary in axial (z), radial (r), or angular (0) coordinates. 

Owing to assumption 5, Equation A.35 can be applied to describe the energy 
conservation. Assumption 4 allows discarding all terms related to temperature 
variation in the radial direction. Also, terms related to temperature variations in 
the angular direction are zero due to the imposed uniform heating at the tube cross 
section. Consequently, it is simplified to 


OT OT ФТ 
e +y, x) =A a2 (7.15) 
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It is important to notice that the terms of Equation A.35 involving the 
viscosity are negligible owing to assumption 6. Assumption 9 allows another 
simplification and Equation 7.15 becomes 


ƏT OT | 


op a (7.16) 


Here the axial velocity component (v;) is written just as v. 
The boundary conditions for the problem are 


T(0,z) = Т, 220 (7.17) 
апа 
Т(1,0) = To, t>0 (7.18) 


As already discussed and justified, it is convenient to change the variables 
into dimensionless ones. Here, just the dependent one will be changed, and the 
following is proposed: 


_T-k 


m 7.19 
TT, (7.19) 


V 


Of course, it is always possible to find dimensionless variables related to the 
independent variables, such as time and position. 
Applying Equation 7.19 one gets 








OT a Ow 
Br (To — Tv) БЛ (7.20) 
апа 
OT Ow 
az (To — Tv) De (7.21) 
Therefore, Equation 7.16 becomes 
op Op _ 


The boundary conditions given by Equations 7.17 and 7.18 are written as 


00,2) —0, z>0 (7.23) 
w(t,0)=1, t>0 (7.24) 
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7.3.1 SOLUTION BY LAPLACE TRANSFORM 


As seen in Appendix D, the partial differential equation can be transformed into 
an ordinary one by the correct application of Laplace transform. 

The first task is to choose the independent variable to be transformed. Of 
course, the final solution should be the same regardless of the choice. However, 
the amount of work required to arrive at the solution usually depends on this 
decision. For instance, it is very convenient to apply the transform to the variable 
with known initial value. This is so because the Laplace transform of a derivative 
involves the value of the function at zero (see Equation D.10). Therefore, either 
time (f) or position coordinate (z) could be used in the transform. Nonetheless, 
time seems even more attractive because, according to the condition given by 
Equation 7.23, no term due would be added to the resulting differential equation. 
With this in mind, let us consider the following transform: 


V(s,z) = L{W(t,z)} (7.25) 
According to Appendix D, the transform of Equation 7.22 is 
dy 
SV — 4(0,z) + v— = 0 (7.26) 
dz 
Using Equation 7.23, the equation above becomes 
dv 
шар (7.27) 
dz y 
Equation 7.27 is a separable ordinary differential and on integrating, one gets 
Inv — —5z 4. In Ci (7.28) 
v 
or 


у= Су ехр(— =z) (7.29) 


The Laplace transform of the remaining boundary condition given by Equa- 
tion 7.24 is 


1 
№(5,0) = — (7.30) 
5 
After the application of Equation 7.30, Equation 7.29 becomes 


P= : exp(- 7z) (7.31) 
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FIGURE 7.4 Dimensionless temperature profile against time at a given axial position. 


Since the exponential term indicates а t-shift (see Appendix D), the inverse of 
such a function is 


ptz) = u(t = :) (7.32) 


This was the expected result and is illustrated in Figure 7.4. 

As plug-flow regime was assumed, a wave front of hot fluid advances through 
the tube at a velocity v. Therefore, the front will reach a position z in the tube only 
after the period equals z/v. 

7.3.2 COMMENTS 


Just for the sake of discussion, let us apply the Laplace transform at the space 
variable (z) instead of time. In this case, the following is written: 


V(t,s) = Lipit, z) (7.33) 


The transform of Equation 7.22 would be 


dv 
a + vs¥ — vis(t,0) = 0 (7.34) 
or 
dv 
а —vsY +v (7.35) 


The transformed boundary condition given by Equation 7.23 would be 


V (0,5) = 0 (7.36) 
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After that application of parameter variation (see Appendix B) the solution of 
Equation 7.35 is written as 


1 
y — lt Ce (7.37) 


After the application of the condition given by Equation 7.36, Equation 7.37 
becomes 


y= A — e™™") (7.38) 


By inverting the above, one obtains 
y= 1 — ug — vt) (7.39) 


Despite being in a different form than Equation 7.32, the two solutions are 
completely equivalent. For instance, it is easy to see from Figure 7.5 that for 
positions smaller than z = vt, the function y/ is equal to 1, or T= То. Ahead of 
position z = vt, or the wave front, the function y is equal to zero, or T= Ty. 

The combination of Figures 7.4 and 7.5, for a particular case of v = 2 m sl 15 
presented by Figure 7.6. 

Then, it is possible to see that for a given position z, the temperature would 
jump to the final value after a period, which would increase for positions farther 
from the tube entrance (z= 0). It is also interesting to notice that even if a 
reasonably sharp step-increase of temperature could be reproduced in practice, 
the flat wave-front would dissipate as it travels along the tube length. This 
dissipation would be slower (or take greater lengths of tube) or faster according 
to thermal conductivity of the fluid. This can be easily understood if one looks at 
Equation 7.15. The term at the right-hand side represents the dissipation term and 
its influence would be to “dissolve” the wave front or smooth the temperature 
variations. This can be seen as a degeneration of the sharp increase of temperature 
into a more realistic and smooth variation, similar to that shown in Figure 7.7. 





Th SS | 
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FIGURE 7.5 Temperature profile throughout the tube. 
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FIGURE 7.6 Temperature profiles against length and time. 


7.3.3 COMPLETE DIMENSIONLESS FORM 


This problem can be put in complete dimensionless form. The advantages of 
applying the complete dimensionless form have already been described. 

To find a dimensionless length, the variable z should be divided by another 
length or a parameter with unit of length. Of course, this parameter should involve 
properties or characteristics of the problem. This is called reference length. As a 
first option, the reference could be the tube diameter or a given arbitrary length of 





FIGURE 7.7 More realistic temperature profile. 
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the heating tube. The second possibility for reference length could be the group 
Tart Such a choice is reasonable here just because all properties and the velocity 
are considered constant. Let us call this group L. Bearing this in mind, the 


dimensionless variables could be defined as 





Z 
=2 7.40 
E (7.40) 
=e (7.41) 
т= г ; 
where 
L à (7.41a) 
== . a 
pCyv 
Using the above, Equation 7.22 becomes 
Op | Op 
Iul) 7.42 
Ar + ag (7.42) 
The boundary conditions given by Equations 7.23 and 7.24 become 
v0.) = 0, £20 (7.43) 
Џ(т,0) = 1, 7r>0 (7.44) 


Laplace transform applied to any variable leads to the solution given by 
(т,б) = и(т — $) (7.45) 


This general solution is illustrated in Figure 7.8. 
The interpretation of Figure 7.8 follows the same lines as for Figure 7.6. 
One should notice the simplicity and elegance of Equation 7.42. It also tells 
something about the nature of the present heat transfer process, which is given by 
the equivalence of time and space regarding the path to solution. The same is 
reflected by the similarity of Figures 7.4 and 7.5, and by the symmetry shown in 
Figure 7.8. 


7.3.4 CONSIDERATIONS ON PossiBLE APPLICATION OF SIMILARITY 


Bearing in mind the wide range of applications of the method of similarity— 
described in Appendix F—one might consider applying it to the present problem. 
On the other hand, this method better fits problems where the dependent variable 
is a continuous function of the independent ones, which is not the present case. 
Despite this, the trial will bring interesting discussions regarding applications of 
this method. 
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FIGURE 7.8 Dimensionless temperature (у) profiles against dimensionless length (Z) and 
time (7). 


Let us apply the generalized method of similarity, as described in Section F.2. 
The first step is to define the following transformations of variables: 


pesa (7.46) 
{= а” (7.47) 
y = ар (7.48) 


Using Equations 7.46 through 7.48, the following changes of variables are found: 


ду Op др OF — „дф 


Or Or Obdr ^ дт 


дф Ob OP WE _ „дф 
a ax ^ a MM 


(7.49) 


Replacing them in Equation 7.42, one gets 


_. Ow _. Ow 
by c by 1 hai э К 
а apt? a (7.51) 
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To preserve the invariance, or in other words, for the above equation to be 
conformally invariant with the original Equation 7.42, the following is required: 


bj—c-b,—c (7.52) 


which is satisfied as long as b, equals b; for any c. With this, the similarity 
variable can be deduced as 


T T 
w = pelis = г (7.53) 


There is no need for transforming the dependent variable w. 
The new changes of variables are 


Oy di dw 14р 








= = 7.54 
дт dw дт fdw өз) 
ду дардо 7 dy 
04 49 2 Га Gey) 
Using these in Equation 7.42, it is possible to write 
d 
(525998 9 (7.56) 
do 


A striking simplicity, which at first glance provides no useful information because 
either 


w=1 (7.57) 
or 

97 = 0 (7.58) 
Therefore, 

о = С (7.59) 


with constant С to be determined by boundary conditions. 
Actually, both Equations 7.57 and 7.59 are solutions. This is because of the 
following: 


1. As observed in Figure 7.8, the derivative of function y is always zero, 
which is attested by Equation 7.57. Therefore, this function can only be a 
constant. 
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2. As required by boundary conditions given by Equations 7.43 and 7.44, 
the value of the constant is either 1 or 0. In fact, y = 0 for points at T= 0, 
and у= 1 for points at Z = 0. This сар be also seen from Figure 7.8. 

3. For the points different from those above, the solution follows Equation 
7.57, and according to Equation 7.53 


б=т (7.60) 


This is represented by the straight line in the т plane (see Figure 7.8). 
4. Line ¢ =r demarks the boundary between the region where y — 1 or 


у= 0. 


Regardless of these interesting details, rigorously speaking, the method of 
similarity could not provide a general solution for this case because 


* Equation 7.56 is not a complete or self-contained description of the 
dependence among the variables involved in the problem, such as that 
achieved by Equation 7.45. 

* Boundary conditions given by Equations 7.43 and 7.44 could not be 
condensed in a single condition involving just the dependent variable (y) 
and the new independent one (w). 


As seen, if one tries to follow the generalized method presented in Appendix 
F, no success would be achieved, basically because the boundary conditions are 
not compatible with any combination in the form w = т“ (a and b are con- 
stants). On the other hand, the following combination might be tried: 





wo=T-C (7.61) 
This would lead to 
Ow = dy ду _ dy 
дт dw дт do (5:02) 
Ow | dy Ow _ dy (7.63) 





Of ао 2 daw 


The above equation satisfies the partial differential equation given by Equation 
7.42. It is also satisfied if 


SP ll 


(7.64) 
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This would provide a similar solution as given by Equation 7.59, or 
у= С (7.65) 


Again, looking at Equation 7.45, the above is also a solution because variable 
{у acquires only constant values: 0 or 1. Therefore, if one applies the conditions 
given by Equations 7.43 and 7.44, the solution for y = (v) = y(t — £) would 
be the same as in Equation 7.45. 


7.3.5 CONSIDERATIONS ON POSSIBLE APPLICATION OF METHOD 
or WEIGHTED RESIDUES 


The method of weighted residues (MWR) can be applied to solve a vast range of 
partial differential equations. Consequently, one may wonder about the possibility 
of employing it in the present case. 

Consider the dimensionless form of the boundary condition problem formed 
by Equations 7.42 through 7.44. According to Appendix E, the first step is to 
choose a trial function as an approximate solution. In the case of partial differen- 
tial equations, the approximate solution would be a composition of trial functions, 
one for each independent variable. Additionally, one among these would play the 
part of constant, while the other would be explicit and, if possible, satisfy its 
respective boundary conditions. For instance, we may write 


nlx) = У Cj; + bo (7.66) 
j=l 


Consequently, there are the two following possibilities: ф(4), ф (С ), Сут) or 
$T). фу(т), Су). Any alternative would lead to equivalent approximate solu- 
tions. However, the number of approximation levels (л) to achieve a given small 
deviation between the exact and approximate solution varies. Usually, it is 
difficult to visualize the best option. Let us try, for instance 


Tn) = ф(@ + Y^ Go (7.67) 
j=1 


j= 


The second task is to choose functions ¢ that satisfy the respective boundary 
conditions. | 
Remembering Equation 7.44, one might choose $9(Z) = 1, ф,(д) = Z. Thus 


P(x) = 1+ 2 Сут) (7.68) 


j=l 
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7.3.5.1 First Approximation 


With the above, the first approximation is 
pa) = 1+ С.т) (7.69) 
According to Equation 7.42, the residue becomes 
Ay = £C\(7) + CCT) (7.70) 


From now, any particular MWR can be applied. For instance, method of moments 
requires the weighting function (Appendix E) as 


= (7.71) 
Hence, the following is imposed to minimize the residue: 


¢=1 б=1 
| CA, dé = | (C +С) dg =0 (7.72) 


£=0 £=0 


Of course, the solution should cover the whole range of the integrated 
variable (4). Nonetheless, this would lead to indeterminations. The choice of 
upper limit as 1 seems adequate because it demarks the region where the 
variations occur. If one is not sure about this, the limit might be expanded. On 
the other hand, the smaller the region of integration, the closer the approximated 
solution would be to the exact one at each level of approximation. 

Equation 7.72 leads to 


2С = —3С, (7.73) 
апа 


С\(т) = К, ew(-57) (7.74) 


Неге К) is a constant. 
Thus, the first approximation becomes 


yu) = 1 + Kigexp(—37) (7.75) 
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Despite the simplicity, this solution cannot conform to boundary condition 
given by Equation 7.43. Therefore, let us try another alternative for the approxi- 
mate solution in which the variables change roles, or 


0.0) = у Ст) (7.76) 
j=l 


Notice that the above equation satisfies the condition given by Equation 7.43. 
Using the same procedure as before and the method of moments, one would 
obtain the first approximation as 


yuQ) = Kirexp( — x) (7.77) 


Unfortunately, the above form cannot satisfy the condition given by Equation 
7.44 for every value of variable т. 

This sort of problem is inevitable when one tries to apply MWR to cases of 
discontinuous functions, as the present one. This is so because MWR always 
assumes continuous functions to approach the solution. 

Regardless of the powerfulness of MWR to obtain excellent approximations, 
this example was very useful to show its limitations. Another example of such 
limitations is present in Section 7.4.3. 


7.4 PLUG-FLOW REACTOR 


A pure substance B is continuously flowing through a tubular plug-flow reactor, 
as illustrated in Figure 7.9. 

Species A is continuously added through an injection grid at cross section 
z — 0. Such a grid is formed by a network of small-diameter tubes with porous 


Injection to 
keep constant 
concentration of 


A at the grid of Reactor wall 
porous tubes 





FIGURE 7.9 Scheme of plug-flow reactor where reactant A is injected at the entrance. 
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walls. The component A is injected into the porous tubes and then into the main 
reactor stream. It is desired to know the concentrations of reactants and products 
at any instant and position in the reactor. We are also interested in the rates of 
reactant consumption. 

To ensure clarity, let us list the assumptions made here: 


1. Pure component B is flowing through the reactor. At a given instance 
(t=0), reactant A is injected into the reactor, at position z=0. The 
injection is made into the network of porous tubes, which constitute 
the grid. The concentration at the external surfaces of porous tubes 
instantaneously acquires a given value, which of course remains con- 
stant. Additionally, the mechanism for mass transfer into the reactor 
main stream with reactant B is dictated by diffusion and convection. 
More realistic models are shown in the Chapters 8 and 9. However, this 
first attack demonstrates several important aspects of the plug-flow 
reactor. 

2. Reaction between A and B can be considered a first-order irreversible. It 
is represented by 


А+В- С 


3. АП involved chemical components аге in the liquid phase and their 
mixtures at any proportion occur in a single phase. Therefore, the 
reactants A and B and the product C do not form another physical 
phase (gas or solid). In addition, even the liquids are completely mixable, 
i.e., do not naturally segregate, for instance, in cases of oil and water. 

4. No mixing enthalpy change is involved and the occurring reaction is 
neither exothermic nor endothermic. Therefore, isothermal conditions 
throughout the reactor can be ensured. Of course, it is very difficult to 
find such a situation. However, it may also be approached if a slightly 
endothermic or exothermic reaction takes place, and heating or cooling 
through the wall is provided and controlled to ensure constant tempera- 
ture throughout the reactor length. 

5. No matter what the composition of the fluid is, it can be considered 
Newtonian with constant density and viscosity. 

6. Diffusivity of component A into B or vice versa is constant. It also 
remains constant, no matter how far the reaction between them pro- 
gresses. Product C does not interfere in this diffusivity. This condition is 
only approximately possible. 

7. Plug flow is approached throughout the reactor. The justification for this 
can be found in the previous section. 

8. No swirl or angular velocity component is verified in the reactor. 

9. Velocity of fluids in the reactor is high enough to allow neglecting 
the mass diffusion transport when compared with the convective one. 
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The consequences of this approximation should become clear during the 
treatment below. However, such an assumption will lead to sharp vari- 
ations of concentration, which cannot really occur in the real process. 
Despite this, the conclusions reached here are useful for the understand- 
ing of the similar processes and applicable in control strategies for 
several industrial systems and equipment. A more realistic approach is 
given in Chapter 10. 


Since plug-flow regime is assumed, the momentum equations do not provide 
important information. In addition, isothermal condition leads to no usefulness of 
the energy differential balances. Therefore, only mass transfer or continuity for 
species would provide useful information. 

Owing to assumption 5 above, it is possible to depart from Equation A.41. 
Assumption 7 implies no variation of concentration in radial (r) or angular (0) 
coordinates as well as no velocity components in these directions. After these 
simplifications and by using the molar basis, Equation A.41 becomes 


Ob | Op. Py z 
Or + у; Oz = Dap 92 + RA (7.78) 





Owing to assumption 9, the diffusion transport, represented by the first term 
on the right-hand side, would be assumed much smaller than the convective term 
(second term on the left-hand side). Thus Equation 7.78 can be rewritten as 

дрд дрд ~ 
—— + vy + Крл = 0 7.79 
at У 5: DA ( ) 


To simplify the notation, the velocity component v, was replaced by just v, which 
in turn, is a constant due to simplification of assumption 7 combined with 
assumption 5. One should also notice that the typical form of first-order reaction 
rate was already included. 

Usually, the reaction coefficient k is a function of temperature and given by 
the Arrhenius equation: 


k = kg exp (- ж) (7.80) 


Thus, for the present isothermal process, k is constant. 
The boundary conditions for the problem are 
pA(Quz) = 0, 220 (7.81) 


and 


Balt0) = Bap, £20 (7.82) 
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Here, рдо is the concentration of component A at the grid, ог z —0, at any 
positive time. 

In this way, the solution of Equation 7.79 under boundary conditions using 
Equations 7.81 and 7.82 would lead to the desired information. 

The convenience of working with dimensionless variables has been shown. 
Bearing this in mind let us consider the following: 


f(tz) = Paltz) (7.83) 
Pao 
Using Equation 7.83 into Equations 7.79, 7.81, and 7.82 leads to 
у у= (7.84) 
f(0,z) =0, z20 (7.85) 
f(0)—1, t20 (7.86) 


Despite not being complete dimensionless, the transformation normalizes the prob- 
lem, i.e., the main variable becomes dimensionless with dominium between 0 and 1. 


7.4.1 SOLUTION BY LAPLACE TRANSFORM 


As seen in Appendix D, Laplace transform can be applied to partial differential 
equations. 

Owing to the condition given by Equation 7.85, it is convenient to apply the 
transform regarding variable f, or 


Wsz) = L{f 2) (7.87) 


The derivatives of f would become 


{2} = sy(s,z) — f(0,z) = sy (7.88) 
and 
Of | dv 
{a} E (7.89) 


Notice that the condition given by Equation 7.85 was used to write the last 
identity of Equation 7.88. 
Therefore, Equation 7.84 can be written as 


dy 


Sy Бу БК = 0 (7.90) 
dz 
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which is an ordinary differential equation on variable z. In addition, it is a 
separable equation with the following solution: 


= aexp(-***,) (7.91) 


Here parameter a is constant and can be determined by the application of the 
boundary condition given by Equation 7.86, which has not been used yet. 
However, before that, it should be also transformed to give 


y(s,0) = : (7.92) 
Using this, Equation 7.91 leads to 
a=- (7.93) 
Finally, Equation 7.91 is written as 
y= І exp( c) =) exp( st) ew =) (7.94) 
$ v 5 v v 


Observing Equation D.17, one may recognize the t-shift given by the two 
terms on the extreme right-hand side. Therefore 








kz 


fad =u ( а 2) ехр (- ) (7.95) 
V. V 


The above equation shows that the concentration (or its dimensionless form f) 
assumes an exponential decaying behavior for increasing values of the space 
coordinate z, and this is illustrated in Figure 7.10. 


exp(-Kkz/v) 





0 
vt 2 


FIGURE 7.10 Dimensionless concentration along а plug-flow reactor. 
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exp(—kz/v) 


0 





FIGURE 7.11 Dimensionless concentration against time in a plug-flow reactor. 


As the component A is injected at position z — 0, a wave front with that 
species advances through the reactor with velocity (v). For positions ahead of the 
wave front (z > vt), the fluid has no concentration of A. Behind this position 
(z « vt), and starting at z — 0, the concentration follows a decaying curve. 

Conversely, a graph for showing the dependence of function f regarding time 
is seen at Figure 7.11. 

For a better understanding of this behavior, one should imagine an observer 
measuring the concentration of component A at a given position z of the reactor. It 
would take time equal to z/v, after the injection of A, for a person to measure an 
instantaneous jump of its concentration at position z. However, the measured 
concentrations of A would be smaller than the one at the feeding position (рд o) or 
equal to рд o exp c к). After that instant, the concentration of A at point z would 
remain constant and equal to the above value. 

Figure 7.12 shows the combination of Figures 7.10 and 7.11 for the particular 
case where v=2 m s ' and к= 257. 

The effect of increasing the fluid velocity can be appreciated by Figure 7.13, 
which was plotted for the particular case where у = 10 m s^! and k=2 sl. It is 
easy to verify that higher velocities tend to shorten the time at which the wave 
front with component A reaches a given position z in the reactor. 

The effect of increasing the reaction rate can be observed in Figure 7.14, 
which was drawn for v=2 ms ! and k—10 s. A steeper decline of concen- 
tration is observed through the length of the reactor when compared with the 
original Figure 7.12. 


7.4.2 COMPLETE DIMENSIONLESS FORM 


The convenience of complete dimensionless form can be demonstrated again. For 
this form, in addition to the concentration of A, dimensionless forms should be 
found for the independent variables (f and z). This would provide a general 
representation of the solution, applicable to similar problems using any system 
of units. 
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FIGURE 7.12 Dimensionless concentration profiles against time and length in a plug-flow 
reactor; case when v= 2 m s tandk=2s 1. 
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FIGURE 7.13 Dimensionless concentration profiles against time and length in a plug-flow 
reactor; case when v= 10 m s7! and k=2 s™!. 
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FIGURE 7.14 Dimensionless concentration profiles against time and length in a plug-flow 
reactor; case when v 22 m s^! and k= 10 s^ !. 


Let the following be the new independent dimensionless variables: 
T—k (7.96) 


f= 2 (7.97) 
у 


Using Equations 7.96 апа 7.97 in Equation 7.84 gives the following: 


Ча 
А а (7.98) 


As seen, the differential equation acquires a simpler form to work with. This even 
decreases the probability of mistakes during the solution. 
The boundary conditions, given by Equations 7.85 and 7.86, become 


f0.0)=0, £20 (7.99) 


f(7,0)=1, 720 (7.100) 
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Following the similar route of Laplace transform as before, one gets 


1 
ф — < exp( -sDexpC- 2 (7.101) 
The solution can be obtained after the inversion and can be written as 


fG.£) = u(t — 6)ехр( 0) (7.102) 


The graphical representation for this solution is presented in Figure 7.15. 
One should notice the following: 


* The graphic is general for any similar case of reactor. There is no need to 
specify the fluid velocity (v) or reaction constant (k). The representation 
is valid for any situation. 

e The range of variables т and Z have been chosen between 0 and 1. This is 
not necessary, and the reader might expand or decrease the limits as felt 
convenient. 

* Nonetheless, the unit value for each variable has special significance. 
For instance, т = 1 or t= 1/k represents what is called the "reactor time 
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FIGURE 7.15 Dimensionless concentration profiles against dimensionless time and length 
in a plug-flow reactor. 
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constant" and is related to the reaction velocity. The higher the velocity, 
the lower the time constant of a reactor. 

* On the spatial point of view, the value Z = 1 ог z= v/k represents the 
length reached by the reaction wave front after a reactor time constant. 


7.4.3 SOLUTION BY METHOD OF WEIGHTED RESIDUES 


After the trial in the previous section, the present problem allows a good oppor- 
tunity to other possibilities of trial functions and would lead to interesting 
comments regarding the application of MWR. 

Using the material introduced in Appendix E, we seek to solve Equation 7.98 
under conditions given by Equations 7.99 and 7.100. 

There are a great number of possible trial functions. However, one has to bear 
in mind that integrations will be involved and, therefore, the simplest forms are 
preferable. Besides, there is no guarantee that complicated trial functions would 
lead to a quicker solution, or fewer steps to reach an acceptable approximation. In 
addition, it is very convenient if the trial function implicitly satisfies the boundary 
conditions. For instance, the form 


1 — exp (- z) 


satisfies both conditions given by Equations 7.99 and 7.100. Keeping this in 
mind, let us try the following trial function: 


dod -ew(-7) + Mic) (7.103) 
T 


Of course, any approximation f, satisfies conditions given by Equations 7.99 and 
7.100, as long as Cj(0)—0. Functions С) would be set at each level of 
approximation, as follows. 

Using the above into Equation 7.98, the residue, at level n, is written as 


aC, 


d (7.104) 


A, =1- E ew (-7) + Уу! [ +тС,Фф)-++т 
j=l 


An approximated solution would be sought within the following dominium: 
O<t<1 and 0<:<1 (7.105) 
However, approximations could be imagined for other ranges, including 


wider ones. For a while, the present is convenient because it covers an important 
region of this process, as shown in Figure 7.15. 
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7.4.3.1 First Approximation 


The first approximation would lead to the following residue: 


1 d 
А =1 -gew(-2) t OQ rc rt (7.106) 


Due to the complexity of this function, let us apply the simplest method, namely 
collocation. According to Appendix E, the residue should be equated to zero at a 
chosen point in the dominium of variable r. One simple possibility would be to 
choose the middle value, ог т = 1/2. Hence, the following differential equation 
would result: 


dC; - 


di 0 (7.107) 


2 1 
2- z exp (5) + 3С\(д) + 


The condition C,(0) = 0, which was commented before, should also be satisfied. 

As discussed in Appendix B, Equation 7.107 can be solved by variation of 
parameters. By this method, function C,(Z) is written as the product of two other 
functions, or 


Ci(£) = u(£)vG) (7.108) 


Using Equation 7.108 into Equation 7.107, the following is obtained: 


и(/ + Зу) + u'v + g(£) = 0 (7.109) 
where 
2 1 
80) = 2-Sew(- 7) (7.110) 


Without loss of generality, the following can be established from Equation 7.109: 
v+3v=0 (7.111) 

This results into 
v=e% (7.112) 


Therefore, Equation 7.109 would lead to 


Z 
u=— Jess (7.113) 
0 
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The definite integral was applied here because the solution 
4 
cio = -e* [eged (7.114) 
0 


would always satisfy the condition C,(0) = 0. 
After this, the first approximation becomes 


ё 
А(т,0) = 1 — exp (- z) — 2re* Is \ = se dx (7.115) 
0 


Of course, the complexity would increase for higher approximations. Therefore, it 
is clear that one should be very careful in applying MWR for cases of discon- 
tinuous behavior, such as the present case of function f(7.Z). 


EXERCISES 


1. Solve the differential equation given in Equation 7.35 and apply the boundary 
condition given by Equation 7.36 to arrive at Equation 7.38. 


; Fluid is injected in the central chamber 
Fine screens 


Thermal insulation 
N Central 


chamber 





FIGURE 7.16 Heating of a fluid injected between two disks. 
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2. Solve the following boundary value problems by any method: 





(a) ду Mi ду = 0; у(0,х) = 0, y(t,0) ==], x > 0, and t > 0 
дх д 
(b) Wie ОЎ —0; у(0,х) = 1, y(t,0)=2, x>0, and £20 
Ox Ot 
Oy O 
© t24+2=0; yoxn=0, у00) = 1, x>0, and t>0 
Ox дї 


3. Solve the problem presented in Section 7.4 by Laplace transform in the space 
(z) variable rather than time. 

4. Repeat the problem presented in Section 7.3 for a plug flow inside the space 
between two circular disks, as shown by Figure 7.16. Therefore, determine the 
temperature profile as a function of radius (r) and time (f) in the region 
Ro € r € Ri. Assume that the temperature in the fluid is Tẹ and at instant 
t — 0 it becomes To at the injecting screen or at r= Ro. 

5. Show the impossibility of solving Equation 7.98 using the method of similar- 
ity described in Appendix F. 
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8.1 INTRODUCTION 


This chapter presents methods to solve problems with two independent variables 
involving first-order differential equation and second-kind boundary condition. 
Therefore, the problems fall within the category of partial differential equations. 
Mathematically, this class of cases can be summarized as f b. 0, iE, 06. ; 


second-kind boundary condition. 


8.2 HEATING OF FLOWING LIQUID 


Consider a similar heating method for a flowing liquid as explained in Section 
7.3. However, instead of heating the fluid instantaneously at temperature To, the 
electrical resistance at the grid delivers a constant heat flux (Figure 8.1). This is a 
much more realistic and feasible condition. Actually, mathematically speaking, 
this is equivalent to imposing a derivative of temperature in the fluid at the grid or 
position z — 0. 

With exception of assumption 8, the simplifying assumptions are the same as 
adopted in Section 7.3. To avoid asking the reader to leave the present page as 
well as for the sake of clarity, let us list all the assumptions here as follows: 


1. Plug-flow regime. 

2. Grid does not interfere in the flow. In fact, grids are often employed to 
provide a flat velocity profile for the flow. 

3. Tube is very long and all possible border (inlet or outlet) effects are 
negligible, at least in the region of interest. 

4. Tube is perfectly insulated. 

5. Liquid is Newtonian and its properties are approximately constant. 

6. No energy dissipation due to friction is observed. 
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Heating electrical resistance 
grid that keeps a constant 
heat flux gz) at z=0 


Insulated tube wall 





FIGURE 8.1 Scheme of a system delivering a constant heat flux to a flowing liquid. 


7. Before the heating system is turned on, the fluid is at uniform tempera- 
ture Ty. 

8. Once the heating starts working, the grid delivers a constant flux of 
energy (4:0) at z — 0. Again, this is a more realistic situation than the 
imposed situation at Section 7.3 because the power delivered to an 
electrical resistance can be controlled. 

9. Rate of heat transfer by convection is much higher than the rate by 
conduction. This is reasonable for cases where the velocity of the fluid is 
relatively high. 


Using Equation A.35 and the above assumptions, it is possible to arrive at 


OT OT 
ap a (8.1) 
Again, the axial velocity component (v,) is written just as v. 

It should be noticed that no source term (Ко) is added here. The electrical 
heated grid inputs a localized source of energy and this would be possible to 
consider as a boundary condition, as shown below. 

The boundary conditions for the problem are 


T(0,2) = Т, z20 (8.2) 
and 
OT q:0 
ain =- t>0 8.3 
д |0 À (83) 


Notice that the flux qo is a given constant here, which can be measured by the 
power consumed by the electrical resistance. 
As seen, Equation 8.3 characterizes a second-kind boundary condition. 
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According to the explanation given in Section 7.3, it is convenient to work 
with dimensionless variables, which are given by 


T — Ty 





= 4 
pc (84) 
With this, Equation 8.2 becomes 
Op op 
uA eee Э) 


The boundary conditions are written as 





U(0iz) = 0, 220 (8.6) 

ду 4:0 
= - = 7 
Dz ИЕ АТ, a, t>0 (8.7) 


Here, parameter а is assumed as constant. 


8.2.1 SOLUTION BY LAPLACE TRANSFORM 


The same reasoning as in Section 7.3 leads to the following transform: 
W(s,z) = L{ Wt,2)} (8.8) 


After the application of Equation 8.8, the transform of Equation 8.5 is 
dv 
sW — (0,2) + = 0 (8.9) 
Z 


Using the condition given by Equation 8.6, Equation 8.9 can be written as 


аф 
ру (8.10) 
dz y 


As seen, this is a separable ordinary differential equation, and the integration 
leads to 
Inv = —2z С (8.11) 
v 


or 


Y — C, exp(- 72) (8.12) 
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The Laplace transform of the boundary condition given by Equation 8.7 is 


dv 





a 
— =— 8.13 
dz |, 5 See 
From Equation 8.12, one gets 
y-7 exp(- 22) (8.14) 
5 v 


Again, a t-shift (see Appendix D) is involved and the inversion of the above 
equation gives 


у) = a(r = Sju(t - =) (8.15) 


The dimensionless temperature profile against time and position is presented at 
Figure 8.2 for the case where v= 2 m sanda—im .. 
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Notice that the wave front reaches a position z at instant z/v. Take, for 
example, the position 1.0 m. As у=2 m s !, the wave would reach it at 0.5 s. 
Before this, the temperature is unaffected, and after 0.5 s it increases steadily. 
Of course, there will be a limit regarding the temperature when either the fluid 
reaches boiling conditions or the resistance material melts. 

Reversibly, for a given instant, say 0.5 s, the dimensionless temperature at the 
grid (or z— 0) is 1.0 and decreases for positions above this. Of course, the 
temperature does not vary for position where the wave front has not yet reached, 
or z= 1.0. 

The heating rate imposed by the electrical resistances at the grid is governed 
by parameter a given by Equation 8.7. For instance, if the heating rate doubles, 
the slope of the plane shown in Figure 8.2 would be twice as steep. This is shown 
by Figure 8.3. 


8.2.2 Compete DIMENSIONLESS FORM 


The advantages of working with dimensionless variables have already been 
described. For this, one might observe that the dimension of parameter a is the 
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inverse of length or m^! in SI system. Therefore, a possible set of dimensionless 
variables might be 


T — avt (8.16) 
and 
С = az (8.17) 
Using Equations 8.16 and 8.17, Equation 8.5 сап be written as 


Op дф — 
art ap (8.18) 


The boundary conditions given by Equations 8.6 and 8.7 would be trans- 
formed into 


(0,2) = 0, £20 (8.19) 
Əy) 
alua —1, т>0 (8.20) 


Using Laplace transform as before, the solution is 


WTE) = (7 — С) u(r — 0) (8.21) 


This new form is represented by Figure 8.4, which does not require any particular 
definition for velocity (v) or the heating parameter (a). 

The effect of higher velocities can be observed from Equation 8.16 and 
Figure 8.4. If, for instance, at given instant (f) and parameter a the velocity is 
doubled, then the value of 7 doubles. Therefore, the temperature wave would 
reach a position twice as far than before. 


8.2.3 COMMENTS ON SIMILARITY 


This is an opportune moment to make some comments on the application of the 
method of similarity, shown in Appendix F. 

Deviating from Equation 8.18, if the method of similarity is applied (details 
are left as exercise) the following new variable can be found: 


Em. (8.22) 
=; : 
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position (4). 


Therefore, 


(8.23) 


1 dy 
б dw 


do ar 





Ow dy до 


OT 
Ow dy до 


(8.24) 


w dy 
б do 


Е т dw 
z (2 do 


do дё 





дё 


With this, Equation 8.18 can be written as 


(8.25) 


dy 
do 


(1 — w) 


Boundary conditions given by Equations 8.19 and 8.20 become 


(8.26) 


Ww = 0) =0 
dy 
do 


(8.27) 


(Q—00 
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On the other hand, Equation 8.25 provides the following: 


w=1 (8.28) 
or 

a =0 (8.29) 
Equation 8.29 leads to 

у= С (8.30) 


where С is a constant. 
One should notice that Equation 8.28 defines a line where 


т={ (8.31) 


Equation 8.30 satisfies Equation 8.27. It would also satisfy Equation 8.26 if 
C —0. 

Thus, the two possibilities given by Equations 8.30 and 8.31 are coherent 
with the solution found before. This can be seen by inspecting Figure 8.4 where 
the line given by Equation 8.31 defines the boundary between two distinct 
behaviors of function у: a constant value and an inclined plane. 

Despite the above interesting details, the method of similarity could not 
provide a true general solution for this case because of the following causes: 


1. Equation 8.25 is not a complete or self-contained description of the 
dependence among the variables involved in the problem, such as 
achieved by Equation 8.21. 

2. Boundary conditions given by Equations 8.19 and 8.20 could not be 
condensed into a single condition involving just the dependent variable 
(ys) and the new independent one (о). 


8.3 PLUG-FLOW REACTOR 


The problem set at Section 7.4 is presented again, however, with a different 
condition at the grid, as shown in Figure 8.5. 

Such a grid is formed by a network of small-diameter tubes with porous walls. 
The component A is injected into the porous tubes and then into the main reactor 
stream. Similar to the situation in Section 7.4, the concentration of A is zero for 
the entire reactor before the injection starts. The only difference between both 
situations is that now the injection is such that the diffusion transfer dictates the 
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Injection of 
to keep constant 
flux by diffusion of 
component A at the 
grid of porous tubes Reactor wall 





FIGURE 8.5 Injection of component A that keeps its flux constant by diffusion at the grid 
of porous tubes. 


mass transfer of component A into the main stream. Details and consequences of 
this are described and discussed ahead. 

The assumptions made in Section 7.4 continue to be valid, except the first 
one, which is now written as follows: 

Pure component B is flowing through the reactor. At a given instance (t= 0), 
reactant A is injected into the reactor at position z — 0. The injection is made 
through a network of porous tubes, which constitute the grid. The mass transfer of 
component A from the porous tube surfaces into the reactor main stream is 
dictated by diffusion. Therefore, the amount of species A injected into the grid 
tubes is just to make up for the amount diffused through the pores. Hence, the 
concentration of A at z= 0 is not constant, but just the diffusion rate of A transfer 
at that position. This is a more realistic situation than the assumed in Section 7.4 
and no instantaneous jump of concentration is imposed. 

Since the same considerations regarding the flow and kinetics of Section 
7.4 are maintained, the problem is governed by a similar equation as Equa- 
tion 7.79, or 


MAPS PA Eg. = (8.32) 
С 


As before, the velocity component v, was replaced just by v. Notice that the 
typical form of first-order reaction rate is already included. 
The following are the boundary conditions for the problem: 
P02) = 0, 220 (8.33) 


and 


Na(t,0)=Nao, t>0 (8.34) 
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Here N до is a constant. The above can be written in terms of concentration. For 
that, Equation A.54 provides the flux for a single direction (z) as 


_ _ Ox А А 
Ña = –Рлвр 2л + xa(Na + Np) (8.35) 

From Equation A.56 it is possible to obtain 
Na + Ng = py (8.36) 


Since the total concentration and velocity (mass or molar) are assumed constants, 
the condition given by Equation 8.34 can be replaced by 


Ope n 
Coen) 


However, according to the first assumption mentioned above, the convective 
part of the flux is assumed much smaller than the diffusion contribution and the 
total flux is given just by 


= Na t>0 (8.37) 


z=0 





= Ña, t>0 (8.38) 





Following the variables given in Section 7.4, convenient changes of variables 
are applied to simplify the handling of equations as well to generalize solutions. 
For that, let the new variables be 


yt) г (8.39) 
A0 

T (8.40) 

C= х, (8.41) 


Using Equations 8.39 through 8.41, the original equation, Equation 8.32, 
becomes 


Op др 
ac or a (8.42) 


Boundary conditions given by Equations 8.33 and 8.38 become 
000,4) —0, 220 (8.43) 


eg 


21 т>0 (8.44) 
(—-0 
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Here 


k 
a= Dag 2 (8.45) 


8.3.1 SOLUTION BY LAPLACE TRANSFORM 


The method of Laplace transform might be used here as well. For that, the 
transform regarding the dimensionless time is applied, or 


V(s£) = Lice) (8.46) 


From Equation 8.46 and the condition given by Equation 8.43, the transform 
of Equation 8.42 becomes 


aw 
Ug quc (8.47) 


This is a separable equation with the following solution: 
V = Cexp[—(s + 1] (8.48) 


The transform of the boundary condition given by Equation 8.44 is 








dv 1 
C3) - e» 
Using Equation 8.49 in Equation 8.48, one obtains 
exp[—(s+ 1 

Е Ра а 890) 

It should be noticed that (see tables at Appendix р) 
г і }=1-е7 (8.51) 
s(s + 1) 


Using the time-shift property (Appendix D), the final solution becomes 


1 
Шт.) = -e *(0— e?) ulr — 0) (8.52) 


a 


The graph representing this relation for the case where a — 1 is shown in Figure 
8.6, and for the case where a — 2 in Figure 8.7. 
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FIGURE 8.6 Dimensionless concentration (ys) against time and length; case for a= 1. 
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The following are worth noticing from those graphs: 
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. Ata given instant (or its dimensionless form 7), the concentration profile 


(Ш) is described by a decreasing exponential regarding the position (Z). 
Therefore, at the reactor entrance (Z = 0) the concentration is maximum. 
Of course, the decrease is because of the reaction with component B. 
However, owing to plug-flow regime, there will be positions without 
reactant A. This explains the abrupt decrease to zero concentration. 
Again, a wave front is established. 


. For a given position (Z) in the reactor, the concentration would be zero 


until reached by the wave front. After a sudden increase, the concentra- 
tion keeps growing due to continuous injection of component A at 
reactor entrance (¢ = 0). 


. Graphs show that the derivative of component A concentration is con- 


stant at the reactor entrance (Z = 0 or z= 0). This was imposed by the 
condition given by Equation 8.44. Because of the reaction, the concen- 
tration of A at z=0 should be constantly increased to maintain the 
positive derivative at the grid. 


. There is an asymptotic behavior of concentration against time. In other 


words, the process tends to steady-state regime. 


. Notice that the edge of advancing wave front occurs at the line given by 


£ = т. Now, consider a point on the edge, for instance ¢ =т= 0.5. In 
addition, let us assume a velocity equal to 1 m s and k equal to 1 s™!. 
Therefore, the point would be at 0.5 m from the entrance and 0.5 s after 
the injection of reacting component A. Given their definitions by Equa- 
tions 8.40 and 8.41, if the reaction parameter (k) is doubled (k= 2 871), 
and we keep the same fluid velocity and the same values of ¢ and т, the 
real position and time of the wave-front edge would be halved, or 
z= 0.25 m and t= 0.25 s. In other words, if the reaction rate is increased, 
the wave front retracts. This is the expected behavior as faster reaction 
takes shorter distance or less time to completely consume reactant A. 





EXERCISES 
1. Solve the following boundary value problems by any method: 
ду д 
(а) Уз ON TUN 0; у(0,х) = 0, у(,0) = 1, x>0, andr >0 
Ox ді 
(b) NN =0; у(0,х) = 1, yr,0)=2, x>0,andr>0 
Ox д 
ду д 
(с) 1242 =0; у(бх)у=0, y0) = 1, х>0,апйт>0 
дх дї 


the electrical resistance to the fluid stream. 


From the solution presented in Section 8.2, deduce the heat flux delivered by 


3. Solve the problem presented in Section 8.3 in the case of a second-order 
irreversible reaction in which the reaction rate can be written as kp;. Use any 


method, including approximate ones if necessary. 
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9.1 INTRODUCTION 


This chapter presents methods to solve problems with two independent vari- 
ables involving first-order differential equations and third-kind boundary con- 
ditions. Therefore, the problems fall in the category of partial differential 
equations. Mathematically, this class of problems can be summarized as 


f (9. (0,02, XR 3), third-kind boundary condition. 


до ы доз. 


9.2 HEATING OF FLOWING LIQUID 


Consider a heating system similar to the system studied in Sections 7.3 and 8.2. 
However, now the situation is even more realistic because the heat flux delivered 
by the electrical resistance is given by the convective heat transfer between the 
grid and the passing fluid. This is illustrated in Figure 9.1. 

With the exception of assumption 8, the simplifying assumptions are the same 
as those adopted in Section 7.3. Again, to avoid asking the reader to leave the 
present page as well as for the sake of clarity, let us list all the assumptions here as 
follows: 


1. Velocity profile is approximately flat. In other words, a plug-flow regime 
is assumed. Obviously, this is an approximation, however, useful for a 
first attack to the problem. 

2. Grid does not interfere in the flow. Actually, grids are often employed to 
provide a flat velocity profile for the flow. 

3. Tube is very long so that no border (inlet or outlet) effects are to be 
considered, at least in the region of interest. 

4. Tube is perfectly insulated. 
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Heating electrical resistance 
grid that exchange heat with 
fluid passing through the 
grid Insulated tube wall 


Plug-flow 








FIGURE 9.1 Scheme of heating a flowing liquid; combination heat transfer by conduction 
and convection at the grid. 


5. Liquid is a Newtonian fluid and its properties (for instance, density) can 
be taken as constants. This is assumed despite the heating, or tempera- 
ture variations. Of course, it might be a strong approximation if large 
variations of temperature are to be expected. This assumption would be 
invalid in case of gases. 

6. No energy dissipation due to friction is observed. 

7. Before the heating system is turned on, the fluid is at uniform tempera- 
ture Ty. 

8. Once the heating starts working, the grid delivers a flux of energy at z= 0, 
which depends on the convective heat transfer between the grid and the fluid. 
To simplify the problem, it is also assumed that the grid is kept at a constant 
temperature Tą. The solution would provide the heat flux to keep this 
temperature at the surface of the grid wiring. This is a more realistic and 
feasible situation than that imposed in Section 7.3 or Section 8.2 because the 
heat flux is not constant but depends on the conditions to allow the energy 
transfer between wire and fluid. 

9. Rate of heat transfer by convection is much higher than the rate of heat 
transfer by conduction. This is reasonable for cases where the velocity of 
the fluid is relatively high. 


Again, applying Equation A.35 and using the above assumptions, it is 
possible to write 


OT | OT 


roaa (9.1) 


Here the axial velocity component (у,) is written as just v. 
The boundary conditions for the problem are 


Т(0,) = Т, z20 (9.2) 
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and 


T 
йо = —A A =alT, — T(t,0)], t>0 (9.3) 


z=0 


Thus, this is a third-kind boundary condition, and one should be careful to 
ensure its coherence. As seen, the fluid is heated when in contact with the grid; 
however, once passing through the grid (or z = 0) its temperature should decrease. 
The heat flux occurs in the positive z direction, therefore the derivative of fluid 
temperature is negative leading to a positive term related to conduction. Conse- 
quently, the term related to convection should be positive here as well since 7(1,0) 
is smaller than Ty. 

Let us now work with dimensionless variables. Bearing in mind that the ratio 
a/A has dimensions of inverse length, the following changes would be possible 
choices: 





T — Ty 
= ; 9.4 
dam (9.4) 
T = avt, (9.5) 
апа 
$ = аг (9.6) 
Here 
a 
=- 9.7 
а= (9.7) 
Using Equations 9.4 through 9.6, Equation 9.1 becomes 
Op | Op 
aks eet s) 9.8 
дт дё 08) 


Notice that the dimensionless temperature adopted here differs from those 
used in previous cases. This alternative provides simple forms for boundary 
conditions given by Equations 9.2 and 9.3, as shown below: 


(0,0) = 0, £20 (9.9) 


д. =фф(т0)—1, T>0 (9.10) 


ars 


Obviously, several other choices for the dimensionless variable are possible. 
The guideline is always to arrive at the simplest forms of boundary conditions. 
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Whenever possible, one should try to arrive at an initial condition that sets value 
zero for the independent variable. This usually leads to simpler differential 
equations, particularly after the application of Laplace transform, as demonstrated 
ahead. 


9.2.1 SOLUTION BY LAPLACE TRANSFORM 


Consider the transform 


e(s.£) = Lire) (9.11) 


According to Appendix D, Equation 9.8 leads to 


d 
se - V0) + T 0 (9.12) 


Using the condition given by Equation 9.9, Equation 9.12 can be written as 


de _ 


dr = —sọ (9.13) 


As seen, the zero initial condition simplifies the differential equation. Actually, 
this is a separable equation, the solution of which is 


Ing = —s¢ + In C (9.14) 

or 
Фф = Cexp(— 5) (9.15) 
The Laplace transform of the boundary condition given by Equation 9.10 is 


de " 1 
a es = q(s,0) — P (9.16) 


Using this in Equation 9.15, one gets 


Ф exp (— s£) (9.17) 


zs 1 
~ s(1+s) 


The inversion starts with the term multiplying the exponential (in Equation 
9.17), or 





—1 1 m —T 
L ba =} =l-e (9.18) 
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Using the t-shift property (see Appendix D) the complete inversion is 


Шт.) = [1e € ?]u(r – £) (9.19) 


Figure 9.2 illustrates the above solution. 
If this graph is compared with Figures 7.8 and 8.4, it becomes clear how more 


realistic this model is in relation to the former approaches. It shows that fluid 


temperature tends to the grid temperature, or у = 1. In addition, the derivative of 
temperature at the grid (Z = 0) is not constant, but decreases when the fluid 


approaches this limiting temperature. 
Despite this, neglecting the conduction term when writing Equation 9.1 leads 


to the possibility of sudden change of temperature at the points reached by the 
heating front-wave. This is not possible because no natural process allows 
instantaneous change of property values or even their derivatives. If the conduc- 
tion term, or second derivative in the right-hand side of Equation 7.15, were 
included, a smoother increase of temperature would be obtained. This is much 


more in accordance with reality. 


100 





2.000 


0.000 


FIGURE 9.2 Dimensionless temperature (y) profile against dimensionless time (т) and 


position (4). 
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9.3 DYNAMIC PLUG-FLOW REACTOR 


The problem set at Sections 7.4 and 8.3 is posed again, however, with a different 
condition at the grid, as shown in Figure 9.3. 

Such a grid is formed by a network of small-diameter tubes with porous walls. 
The component A is injected into the porous tubes and then into the main reactor 
stream. Similar to the situation in Sections 7.4 and 8.3, the concentration of A is 
Zero for the entire reactor before the injection starts. However now, the injection is 
such that the proper combination of diffusion and convection dictates the mass 
transfer of component A into the main stream. 

Again, it is desired to determine the component A concentration profile and 
consumption rate. 

Despite the similarity of most assumptions as before, for the sake of clarity it 
is interesting to repeat them as follows: 


1. Pure component B is flowing through the reactor. At a given instance 
(t=0), reactant A is injected into the reactor at position z = 0. The 
injection is made through a network of porous tubes, which constitutes 
the grid. The mass transfer of component A from the porous tube 
surfaces into the reactor main stream is dictated by the correct combin- 
ation of diffusion and convection. This is a more realistic situation than 
that assumed in Section 7.4, because no instantaneous jump of concen- 
tration is imposed. It is also more truthful than the picture at Section 8.3 
since the rate is not given only by the diffusion contribution. 

2. Reaction between A and B is represented by a first-order irreversible 
reaction, or 


А+В > С 


Injection of component А 
that keeps its total 
flux constant at the 
grid of porous tubes Reactor wall 


Plug-flow 








FIGURE 9.3 Plug-flow reactor where the rate of component A injection is dictated by its 
diffusion-convective combination mass transfer at z = 0. 
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3. All involved chemical components are in the liquid phase and their 
mixtures at any proportion occur in a single phase. In addition, the 
liquids are completely miscible, 1.е., do not naturally separate from 
each other such as oil and water. 

4. No mixing enthalpy change is involved and the occurring reaction 
is neither exothermic nor endothermic and the conditions are such that 
the isothermal reactor can be ensured. Of course, it is very difficult to 
find such a situation. However, this approximation is valid if the reaction 
is slightly endothermic or exothermic and the heat transfer between the 
reactor and environment is such that constant temperature throughout the 
reactor length can be achieved. 

5. No matter what the composition of the fluid, it can be considered 
Newtonian with constant density and viscosity. 

6. Diffusivity of component A into B or vice versa is constant. It also 
remains constant, no matter how far the reaction between them progress. 
Product C does not interfere in this diffusivity. 

7. Plug-flow regime. Of course, this is a strong approximation and can only 
be assumed as a first approach to the problem of tubular reactor. 

8. No swirl or angular velocity component is verified in the reactor. 

9. Velocity of fluids in the reactor is high enough to allow neglecting the 
mass diffusion transport when compared with the convective one. This 
assumption will become clear below. 


Since the same considerations regarding the flow and kinetics of Section 7.4 
are maintained, particularly that the total convection is much higher than the 


transport by diffusion, the differential equation governing the problem is given by 
a similar equation as Equation 7.79: 


Rr th Get hia = 0 (9.20) 


As before, the velocity component v; was replaced by just v. 
The boundary conditions for this case are 


Pa (0z) 20, z>0 (9.21) 
and 
Na(t,0)=Nao, t2 0 (9.22) 


The last condition can be written in terms of concentration. Using Equation 
A.54 in a single direction (z) 


2 _ Әх А A 
Ña = -Dap + xa (Na + Ng) (9.23) 
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From Equation A.56 
Na + Ng = pv (9.24) 


As the total concentration and velocity (mass or molar) are assumed constant, 
the condition given by Equation 9.22 can be replaced by 


Op Lom 
(-Pm E + m) 
z 


The molar flux at the grid, on the right-hand side of the equation, is constant. 
Notice that the diffusivity coefficient is also assumed constant. The same treat- 
ment can be made using mass-based variables. 

Remembering the convenience of dimensional variables, the new variables 
are defined below: 


= Na t>0 (9.25) 


z=0 





U(t;z) = fa у (9.26) 
AO 

т=М (9.27) 

б= х, (9.28) 


Using Equations 9.26 through 9.28, the original equation (Equation 9.20) can 
be written as 


a apro (9.29) 


The boundary condition given by Equation 9.21 becomes 
000,6) —0, £20 (9.30) 


The boundary condition given by Equation 9.22 or Equation 9.25 can be 
represented by 


(- ae =1, т>0 (9.31) 


Here 


k 
а= Рав 55 (9.32) 
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In addition, in writing Equation 9.31, the following was used: 


=1 (9.33) 


= <и 


This is valid for a plug-flow regime where the diffusivity of one species in 
relation to another is neglected. Therefore, if v is a constant it is also equal to the 
individual velocity of each component in the process (vj). Using Equation A.52, 
one arrives at Equation 9.33. 


9.3.1 SOLUTION BY LAPLACE TRANSFORM 


Let us transform with respect to the dimensionless time variable, or 


e(s.£) = Liu.) (9.34) 


Applying Equation 9.34 in Equation 9.29 and using the condition given by 
Equation 9.30, it is possible to write 


do 
ven bipes (9.35) 


This is a separable equation with the following solution: 
o = Cexp[- (s + D£] (9.36) 


The constant can be obtained using the boundary condition given by Equation 
9.31, which after transformation becomes 


de 1 
CAU = 


After obtaining C, the final form is 


_ exp[—(s+ 1] 
P= ast D41] 028) 


Separation of partial fractions сап be used by setting 


1 * B 
s[asa-D41] s a(s-D-4l 





(9.39) 


After equating the numerator to 1, constants A and B are found: 
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Therefore, Equation 9.38 becomes 





g= 1 exp[- (s+ Dé] a ехр[— (= + 4] 


= 9.40 
а+1 S a+1 a(s+1)+1 ( ) 


According to Appendix D, the inversions of those two terms are 


af 1 exp[-@+0DQ)_ [е е) e 
L i : la a - l-mue © (941) 














La 1 exp[-(s cT DZ]| — La e e *X 
acl аѕ+1) +1 i met D (223) 
a 


e acl 
= PONES ew( т r) u(r—£) (9.42) 





Therefore the inverse of Equation 9.40 is 





+1 
e ew(- a ) 
unc. d P u(r — £) (9.43) 





The graph representing the relation for the case where a= 1 is presented in 
Figure 9.4, and for the case where a = 2 in Figure 9.5. 

It is interesting to verify the similarity between Figures 9.4 and 9.5 with 
Figures 8.6 and 8.7. Similar to Section 8.3, the following is worth noticing in 
Figures 9.4 and 9.5: 


1. For a given instant (or т), a profile of concentration (4) can be described 
as decreasing exponential with respect to the position (2). Therefore, at 
the reactor entrance (Z — 0) the concentration is the maximum for this 
instant. Of course, the decrease is due to the reaction with component B. 
However, because of the plug-flow regime, there will be positions not 
affected by the concentration of reactant A, or reached by the concen- 
tration wave-front. 

2. For a given position (Z) in the reactor, the concentration would be zero 
until reached by the wave front after a period (7). Then, the concentration 
increases abruptly and continues exponentially to reach the value at the 
reactor entrance (Z — 0). 

3. Different from the case presented in Section 8.3, the condition given by 
Equation 9.25 (or Equation 9.31) does not impose constant derivative of 
component A at the reactor entrance (Z = 0 ог z= 0). Despite this, the 
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FIGURE 9.4 Dimensionless concentration (у) against dimensionless time (т) and space 
(5) in a plug-flow reactor; case for a= 1. 
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FIGURE 9.5 Dimensionless concentration (у) against dimensionless time (т) and space 
(д) in a plug-flow reactor; case for a= 2. 
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derivative does not vary too much at this position. This shows that the 
diffusion term is sizable when compared to a convective term. 

4. Comparison between Figures 9.4 and 9.5 demonstrates that reaction rate 
and diffusivity, combined by parameter a, play similar roles because 
component A would either react or disperse faster through the reactor. 

5. Abrupt change in concentration is not possible and this is the result of 
neglecting the diffusion term at Equation 7.78 to arrive at Equation 7.79 
or Equation 9.20. This term would provide a smooth change in the 
concentration for points around the wave front. This more realistic 
model is discussed in chapters ahead. 





EXERCISES 
1. Solve the following boundary value problems by any method: 
ду д 
(a) = +2 = 0; у(0,х) = Y(0,) — 1,000) = 1,х > 0, and t> 0 
дх дї 
д д 
(Ы) 2 +x2 = 0; у'(0,х) = y(1.3), y(t,0) = 2, x > 0, and t> 0 
Ox д 
ду д 
© г +5 = 0: у(0л) = yO.x), 50.0) = 1, x > 0, and r> 0 
x 


2. From the solution presented in Section 9.2, deduce the heat flux delivered by 
the electrical resistance to the fluid stream. 

3. Rework the solution presented in Section 9.2 using the following new dimen- 

T — T, 

Ty — T; 

4. Solve the problem in Section 9.2 using the method of weighted residuals. 
Obtain, at least, the first approximation by submethods of collocation and 
Galerkin. Compare these with the exact solution. 

5. What sort of information would the method of similarity provide when applied 
to the problem in Section 9.2. 

6. Try to solve the problem in Section 9.3 by any method of weighted residuals. 
Arrive, at least, to a first approximation. 





sionless temperature: y = 





1 () Problems 221; Two 
Variables, 2nd Order, 
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10.1 INTRODUCTION 


This chapter presents methods to solve problems with two independent variables 
involving second-order differential equation and first-kind boundary condition. 
Therefore, the problems fall in the category of partial differential ones. Mathemat- 
ically, this class of problems can be summarized as f won TS, eae ; 
first-boundary condition. 

These are a very important class of transport phenomena problems, and it will 
be very useful to demonstrate the applications of several analytical and approxi- 
mate mathematical methods. When compared to previous chapters, the present 
one deals with more realistic situations. This is so because the second derivatives 
would be included, which are related to the following: 





* Diffusion in mass transfer 
* Thermal conduction in heat transfer 
e Viscosity resistance in momentum transfer 


The above terms were neglected in Chapters 7 through 9, which led to strong 
approximations with abrupt jumps in concentration and temperature profiles. 
It will also be an opportunity to demonstrate the similarity of various transport 
phenomena. For instance, after proper considerations, many solutions obtained 
for heat transfer can be applied at mass transfer problems and vice versa. For 
this, concentration is equivalent to temperature, diffusivity to thermal conductiv- 
ity, and mass transfer coefficient to heat transfer coefficient. With this, Sherwood 
and Biot numbers would be interchangeable. Of course, one should be careful 
about these similarities because proper conditions must be observed before 
applications. 
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10.2 HEATING AN INSULATED ROD OR A SEMI-INFINITE BODY 


Figure 10.1 illustrates the heating process of a semi-infinite cylindrical solid. 

Before the heating, the rod is at a constant and known temperature Т. Then, 
temperature То is imposed at surface z= 0. It is desired to determine the tem- 
perature profile in the rod as a function of position and time, as well as the rate of 
heat transfer to the rod. In addition, at the end of this section, it is demonstrated 
how the solution achieved here can be applied to a similar situation involving any 
semi-infinite body. This is shown at the end of the present section. 

To simplify and allow an analytical solution, the following is assumed: 


Rod material is uniform. 

. Thermal conductivity and density of the rod remain constant. Of course, 
this is an approximation valid for relative small temperature gradients in 
the rod. 

3. No phase change of the solid material of the rod is observed. 

4. Insulation around the rod is perfect, i.e., no heat transfer occurs at 

surfaces coated with insulation material. 

5. Rod is long enough to consider its extreme right position unaffected by 
the imposed changes of temperature at its left extreme (at z — 0). As the 
left end is heated to keep the temperature at To, a heating wave front 
travels from the left to the right in the bar. Therefore, the solution 
presented here is valid for the period preceding the instant when the 
temperature of the right end starts being modified. 


БӘ 


As the rod is insulated on its sides, no heat transfer is possible at the radial 
direction, or 


aT 
4 = AZ =0 (10.1) 


Therefore, no temperature variation in the radial direction will be observed 
as well. 


To fort» 0 


Solid rod Insulation 





FIGURE 10.1 Insulated semi-infinite cylindrical solid rod. 
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Because of assumption 1, the angular derivative of temperature is zero. Using 
Equation A.35 and other simplifications described above, it is possible to write 


pCp a = 7 (10.2) 
The boundary conditions are as follows: 
T(0,z) = Tp, z>0 (10.3) 
T(t,0) = To, t>0 (10.4) 
T(too) = Ty, t»0 (10.5) 


Assumption 5 justifies the last condition and the symbol co refers to positions far 
from z — 0. 

As seen, Equation 10.2 combined with conditions given by Equations 10.3 
through 10.5 forms a second-order partial differential equation with first-kind 
boundary condition. 

Before applying any method to solve this boundary value problem, let us 
change variables to work with dimensionless ones. The conveniences of such 
methods have already been commented. 

The chosen dimensionless temperature is 


Ten 
| To- T, 





(10.6) 


Regardless of the possibility of finding dimensionless variables for time and 
space, for now the solution using just the above change is shown below. 
Applying Equation 10.6 the following is obtained: 








OT Е Ow 
a (To — Т) БЛ (10.7) 
OT Ou 
оз AEN (10.8) 
Therefore, Equation 10.2 becomes 
дф дұ 
Or =a GE (10.9) 
where 
ENE (10.10) 


pCp 
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The boundary conditions are written now as 


W(0,z)=0, z»0 (10.11) 
00) = 1, t»0 (10.12) 
(t,o) 20, t»0 (10.13) 


As shown, a convenient change of variables brings about easier to handle and 
simpler forms. 


10.2.1 SOLUTION BY LAPLACE TRANSFORM 


As seen in Appendix D, the partial differential equation can be transformed into 
an ordinary equation by the correct application of Laplace transform. 

Because of the condition given by Equation 10.11, a convenient transform for 
this case is 


W(s,z) = Lii.) (10.14) 
Applying this at Equation 10.9, one arrives at the following: 


dy 
PED 
sY =a `4 (10.15) 


The transforms of other two conditions are 


WV(s,0) = : (10.16) 
V(s,oo) = 0 (10.17) 

The general solution of Equation 10.15 is 
V = Cie + Coe (10.18) 


Since the temperature is finite, applying the condition given by Equation 10.17 to 
Equation 10.18 requires C, to be zero. Using the other remaining condition, the 
following is achieved: 


wales (10.19) 
M 


Using the tables at Appendix D, the inverse is 


=й 
= — = eric( —— | = erfe | —©— (10.20) 
To — Ty 2ay/t À 
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The error function is defined as 


2 
2 
erf(z) = —= Jean (10.21) 
т 
0 
Its complementary form is 
erfc(z) = 1 — erf(z) = a | ed (10.22) 
z) = 2) = UE T) ; 
2 


A series representation of this function is given by [1] 





2, х3 х x! 
erfc(x) = 1 AC 31^ 5.2 me) (10.23) 


Therefore, it is possible to recognize a few basic properties of this function, 
such as 


erfc(0) — 1 (10.24) 
and 

erfc(oo) = 0 (10.25) 
From this, it is easy to see that 


1. Because of the property given by Equation 10.25, Equation 10.20 
satisfies boundary conditions given by Equations 10.11 and 10.13. 

2. Because of the property given by Equation 10.24, the condition in 
Equation 10.12 is also satisfied by Equation 10.20. 


10.2.2 Heart Fiux то THE ор 


Using the solution for the temperature profile, it is possible to calculate the heat 
flux necessary to keep the left surface (z= 0) of the rod at the desired constant 
temperature. This is given by 


OT 
= —А—— 10.2 
10 AGE] (10.26) 
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Using Equation 10.20, one would obtain 


MT т) д [егіс -a ГРС») )| 





4—0 T 





z=0 





2f/ta/eC)) 8| 2 Ta 
= —A(To — Tp) "s P Pure e^" du 


—À 


= 2 











Li 24/10. /pCp) 
z=0 
1 RAO ApC 
ee e? | scien 
THA /pCp) к= TES z=0 ш 
(10.27) 


Неге, и is just the integration variable. 

Again, it is very important to exercise critical analysis of every solution, and as 
advised in Section 1.1.2, it has been shown that Equation 10.20 satisfies the 
boundary conditions. In addition, the solution is physically consistent. For instance, 
in the above example, heat flux decreased with time, increases for bodies with 
higher thermal conductivity, and increases with the difference of temperatures. 


10.2.3 Compete DIMENSIONLESS FORM 


To facilitate the representation of temperature as a function of space and time, the 
following dimensionless forms are proposed: 


Z 
= 10.2 
¿=$ (10.28) 
and 
À 
= t—__ 10.2 
T DOR (10.29) 


Here, the length L is a chosen value, for instance the unit of length in the 
measurement system. In the case of SI units, one might choose L= 1 m. After 
applying these new variables, Equation 10.20 is written as 


ру alk (55) (10.30) 


Figure 10.2 represents the dimensionless temperature (ys) distribution in the rod 
against dimensionless time (7). The range covered here for dimensionless 
length and time is enough to provide a good idea of the temperature profiles in 
the rod. 
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FIGURE 10.2 Representation of dimensionless temperature (Y) against the rod of dimen- 
sionless length (Z) and time (7). 


From the figure, the following is worth mentioning: 


1. For positions at the left extreme of the rod (¢=0), the temperature 
remains as Ty (or W= 1). As expected, the temperature decreases for 
positions away from this. 

2. At any given position in the bar, the temperature increases with time, but 
the rate of variation decreases with time. Of course, for infinite time, the 
temperature would reach To (or w= 1) at all points in the rod. 


10.2.4 SOLUTION BY SIMILARITY 


As commented in Appendix F, there is a reasonable range of partial differential 
equations solvable by the method of similarity. The present case falls in that range. 
This is so because, after choosing the appropriate new, combined variables, it is 
possible to coalesce the boundary conditions given by Equations 10.11 and 10.13. 

It is worthwhile to use the complete dimensionless forms, as given by 
Equations 10.6, 10.28, and 10.29. After applying these to Equation 10.9, one gets 


oy д? 
2 = a (10.31) 
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The boundary conditions given by Equations 10.11 through 10.13 become 


(0.7) —0, ¢>0 (10.32) 
y(r0)—1, 7>0 (10.33) 
(7,00) = 0, т>0 (10.34) 


According to the generalized method of similarity (Section F.2), the following 
transformations of variables are proposed: 


т = айт (10.35) 
Dew (10.36) 
ф = а (10.37) 


Therefore, it is possible to write 


ду dr Op Ob „ „дф 


gE ee жа йй —— 10. 
дт о дтдфдт "OF odd 
д OL Әу Oy Oy 
дё _ OE Op w pac? (10.39) 
д2 06 Op 04 дё 
2 7 n Du 
oat Oe D, р = qae а. (10.40) 
or OF OE OQ дё 
Using these into Equation 10.31, one gets 
дф Ow 
bi АС m 2b5 ЧЕ, ЖИНГЕ: {Л 1 41 
aa ЭР а?а op (10.41) 
The above would be an invariant of Equation 10.31 if 
b, = 2b; (10.42) 
Parameter c can assume any finite real value. 
Therefore, the new combined variables would be 
rd rcd 
9 = = m (10.43) 


To simplify, let us arbitrate c = 0, which leads to 


Ро) = (10.44) 
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Applying these to Equation 10.31, the following is obtained: 


wdf d 


This is an ordinary differential equation, which can be transformed into a 
sequence of two first-order separable equations, and therefore is given by a 
straightforward solution: 


2 
Ко) = Су Jew (- 1) dw + C; (10.46) 


Using Equations 10.43 and 10.44, the boundary conditions given by Equations 
10.32 and 10.34 coalesce into 


Ро — оо) = 0 (10.47) 
The condition given by Equation 10.33 becomes 
РО) = 1 (10.48) 


Applying Equations 10.47 and 10.48 to Equation 10.46, the following is 
obtained: 


Шт.) = (о) = 2 (10.49) 
0 


Keeping іп mind the definition of complementary error function and its properties 
(as given above), the final solution is 


y(r.£) = erfc (5) = ак( (10.50) 


E) 
2/7 
This is also given by Equation 10.30, therefore following the same consequences 
discussed before. 

Finally, it is important to notice that the above solution is applicable to the 
case of a semi-infinite body, as illustrated in Figure 10.3. The whole body is 
initially at temperature Tẹ and suddenly its flat face is set at temperature То. 

Owing to indefinite dimensions of the body in all directions but one (z), no 
variations of temperature in direction x or y would occur. Therefore, the only two 
independent variables that remain are f and z. 
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At t » 0, 
temperature 
To Solid indefinite 
is imposed body 
at the surface initially at Tp 
(z = 0) 





FIGURE 10.3 Semi-infinite body with a face kept at constant temperature. 


10.3 SUDDEN MOTION OF A PLATE 


The horizontal solid plate immersed in a fluid, as shown in Figure 10.4, is at rest 
and suddenly starts moving with a given velocity u. 

One is interested to know the drag force applied by the fluid on the plate and 
vice versa. 

Of course, this is the most simplified situation of unsteady state regime of the 
common problem of resistance to the movement of bodies in fluids. However, its 
fundamentals are useful and are applied to complex problems in the naval, 
automobile, and airplane industries, not to mention pipes, mixers, and all sorts 
of equipment or systems where relative movement of fluids and solid surfaces 
occur. 


Resting fluid y 


Velocity profile 
А a given instant 





Semi-infinite 
plate at 
constant velocity u 


FIGURE 10.4 Illustration for the problem of moving plate immersed in a fluid. 
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For this simple situation, the following are assumed: 


1. Plate is very wide and long or indefinite in the x and z direction. Because 
of this, the velocity component in the x direction varies only with time 
and direction y. 

2. Plate is thin enough to allow negligible edge effects. Therefore, with the 
exception of the velocity component in the x direction, all others are 
either zero or negligible. 

3. Plate and the fluid are in thermal equilibrium and any dissipation of 
energy by viscous flow is negligible. 

4. Fluid is Newtonian with constant density and viscosity. 

5. Process is considered isobaric, or at least the effects of pressure variation 
can be neglected. 


As always, in problems of momentum transfer, the first thing to apply is the 
conservation of mass, represented by Equation A.1. Because of assumptions 1, 2, 
and 4 this equation provides 


дь =0 (10.51) 
Ox 

The next step is to apply the momentum conservations at each direction. How- 
ever, as the movement involves just velocity in the x direction, the only equation 
that might lead to some information is that which deals with the conservation in 
this direction. Owing to assumption 4, Equation A.7 can be applied. After the first 
assumptions 1, 2, 4, and 5, it is possible to simplify the equation to 


2 
_ = 2 (10.52) 








10.3.1 Bounpary CONDITIONS 


From the above equation, just one condition regarding time and two involving the 
vertical direction (y) are required to completely define the boundary value prob- 
lem. These are 


w(03)—0, —оо<у<оо (10.53) 
v,(t,0) =u, t»0 (10.54) 
v,(t,00) = 0, t>0 (10.55) 


Of course, the notation in Equation 10.55 should be understood as a limit for 
positions far from the plate surface. 
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10.3.2 SOLUTION BY LAPLACE TRANSFORM 


Let us apply the transform to variable f, or 
e(s,y) = Livx(ty)} (10.56) 


According to Section D.4, Laplace transform of Equation 10.52 provides 


d? 
so(s.y) — v0) = и (10.57) 
dy 


Note that the last term of the equation is an ordinary derivative. This can 
be written because s is not a variable of the physical problem but only a 
parameter of the transform. Therefore, the partial differential problem becomes 
an ordinary one. 

The condition given by Equation 10.53 applied to the previous equation gives 


d? s 
du =~ ф(5,у) (10.58) 
y и 


According to Appendix В, its solution is 
9(s,y) = Cie? V5 + Ce V (10.59) 


In order to determine the integration constants, the boundary conditions given by 
Equations 10.54 and 10.55 should also be transformed leading to 


(8,0) = < (10.60) 
and 

q(s,oo) = 0 (10.61) 
Applying the condition given by Equation 10.61 to Equation 10.59 leads to the 


conclusion that C is equal to zero. Then, applying the condition given by 
Equation 10.60 to Equation 10.59 provides 


G=” (10.62) 
S 


Hence 


Ф(5,у) = evi (10.63) 
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The inverse can be found in the tables presented at Appendix D, and the solution 
is 





у (у) = и ее (5 2x) (10.64) 


Equation 10.25 ensures that the above solution satisfies conditions given by 
Equations 10.53 and 10.55, while Equation 10.24 shows that the condition 
given by Equation 10.54 is also satisfied. 

Owing to the similarity of Equations 10.64 and 10.50, Figure 10.2 can be 
used to represent the velocity profile if 


jc =y, т= и 
и 


Of course here, neither т пог Z are dimensionless variables. However, the 
graph has the same form as in the previous case and the following should 
be noticed: 


1. At the beginning of the process (т = 0), the fluid was at rest (y = 0). 

2. As imposed by the boundary conditions, at the plate surface ( = 0) the 
velocity remains equal to и, and therefore y — 1. 

3. For positions far from the plate surface (large Z), the fluid remains static 


(ur — 0). 
4. As time increases (large 7), all positions will tend to velocity equal to the 
plate (Y= 1). 


5. For a given position ё above the plate surface, the velocity of fluids with 
higher viscosity (v) would be represented by lines at larger values of 7, 
and therefore by greater values of velocities (y). In other words, as 
viscosity increases, the momentum transfer between plate and fluid, as 
well as throughout the fluid, becomes more effective. This can also be 
seen by Newton law (т, = — иду, /ду). Greater viscosities allow the 
same shear stress with smaller gradients of velocity. 


10.3.3 SOLUTION BY SIMILARITY 


According to the method shown in Appendix F, the application of the generalized 
method of similarity starts by assuming the transformations of variables as 


a't (10.65) 


~l 
I 


y = ahy (10.66) 
y, = avy (10.67) 
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Therefore 


ду, ObOv Ov, pc Pr 

















à OO ^ — du 
Ov, OY ду, Ov, p, c OVx 
= = — —— = е 10.69 
ду Әу Әр, y 5 Өр 
Ov, ду ( „_„д%, bie OV 
= C=} = — 10.7 
„== =т=. ee 
Using these, Equation 10.52 becomes 
poy rye, O Vx 
a OF =a "y (10.71) 


The condition for invariance is obtained by comparing Equations 10.71 and 
10.52, or 


bi — c = 2 – с (10.72) 
This leads to 
bı =2b2, for any c (10.73) 


Of course, the simplest alternative is to set c = 0. According to Appendix F, the 
new variables are 


BA y 











о= = 4n (10.74) 
апа 
Jus "© =з (10.75) 
Therefore 
Bod idi 
^ ВЕ т. (10.77) 
Ov, OF (10.78) 
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Applying these into Equation 10.52 provide 


w 


HW. oU 
i= 2 


ГА 


f (10.79) 


This is a separable equation on the derivative of f, therefore, it is possible to 
write 


o 
In( f) = +С (10.80) 
4v 
o 
f = Ci exp (- =) (10.81) 
4v 
f= Je (- s) du + C; (10.82) 
0 


It should be noticed that defining limits for the above integral would not impose 
any loss of generality. 

The boundary conditions for f can be deduced from the conditions given by 
Equations 10.53 through 10.55. For this the definition of combined variables 
(Equation 10.74) is used, which provides the following: 


* Condition given by Equation 10.53, or at t=0 leads to 

оо) = 0 (10.83) 
* Condition given by Equation 10.54, or at y = 0 leads to 

А0) =u (10.84) 


* Condition given by Equation 10.55, or for y tending to infinity, just 
repeats Equation 10.83. 


The possibility of condensing conditions, such as Equations 10.53 and 10.55, 
demonstrates one of the requirements that allow the application of the method of 
similarity. The conditions given by Equations 10.83 and 10.84 permit determin- 
ing single values for each constant in Equation 10.82. After this, the following can 
be written: 





(10.85) 
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Using the definition for the complementary error function, the solution given by 
Equation 10.64 is reproduced. The details are left as an exercise for the reader. 


10.3.4 SHEAR STRESS 


Using the previous solution for the velocity profile, it is easy to calculate the stress 
between plate surface and fluid, which is given by 























ду, 
xly=0 = — : 10.86 
Ty l-o H ду "A ( ) 
Using Equation 10.64, one would obtain 
y 
ð | erf 
Tyxly-0 = ~au ду y=0 
2 2 
pu OC y/ Vit) д ей 
ду ди | ут 
z-y/2v/vt) y=0 
1 Am рш 
= – = — 10.87 
x3 ути (s SURE . ті ( ) 


Here, z is just the integration variable. 

The above shows that the force (stress times plate area) applied to move the 
plate is proportional to the plate velocity, the square root of viscosity times 
density, and inversely proportional to the square root of time. Since, at infinite 
time, the whole fluid would be at velocity u, no force would be required to 
maintain the plate at that velocity. 


10.4 HEATING A FLOWING LIQUID 


This is a more complete attack to the problem presented in Section 7.3. Therefore, 
it will lead to a solution much more in accordance with reality. 
As seen, the governing equation would be 


OT OT ФТ 
e TX x) =) od (10.88) 





All discussions made in Section 7.3 are valid, except the assumption that total 
convection is much larger than energy diffusion. Therefore, Equation 10.88 
should be solved without further simplification. In view of this, one condition 
related to time and two related to space (axial direction z) are needed. These are 
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T(0,z) = Т, z>0 (10.89) 
Т(0) = Т, t>0 (10.90) 
T(t,00) 9 T», t»0 (10.91) 


Here the symbol co indicates positions far from the region affected by the heating. 
The change to dimensionless variables is always interesting, and the same as 
proposed in Section 7.3 is adopted here, or 


| T-T, 
ТТ 





y (10.92) 


Additionally, the following changes are useful to transform all variables into 
dimensionless ones 


= —— 10. 
4 D; (10.93) 
ty? 
=— 10.94 
Шест ( ) 
The thermal diffusivity is defined by 
D A (10.95) 
ын уус . 
pCp 


The changes in differentials of temperature against time and space are shown by 
Equations 7.20 and 7.21. The second differential is given by 





Or Ə Ov) _ Ow 
ӘЛ "Ө m Tp) x = (To — To) aa (10.96) 


Using all the above, Equation 10.88 is written as 


дш дф _ дф 


BC AU Sg (10.97) 


The transformation leads to an elegant and simple form. 
The boundary conditions given by Equations 10.89 through 10.91 become 


(0,4) —0, 220 (10.98) 


y(r.0)—1, 7r>0 (10.99) 
Ш(тсо)=0, т>0 (10.100) 
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10.4.1 APPLICATION OF LAPLACE TRANSFORM 
Looking at the boundary conditions, it seems convenient to transform with regard 
to variable time, or 


W(s,0) = Lie) (10.101) 


This is so because, if applied to Equation 10.97 together with the condition given 
by Equation 10.98, one arrives at 


dy dv 


r d sy = 0 (10.102) 


The above equation is а linear ordinary differential second-order one. The solu- 
tion is indicated in Appendix B and is given by 


V = Cj exp (а) + C2 exp (ard) (10.103) 
Here 
1+у1+4 
ü= S (10.104) 
and 


1- yI EA 
dic ——À (10.105) 


Transforms of boundary conditions given by Equations 10.99 and 10.100 are 
1 
№(5,0) = — (10.106) 
5 


and 
Ф(5,оо) = 0 (10.107) 


To apply the above, it is interesting to remember that solutions are real numbers 
and depend on Z. Additionally, since s is a real and positive parameter (see 
Appendix D regarding parameter s), a, would be positive and a» negative. Having 
these in mind, the condition given by Equation 10.107 applied to Equation 10.103 
forces C, — 0, and the condition given by Equation 10.106 leads to C5 = 1/5. 
Therefore 
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v= expat) = L exp(§) exo( алта) 


1 1 
= exp(5) : ew( ГА 44) (10.108) 


From any table of transforms of Appendix D, one would find the following 
inversion: 











6 g e 
LJexp(—£/s)] = ex (10.109) 
[m l 2V TT? Рат 
Applying the “‘s-shift’’ theorem, it is possible to write 
e 
Fexp| —£4/5 + X x ox ) (10.110) 
Var 4T 





Finally 


2. 
zev(- ti) 
sd 
i СЕ! 4 BE RD 3 di (10.111) 
0 


Here x is the dummy variable for the integration. Using Appendix D, the former 
inverse can be also written as 


epu] Hee) 


(10.112) 





Therefore, the final solution is 


(тд) = = G erfe( Le а + erfc (55. -X (10.113) 


Notice that the boundary conditions are met, or 


1. At the beginning of the process, or when т is equal to 0, the parameters 
inside the first complementary error functions lead to infinite value and 
the complementary error functions tend to zero. Thus, у tends to zero or 
T tends to Ty, which satisfies the boundary condition given by Equation 
10.89 or its dimensionless form in Equation 10.98. 
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2. Same as above occurs for remote positions (very large Z), therefore 
satisfying the condition given by Equation 10.91 or 10.100. 

3. At position z equal to zero (or =O), the error functions and all 
exponential ones would become equal to 1. Consequently, у would be 
equal to 1, and 7 equals То, which agree with the condition given by 
Equation 10.90 or 10.99. 

4. Solution also shows that the same also occurs for time (or 7) tending to 
infinity. In this case, the parameter of first complementary error function 
tends to infinite values and the function to zero. The parameter in the 
second one tends to —oo. However, the error function is an odd one, or 


erf(—x) — —erf(x) (10.114) 
Hence 
erfc(—x) = 1 + erf(x) (10.115) 
and 
lim. erfc(x) = 2 (10.116) 
Thus, in Equation 10.113 
lim (7,2) = 1 (10.117) 


Figure 10.5 illustrates the behavior of temperature against time and space using 
the dimensionless forms. 
Additionally, it is interesting to notice the following: 


1. Definitions of dimensionless variables by Equations 10.93 and 10.94 
show that, for any given positive values of position (z) and time (t), 
increases in the fluid velocity lead to larger values for Z and т. On the 
other hand, Figure 10.5 shows that the temperature decreases for larger С 
and increases for greater т. Therefore, the final effect of velocity on 
temperature at a given position is not easy to see. To circumvent this 
difficulty, one can write Equation 10.113 using Equations 10.93 and 
10.94 to explicitly show variables and parameters of the process. The 








result is 
1 zv J/t/D 4/t/D 
Ш(т,ё) = = |ерт erfc Tv Di + erfc : y [Dr 
2 2/Drt 2 2/Drt 2 








(10.118) 
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FIGURE 10.5 Dimensionless temperature (у) as function of dimensionless time (т) and 


space (4). 


Here it is possible to verify the limit of dimensionless temperature when 
the velocity tends to infinity. From the discussion above, (item 4) for 
very large periods, it is easy to see that y would tend to 1, or the 
temperature at all points would tend to То. As long as it is ensured that 
all fluid passing through the grid is heated to the temperature То, 
increases in the flow rate (or fluid velocity) tend to increase the convect- 
ive term and, therefore, any point in the tube tends to approach tempera- 
ture To. Of course, such a heating system is an abstraction, because a 


limitless power input would be necessary. 


2. From Equations 10.24 and 10.118, itis possible to see that increases in the 
thermal diffusivity (Dr) lead to the complementary error functions to 
approach 1. In addition, the multiplying exponential would also tend to 1. 
Therefore, the dimensionless temperature would again tend to 1. This is 
also simple to understand because high thermal diffusion contributes 
toward the equalization of temperature at every point inside the tube. Of 
course, the final value would be the same as the imposed temperature (То) 


atz=0. 


3. It is interesting to compare the present situation and the one set in 
Section 7.3, where no diffusion term was considered. The following 


should be noticed: 


a. Dimensionless form (y) of the dependent variable (Т) is the same and 
given by Equations 7.19 and 10.92, respectively. However, the 
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dimensionless forms of independent variable related to space ¢ аге 
different and given by Equations 7.40 and 10.93, respectively. 
According to Equations 7.41 and 10.94, the variables related to 
time (7) are also different. 

b. Apart from the second-order derivative term, Equation 10.97 is 
similar to Equation 7.42. 

c. Again, apart from the extra boundary condition given by Equation 
10.100, the conditions given by Equations 10.98 and 10.99 are 
similar to those provided by Equations 7.43 and 7.44. 

d. Remarkable improvement in the mathematical modeling of the pre- 
sent process is verified by comparing Figures 7.8 and 10.5. They 
show how the inclusion of the diffusion term leads to a much more 
realistic picture of temporal and spatial temperature variation 
throughout the tube. 


10.5 PLUG-FLOW REACTOR 


This is an improvement over the treatment presented in Section 7.4 for a plug- 
flow reactor and illustrated in Figure 7.9. For this, the previous assumption (9) of 
negligible effect of diffusion term in relation to the convection is dropped. In 
other words, the second derivative of concentration in the space is included. 
Hence, after the application of other assumptions listed in Section 7.4, Equation 
A.41 leads to 


Ора 004. jiy PA 
a ә дг 





+ RA (10.119) 


The component of velocity in axial (z) direction is just written as v. Likewise in 
Section 7.4, a first-order and irreversible reaction is assumed. Hence, its rate is 
given by 


КА = kpa (10.120) 


Therefore, the unit for reaction coefficient (/) is 5—1, 


The boundary conditions аге 
рл(0,) = 0, z20 (10.121) 
апа 
DA(,0) = рдо ї> 0 (10.122) 


Here, рд о is the concentration at ће grid at any instant after the start of the 
injection process (t > 0). 
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Even though these two conditions were necessary and sufficient for the 
previous solution shown in Section 7.4, the present treatment introduces the 
diffusion term, or a second derivative. Thus, another condition on variable z 
should be found, and this is derived from the fact that, during its travel through 
the reactor, component A is continuously consumed. Consequently, its concen- 
tration should tend to zero and the following must be valid: 


pa(too) = lim p, = 0, t>0 (10.123) 
£00 


Here, the symbol oo means a limit for z tending to infinity, or at positions very far 
from the injection point. Therefore, the solution presented here would be valid for 
regions unaffected by the change in concentration. 

Again, it is advisable to work with dimensionless variables. One possibility is 
to set 








F(tz) = Pat (10.124) 
Pao 
т = КІ (10.125) 
К 
ф—= = (10.126) 
v 
After applying the above, Equation 10.119 becomes 
OF OF OF 
F=0 10.127 
art ag Paget ee 
where 
Dapk 
p = (10.128) 
v 
The boundary conditions are rewritten as 
F(0,7 = 0, ¢>0 (10.129) 
F(7,0)=1, r»50 (10.130) 
F(7,00) =0, т> 0 (10.131) 


Usually, there is a series of possible changes in variables to achieve a dimension- 
less set. For instance, in the present case the following could be applied: dimen- 
sionless time — t v/L and dimensionless space = z/L. The length L could be an 
arbitrarily set value. On the other hand, the forms in Equations 10.124 through 
10.126 do not need such choices and include parameters better related to the 
process. For instance, the time required to consume 1 kmol of reactant A is 1/k. 
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10.5.1 SOLUTION BY LAPLACE TRANSFORM 


The following transform is chosen: 
W(s,z) = L{F(7,¢)} (10.132) 


The transform of time derivative combined with the condition given by Equation 
10.129 is 


LS) = sip - FOO = sl (10.133) 


The other derivatives are transformed as follows: 


OF| dy 
ц) = dr (10.134) 
and 
PF) dy 
dos) = dg (10.135) 


Using the above in Equation 10.127, one gets 


dy 1d s+1 
d? Bd: В 





y —0 (10.136) 


This is a second-order ordinary linear differential equation with constant coeffi- 
cients, and according to Appendix B, its solution can be found by setting 


у= e (10.137) 
If the above is used at Equation 10.136, the following is achieved: 


1 1 
piss ge == 


В В 





(10.138) 


Here, parameter а is constant. 
The solution of this second-order polynomial leads to 


1 T 4 +1 1/2 
b+ (4+ 42) 
dre о В (10.139) 
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and 
1 1 gaye 
a= Es (e+ ey) (10.140) 
2 
Therefore 
Ji = by exp (aig) + ba exp (ad) (10.141) 


The condition related to time has already been used to write Equation 10.133. The 
transformed boundary conditions in ¢ are 


y(s,0) = ! (10.142) 


апа 
U(s,oo) = 0 (10.143) 


Applying Equations 10.142 and 10.143 into Equation 10.141, one obtains 
1 
bi +b =- (10.144) 
5 


апа 
Ру = 0 (10.145) 


This last conclusion comes from the fact that а), as given by Equation 10.139, is 
always a positive number. Consequently, when ¢ tends to very large values, the 
first exponential of Equation 10.141 would tend to оо as well. The only way to 
avoid this is to apply Equation 10.145. Therefore, from Equation 10.144 


b, = l (10.146) 


S 


Hence, Equation 10.141 becomes 


exp -x (s) "| 


1 
y = ^ exp (аф) = exp (55) г (10.147) 





where 


1 
b3 = 1+ — 10.148 
3 + 4g ( ) 


The details of the above maneuver are left as an exercise to the reader. 
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From Appendix D, one would find the following inversion: 


2 
L*{exp( x2)] - m s £) (10.149) 


Applying the s-shift theorem, it is possible to write 


| 2 
L Е 2 h) ) = hr £) (10.150) 


Finally 











exp(—2¢ =h) T exp в 
I gu X UR dx 10.151 
5 утв A 150 

0 


Неге х is а dummy variable for the integration. 
Similarly as in Section 10.4, the above can be set as 


ехр(— 24 =h) 


5 





17) 





= ; fe” verte (5: ш я) 
+ e? V Berte E — 





79) (10.152) 


Returning to Equation 10.147, one gets 


F(t,z) = = _[ У е (m + hs) + e V este (m Е Ља) 
(10.153) 


It is important to check the solution by, for instance, verifying if the above result 
satisfies conditions given by Equations 10.129 through 10.131. According to 
Equation 10.25, for т=0 the complementary error functions would be zero, 
which shows that the condition given by Equation 10.129 is satisfied. For ¢ 
tending to infinity, the same is achieved and the condition given by Equation 
10.131 is satisfied. Finally, remembering that the error is an odd function [or erf 
(—x) = —erf(x)], for ¢ = 0, Equation 10.153 becomes 


Е(т,0) = T [1 — ert ( sr) +1 — erf (—v/b57)| 
b —erf(Vbst) +1+erf(Vbsr)] =1 010.154) 


This agrees with Equation 10.130. 
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Equation 10.153 is represented in Figure 10.6 for the specific case of В = 1 
and Figure 10.7 illustrates the dimensionless concentration profile for B = 10. 
From Figure 10.6, it is possible to observe that 


1. At any instant, the dimensionless concentration (F) of component A at 
the injection point (z= 0 or ё = 0) would be equal 1. 

2. For a given position ahead of the entrance ( = 0), the concentration of A 
increases with time (7). 

3. After a very long period, the steady-state regime would be achieved. The 
concentration at any point of the reactor can be deduced by obtaining the 
limit for expression in Equation 10.153, or 








са 
F(co,2) = lim B Б Мес ( -5 


eis +е an ( A ve) 





Ка 
=F ооо ер 5C 1-48 3] 


ZV kDAB 
24/144 1 10.1 
sl у2 | ( : 2) 


=exp 
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FIGURE 10.6 Concentration profiles in the tubular reactor for the case of В = 1. 
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FIGURE 10.7 Concentration profiles in the tubular reactor for the case of B = 10. 


From all this the following can be observed: 


* Concentration of component A decays exponentially through the reactor 
(z > 0). 

e Decreases in the reaction rate—which can be traced to the coefficient 
k—lead to slower decay of species A concentration throughout the 
reactor. Figures 10.6 and 10.7 can be used to verify the effect of 
parameter k. As seen by Equations 10.125 and 10.126, k equally affects 
the dimensionless variables of time (7) and space (Z). Therefore, for a 
given real time (f) and position (z), both terms (т and 4) would increase at 
the same ratio. For instance, using Figure 10.6, let us take r= ¢ = 0.20. 
From the figure, the value of F would be around 0.57. If k is multiplied 
by 4, and real time and position remains constant, we would have 
T —£ — 0.80. In this case, it is possible to observe that F would be 
around 0.20. Hence, and as expected, the concentration of component 
A would decrease at the same instant and position in the reactor. 

* Diffusivity plays an inverse role of k. Therefore, higher diffusivity tends to 
slow the decrease of concentration for positions ahead in the reactor. This 
is easy to imagine because higher diffusivities tend to spread the concen- 
trations more evenly throughout the reactor. The effect of diffusivity is 
easier to verify than k from the above figures because it just affects 
parameter B, as defined by Equation 10.128. To exemplify, take for 
instance dimensionless position С = 1.0 and time т = 1.0. Comparing 
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Figures 10.6 and 10.7 it is possible to see that increases in diffusivity (or B 
from | to 10) lead to higher dimensionless concentrations (or F approxi- 
mately from 0.15 to 0.30). Therefore, higher diffusivities lead to larger 
concentrations at the same values of Z and 7. 


10.6 TEMPERATURE PROFILE IN A RECTANGULAR PLATE 


This is the classical problem of steady-state heat transfer in a plate, as illustrated 
in Figure 10.8. 

Three side faces of the plate are kept at known temperature Tọ while the 
superior one is maintained at constant value Tj. It is desired to obtain the 
temperature profile throughout the plate. 

For this example, the following is assumed: 


1. Plate material is solid and, within the range of temperatures observed 
here, there is no phase change. Therefore, no velocity field is present. 

2. No variation of temperature on the orthogonal coordinate (z) to the 
plane x-y. This condition is possible if the body is indefinite at this 
direction or if the plate is perfectly isolated at the two main surfaces (x-y 
planes). 

3. Despite variations of temperature, the plate density and thermal conducti- 
vity remain constant, or at least approximately constant. 

4. No chemical reactions or any other energy source term is involved. 





To 


FIGURE 10.8 Rectangular plate with constant temperatures at the edges. 
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From the above, the energy balance shown by Equation A.31 (or Equation 
A.34) can be simplified to 


OT OT 


The following new dimensionless variables are proposed: 





T — To 
= 10.157 
Ө Тт, (10.157) 
у= (10.158) 
а 
y 
=Í 10.159 
c=, ( ) 
For the simpler case where а = b, Equation 10.156 can be written as 
90 Ө 
= 10.1 
22 aoi (10.160) 


Hence, for the complete definition of the boundary value problem, two conditions 
for each independent variable are required. From Figure 10.8, it is possible to set 
the following: 


000,0) = 0, 0О<с<1 (10.161) 
00) = 1, 0<x<1 (10.162) 
0(1,0) = 0, 0<0с<1 (10.163) 
00.0) = 0, 0<y<1 (10.164) 


Therefore, all аге first-kind boundary conditions. 


10.6.1 SOLUTION BY SEPARATION OF VARIABLES 


According to the discussion presented in Appendix G, this technique is based on 
the assumption that the following can be written: 


Oxo) = FGo)G(a) (10.165) 


Of course, this cannot be guaranteed beforehand and only trial would tell. Given 
this, Equation 10.160 leads to 


Р") G'() _ 
Fo) Go) 





(10.166) 
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The equality between groups involving functions of independent variables forces 
each side of the equation to be equal to a constant C. Consequently, two ordinary 
differential equations are generated, and one of them is 


F"(y) — CF(y) = 0 (10.167) 
The general solution for such an equation presents the following possibilities: 


1. According to Appendix B, if C is positive, or equal to y” (where y is a 
real parameter), the solution would be 


F(x) = Cie ?Х + Oe (10.168) 


However, from Equations 10.161, 10.163, and 10.165, one would con- 
clude that 


F(0) = 0 (10.169) 
F(1) = 0 (10.170) 
The above conditions would force Су = С = 0, i.e., the trivial solution 
for F(x) and, consequently, to 0 as well. Therefore, the above is not an 
acceptable choice. 
2. If C is equal to zero, the solution would be 
Е) = Cix + C» (10.171) 
After the application of boundary conditions, the trivial solution is 


forced again. 
3. If C is negative or equal to — уг (у real), the solution would be 


F(x) = Cı sin (yy) + С» cos (Ax) (10.172) 


Application of the condition given by Equation 10.169 leads to C5 — 0 and the 
condition given by Equation 10.170 to 


0 = Ci sin (y) (10.173) 


If y 2 nv (n=1,2, ...), C, might be different from zero, therefore avoiding the 
trivial solution. Thus 


F(X) = Cn sin (пт) (10.174) 


The index п is used here to emphasize the multiple determinations of the solution. 
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Returning to Equation 10.166, the solution for function G would be 


G,(o) = Age ""* + B,e""* (10.175) 


The condition given by Equation 10.164 leads to G(0)—0, and the above 
equation would require that 


An = —B, (10.176) 


Therefore, Equation 10.175 can be written as 


G,(o) = Аў sinh(nto) (10.177) 


At the present, the condition given by Equation 10.162 does not allow any 
conclusion. 

Combining the solutions for functions F and G given by Equations 10.174 
and 10.177, a particular form for the dimensionless temperature can be arrived at 


0,(x,0) = Kj, sin (nx) sinh(nta) (10.178) 
The general solution would be a linear combination of all those particular ones, or 
0(xy.0) = x К, sin (nx) sinh(n o) (10.179) 
п=1 
Applying the condition given by Equation 10.162 it is possible to write 
1 = 3 К, sinh(nm) sin (итд) (10.180) 
n-l 


As seen in Appendix G, this is a Fourier half-range expansion of function 1. 
Therefore 


2 ; 2 
эїпһ(лтт) | sin (nty) dx = nm sinh(nn) [1 — COS (пт)] 
0 


К, = 


= 2 0 w= 12,3 1 (10.181) 


nm sinh(na) 





Finally, the temperature profile in the plate is given by 





_2 5° 1 — (—1)” sin (ит) sinh(nto) 
806,0) = т 2 n ѕіпһ(ит) (10182) 


The above solution is illustrated in Figure 10.9. The figure is self-explanatory. 
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FIGURE 10.9 Dimensionless temperature (0) profile in the plate as a function of dimen- 
sionless coordinates ү and o. 


10.6.2 SOLUTION BY THE METHOD OF WEIGHTED RESIDUALS 


As commented before, MWR can also be applied to partial differential 
equations. 

The first step is to select trial functions for the solution of boundary problems 
formed by Equation 10.160 and conditions given by Equations 10.161 through 
10.164. 

For cases of partial differential equations, a good choice for the trial function 
should 


1. Be simple, such as polynomials. In the present case, the polynomials 
could be set using either y or o as an independent variable. The amount 
of work involved might depend on a particular choice. 

2. Satisfy the boundary conditions. 


From the above, a sensible alternative for the trial functions could be 


0, = -5 sin (јл) р (о) (10.183) 


j=l 
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As seen, the above function satisfies the conditions given by Equations 10.161 
and 10.163. In addition, if 


(0) = 0 (10.184) 


the condition given by Equation 10.164 would be satisfied. 
Using Equation 10.160, the residual is given by 


MOY) = Ondyy + (Ө) (10.185) 


10.6.2.1 First Approximation 


From Equation 10.183, the first approximation is 
Ө; = sin (try), (o) (10.186) 
Using the two previous equations, the residual becomes 
A, = sin (my), — a? sin (my) (10.187) 


Thus, the condition to annul the residual can be achieved here without the need 
for applying any specific weighted residual submethod. 
The solution for 


y, = my, (10.188) 


V (o) = Cii ѕіпр(то) + Сүз созһ(то) (10.189) 


Employing the condition given by Equation 10.184, С,» = 0. Consequently, the 
first approximation can be written as 


0, = Си sin (my) sinh(zo) (10.190) 


Nonetheless, this brings a problem because the condition given by Equation 
10.162 cannot be satisfied. Let us go ahead with further approximations. 


10.6.2.2 Further Approximations 


Further approximations would require the application of a branch method of 
MWR. Let us apply the collocation method. 
A more general choice for equidistant collocation points would be 





FT m= 1,2, ...n, where n is the approximation order. Let us exemplify 
n 


with the third approximation, which from Equation 10.183 is written as 


Өз = sin (my) (o) + sin Cryo) + sin Gay) (o) (10.191) 
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Using Equation 10.185, the residual becomes 


Аз = sin (my), — n? sin (ry), + sin (От) — 4a? sin Omya 
+ sin (Зл) уз — 9a? sin Bary), (10.192) 


The collocation points would be 1/4, 1/2, and 3/4. Applying this to the above 
equation and setting it to zero, one would arrive at the following differential 
equations: 


| 


ГД 


pi 


= тул + — Ami, + 2 [us - от, =0 (10.193) 
[wi —т'д] — [us - 9л] =0 (10.194) 


V2 
2 


ГД 


i -mw]- ана +У И ото) <0 (10.195) 





Such а system can be reduced to 


y, — wy, =0 (10.196) 
by — Ат) = 0 (10.197) 
y, — 9m, = 0 (10.198) 


After the application of the condition given by Equation 10.184, the solution for 
Equation 10.196 is given by Equation 10.190. The solutions for the others are 
similar. 

Of course, it is easy to see that the whole process would lead to a general 
solution, which can be written as 


0, = У G sin Gry) sinhro) (10.199) 


j=l 


In order to satisfy the condition given by Equation 10.162, the following should 
happen: 


Y Cjsin (уту) sinh( jar) = 1 (10.200) 


jl 


When 7 tends to infinite values, the above reproduces the problem arrived at by 
Equations 10.179 and 10.180, or an odd half-range expansion of function 1. 
Therefore, the result would be the same as that given by Equation 10.182. 


282 


Analytical and Approximate Methods in Transport Phenomena 


This exemplifies how, in few occasions, the method of weighted residual 


might even lead to the exact solution. 


10.7 HEATING A LIQUID FILM 


A liquid film runs on an inclined plate, as shown in Figure 10.10. 


The fluid, at temperature 7o, enters a section of the plate—beginning at 
z=0—which is kept at constant temperature T,. It is desired to determine the 
temperature profile in the liquid film as well as the heat transfer rate between it 


and the plate. 
For this example, the following is assumed: 


SS 


Steady-state regime. 


. Liquid fluid is Newtonian with constant physical properties, among them 


density and viscosity. Of course, the assumption of constant properties 
becomes increasingly critical with the magnitude of temperature differ- 
ences in the liquid film. 

Laminar flow. As discussed in Section 5.2, this is also an approximation 
and valid for very smooth solid surfaces and within a relatively short 
length of plate. 

Plate is very wide and long and the studied region is far from the borders. 
Flow is already developed at position z= 0. 

Since the fluid density is assumed constant—which is the same to say 
that the fluid is incompressible—its thickness (6) is constant, at least 
within the plate length where the present solution is approximately valid. 


. Shear stress at the interface between the fluid and air is negligible. 


Owing to the very low viscosity of air when compared with usual fluids, 
this is a very reasonable approximation. 





FIGURE 10.10 Flowing film over a plate kept at constant temperature. 


Problems 221; Two Variables, 2nd Order, 1st Kind Boundary Condition 283 


8. Negligible dissipation of energy due to viscous flow. This is reasonable, 
given the relatively low velocity field found in the present situation. 


The mass and momentum conservation equations would provide the velocity 
profile. Since the density and viscosity are considered constant, the solution 
achieved in Section 5.2 is valid and after the change in coordinates’ position, it 
is possible to write 


у, = a cos Өх? (10.201) 


Assumption 2 allows the use of Equation A.34 to describe energy conservation. 
After the assumptions listed above, it is possible to write 


OT QT OT 
ро (» x) a( ad + a2) (10.202) 





Equation 10.202 can be further simplified by noticing that the temperature 
variation in the x direction should be much higher than the variation in the z 
direction. Therefore, it becomes 


OT ФТ 


“a Рт ad (10.203) 


Here Dy is the thermal diffusivity term and is given by Equation 10.95. Using 
Equation 10.201, the equation to solve becomes 


OT ФТ 
2р2 10.204 
хэ, LX, ( ) 
where 
2D 2uÀ 
E Seed E (10.205) 





~ pgcosÓ0  p?gC,cosÓ 


Three boundary conditions are needed to achieve the solution. From Figure 10.10 
it is possible to verify that two of them are 


T(x,0) = Т, O<x<6 (10.206) 
T(0,z)=T;, z>0 (10.207) 
The third condition would be related to coordinate x. For instance, one possibility 


would be to base it on correlations for the heat transfer at the film surface or at 
x=6. However, this would lead to a second- or even third-kind boundary 
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condition. To keep the problem within the scope of the present chapter, let us 
assume that the solution is sought for small contact time between the liquid and 
the plate. This would allow a solution for layers of liquid near the plate for which 
the position at the film surface would be considered very far, or at х = oo. These 
far positions would remain at Tọ during the period of heating or liquid-plate 
contact. Therefore, it would be possible to write the third condition as 


T(oo,z) = То, z»0 (10.208) 


As always, it is worthwhile to change variables to facilitate the solution. In the 
present case, the following have been selected: 








T — To 
= 10.209 
y Т, — T; ( ) 
x= - (10.210) 
6 
2 
=e 10.211 
=: (10.211) 
Using these, Equation 10.204 becomes 
Ow Oy 
2 = BI 10.212 
a =P Hp (10.212) 
where 
b 2D 2uÀ 
В= == 18 = ; E (10.213) 
ô  pgó cos0  p^gCyÓ cos0 
The boundary conditions become 
V0) =0, O<y<d (10.214) 
(0.7) —1, £20 (10.215) 
YWoo,f)=0, £»0 (10.216) 


One should notice that two among these conditions might coalesce into a single 
condition. This suggests the application of similarity, also known as combination 
of variables. 


10.7.1 SOLUTION BY SIMILARITY 


From Appendix F, the application of the method of similarity starts by proposing 
new variables, such as 
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х = ах (10.217) 
ё = а? (10.218) 
y = а (10.219) 


Therefore 


ду др OX AH með 


Oy D D ар 2r (10.220) 
0p ob OO, , OF 
еу оа Dees pg DOG sr de 10.221 
a a aay" a p: 

Oy nrc OX Ә (OVV ay PU 

act a ae (ae) =r age PEOR 


Following the same procedure for other involved derivatives and substituting 
them into Equation 10.211, one would arrive at 


abc 2 OW д? 
by—2b, +c -2 i 2bi+c 
a You RS (10.223) 


To assure the invariance condition it is necessary that 
2b; +c = by — 21 +c (10.224) 
Or 
b= E for any c (10.225) 
Thus, the new combined variables would be 


X 


and 


fm) = : (10.227) 
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Without any loss of generality, the choice of c=0 is convenient. Consequently, 
one would arrive at f(n) = yr. After this, the following is obtainable: 


ab _ of On ола 








aie = 10.228 
Ox dn Ov £ dn ( ) 
Pp Ond 1/4 df 1/2 df 
rm e deber i oe a Se ee 10.229 
Ox? Ox dm ( dn : dn? | i 
Oy df On 1 —5/4 df 
= = 10.230 
af del a da ( ) 
Applying these at Equation 10.212, the following is obtained: 
df pdf 
= 10.231 
d 48" dg (10.231) 
Consider a new variable defined as 
d 
ga 88 (10.232) 
dy 
Hence, it is possible to write Equation 10.231 as 
С | af )4c (10.233) 
= Суехр| -— : 
Ф | exp 168 n 2 
and 
f=C fex ta +C (10.234) 
= € p 168 п ат) 2 . 


Using Equations 10.226 and 10.227, the boundary conditions given by Equations 
10.214 through 10.216 can be written as 


Јо > оо) = 0 (10.235) 
[09 =1 (10.236) 
Equation 10.235 can be applied at Equation 10.234. Setting 1 limit for the 


integral, and eliminating the constant C2, one may write 


IN | 1 4 
guest | ex (— 725" Jau (10.237) 


Here, u is just an integration variable. 
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At this point, the condition given by Equation 10.236 can be applied to 
Equation 10.237 to provide the remaining integration constant, or 











C; = = 2 (10.238) 
| (та) аи 
Finally 
"D (- iG е) аи 
ға) = 55 p 
| (тед Je 
со 1 _ 
| Se (ug du 
= du = 1319. XE" 5 (10.239) 


Т, Е: To x} it ( 1 | 
exp| ——— u }du 
0 168 
The dimensionless temperature profile (y) is illustrated in Figures 10.11 and 
10.12 for cases of B = 1 and B = 0.1. 
From these figures, it is possible to verify that temperature equalizes faster in 
the film layer (x or x direction) for larger values of parameter B. This is easy to 





FIGURE 10.11 Dimensionless temperature profiles within liquid film for the case of B = 1. 
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FIGURE 10.12 Dimensionless temperature profiles within liquid film for the case of B = 0.1. 


understand because, as shown by Equation 10.213, such a parameter is propor- 
tional to the thermal diffusivity of the flowing liquid. Notice, as well, that even 
small increases on the film thickness (д) leads to sharp decreases of parameter B, 
hence providing larger temperature gradients in the film (x direction). 

For the case of water at around 290 K and a film 1 mm thick flowing on a 
plate with inclination of 60°, the parameter B is around 6 X 107°. Such a low 
value indicates that water has a high thermal inertia. Therefore, large gradients 
of the temperature would occur in the x direction. In other words, for most of the 
film the temperature would remain very different from temperature Т,. This is 
the same to say that y; would approach zero for positions not too far from the plate 
surface (х = 0). Such a case is illustrated in Figure 10.13. 


10.8 ABSORBING FLOWING FILM 


Several industrial separation processes work by selective absorption of a com- 
ponent from a gas mixture by a liquid. The present discussion exemplifies a 
simple model for this process. 

Consider a liquid film of substance B flowing on a solid vertical wall, as 
illustrated in Figure 10.14. The film, with constant thickness 6, enters a section 
(x 2 0) where it comes in contact with a gas mixture. The component A of that 
mixture is absorbed by component B in the liquid. It is desired to determine the 
concentration of component A throughout the film as well as its rate of absorption. 
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FIGURE 10.13 Dimensionless temperature profiles within liquid water film. 
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FIGURE 10.14 Liquid film of component B absorbing component A from surrounding gas. 
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The following assumptions are made here: 


— 


. Steady-state regime is established. 

2. Wall is indefinite in the z direction and orthogonal to the x—y plane. The 
plane is also very tall, and the velocity regime in the film is completely 
developed at the entering section x= 0. 

. At position х = 0, only component B is present in the liquid film. 

4. Within the studied region, the fluid flows in laminar regime and the film 
thickness (6) is constant. 

. Despite any variation in composition, the liquid film remains Newtonian. 

6. Density, viscosity, and any other physical property of the film 

remain constant. Of course, this is an approximation valid for low 
levels of absorption, or regions with small concentration of species A in 
liquid phase. 

7. Temperature of the film is the same as that of the gas and they do not 
change. Therefore, it is assumed that either the enthalpy changes due to 
the absorption are negligible or, as before, the absorption rate is rela- 
tively small. 

. Absorption process involves no chemical reaction. 

9. Short contact times between the gas and film. Therefore, the solution 

would be valid only for the region where the absorbing front does not 

reach too deep into the film. 


шә 


сл 


oo 


Considering the above, there are only velocity components in the vertical (x) 
direction. In addition, all variations of concentration would occur in the x—y plane. 
Therefore, Equation A.40 becomes 





дрд Op, | Ppa 
de. = Dap (5e + ду? (10.240) 


Owing to assumption 3 above, the following conditions can be set: 
pA(03) = 0, 0<у<8 (10.241) 


Additionally, it is possible to write 


Pry) = рды, 0 Ey <6 (10.242) 
PACCO) = Pasar O< XSL (10.243) 
pa(x,co) = 0, O<x<L (10.244) 


Here Pa sat is the saturation or equilibrium concentration of component A in 
component B. Notice that the condition given by Equation 10.244 is only possible 
because of assumption 9. Consequently, the regions near the wall are viewed as 
too far from the film surface. 
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For a film region near the surface, it is possible to approximate the velocity 
profile to 


5 
yey (10.245) 


и 


This relation can be obtained from the results obtained іп Section 5.2 and is 
proposed as an exercise. 

Since the variation of concentration in the horizontal direction is much higher 
than in the vertical one, it also possible to simplify Equation 10.240 by assuming 
the following: 














Ppa _ рд 
10.24 
ду? Ox? мө) 
Hence, the governing equation becomes 
Op, _ „1 Ppa 
тек ыыы 10.247 
аг 2 09 ( ) 
where 
D 
ju АВА (10.248) 
gô 


10.8.1 SOLUTION BY SIMILARITY 


According to the technique shown in Appendix F, let there be the following new 
set of variables: 


х= айх (10.249) 
y = а?у (10.250) 
p, = ара (10.251) 


After these changes of variables, Equation 10.247 becomes 


Op 1 22р 

Еа qhe- ER 10.252 

оя Ек 
The invariance regarding Equation 10.247 would be observed if b, = 3b, and for 
any value of c. Consequently, it is possible to set a new variable given by 


y 


1 = UB (10.253) 
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Using the above, Equation 10.247 can be written as 





d d 
poe РА (10.254) 


dy dn? 


This is a simple second-order differential equation, according to Appendix B, 
with a general solution given by 


n 

3 

pisc | exp (- =) dz+ С› (10.255) 
0 


Here z is just a dummy integration variable. The choice of integration limits does 
not lead to any loss of generality because the conformity to boundary conditions 
would be obtained by proper values of the constants. 

Employing Equation 10.253, the boundary conditions given by Equations 
10.241 and 10.244 coalesce to give 


p(y = оо) = 0 (10.256) 


The conditions given by Equations 10.242 and 10.243 can also be condensed into 
the following: 


Pal] = 0) = Pasa (10.257) 


The final solution is obtained after application of these conditions to Equation 
10.255, or 





(10.258) 


10.8.2 | COMMENTS 


To facilitate the discussion and handling of equations, the above problem is 
rewritten using dimensionless variables defined as follows: 


(10.259) 


(10.260) 
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and 


j= PA. (10.261) 


PA sat 
Here L is the length of the wall on which the absorption process takes place and 
within the region where the assumptions made at the beginning of the present 
section are valid. 
Applying the above, Equation 10.258 can be written as 


J 
Wyo) = 2 
J 
0 





3 (10.262) 
exp (- x) dz 
Here 
DAB vL 
= 10.263 
é E ( ) 
w 
g ——— (10.264) 
x 


To illustrate, let Dag = 1 X 10? m? gt v=1x 1076, and ô= 1 mm. The value 
of kinematic viscosity is relative to water at around 293 K. Therefore, é= 1. 
Equation 10.262 is valid only for regions near the film surface—or small values of 
w—and is represented in Figure 10.15. 





FIGURE 10.15 Concentration profile in the film for £— 1. 
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FIGURE 10.16 Concentration profile in the film for €=0.1. 


It is worthwhile to compare Figure 10.15 with Figure 10.16, plotted for the 
case when é — 0.1. 

According to Equation 10.263, £ is proportional to the diffusivity of A into B. 
Therefore, decreases in diffusivity should lead to lower concentrations of 
absorbed component A into the film. This is easy to verify from the differences 
between Figures 10.15 and 10.16. 

The rate at which component A is absorbed is given by its mass flux at 
the film surface. From Equation A.53, the mass flux into the film (direction y) is 


д 
Na, = —Равр E +wa(Na, + №) (10.265) 


Since component B is stationary in this direction and there is no overall velocity 
in the y direction, Equation A.55 yields 


Na, + Ng, = 0 (10.266) 
Using these and taking the flux at the film surface, one can write 


cas 


Na,(y = 0) = —Dasp By 


(10.267) 


y=0 
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Because of assumption 6, the density remains constant and using Equations 
10.260 and 10.261, the above becomes 


E DABDA sat дф 








N =0)= 10.268 
A, = 0) s ee ( ) 
Using the change of variable defined before it is possible to write 
D З а 
№ O = 0) = ——28ЁАзн цв id (10.269) 
К ô do | -0 





As expected, the rate of absorption is a function of the vertical position (x or x). 
Now, the derivative at Equation 10.269 can be obtained from Equation 
10.262, leading to 


DABDA sat 1 


yB о 3 
X jeo(- 5) 


0 3é 





Na, = 0) = (10.270) 


Therefore, the total rate of absorption per unit of film surface area (kg m ?s !) 


would be obtained after the integration of flux NA within the vertical length L or 
the film, or from y —0 to y= 1. The result is 


z 3DABPA sa 1 
Na, E BPA sat = 
exp| — = |а 
0 3€ 


Again, one should be aware that the present results are only valid for a relatively 
short contact time between the gas and absorbing liquid, as imposed by assump- 
tion 9 and the approximation represented by Equation 10.245. 





(10.271) 


EXERCISES 


1. Solve the differential Equation 10.45 to arrive at Equation 10.46. 

2. Solve the problem presented in Section 10.2 in the case of a finite bar. To save 
time, do not use Equation 10.31 with boundary conditions given by Equa- 
tions 10.32 and 10.33, but replace the boundary condition given by Equation 
10.34 by 


Џ(т,1) = 0, T>O 
Apply any method. 


3. From the results obtained in Section 10.4, deduce a formula to compute the 
rate of heat transfer between the grid and the fluid. 
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4. Try to apply the method of similarity to the problem presented in Section 10.4. 
. From the assumptions made at the beginning of Section 10.6 and departing 
from Equation A.31 or A.34, arrive at Equation 10.156. 
6. Using the proposed changes of variables given by Equations 10.157 through 
10.159, depart from Equation 10.156 and arrive at Equation 10.160. 
7. Using the result for temperature profile in a plate, as given in Section 10.6, 
obtain the expressions for the heat fluxes at faces х = 0 and y =b. 
8. Instead of collocation, try to apply other branches of the method of weighted 
residuals to solve the problem presented in Section 10.6. 
9. From Equation 10.204 and using the proposed change of variables given by 
Equations 10.209 through 10.211, deduce Equation 10.212. 

10. From Section 5.2, show that the approximation indicated by Equation 10.245 
is reasonable at regions near the film surface. 

11. Deduce Equation 10.252. 

12. Work the details to arrive at Equation 10.262. 

13. A constant film thickness was assumed to solve the problem presented in 
Section 10.8. Verify the validity of such an assumption based on the momen- 
tum equations applied to that situation. 

14. Let there be a semi-infinite slab (Figure 10.17) initially at temperature Tọ. 
The slab, with constant thermal conductivity, is insulated in both larger faces. 
At a given instant, the surface temperature at x — 0 is immediately raised to 
temperature Tı. Determine the temperature profile throughout the slab as а 
function of space (x) and time. 

Solve the problem by Laplace transform and by similarity. 

15. Solve the last problem for a situation where the thermal conductivity of the 

slab material is not constant but is a linear function of the temperature given by 


сл 


ACT) 2 aT +b 


with a and b constants. Use any method, including the MWR. 









Slab surface 


Semi-infinite slab 
insulated at each 
surface 


x=0 


FIGURE 10.17 Heating a semi-infinite slab. 
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16. 


17. 


18. 


19. 


20. 


21. 


The equation that governs the vertical position y of each point in the 
horizontal direction x of a string against time t under tension is given by 


Oy i 


9р ae 


where c is a parameter related to the tension and density of the string. The 
string, with length L, is fixed at each end. The initial form of the string 
[y(x,0)] and velocity of each point are given by known functions f(x) and 
£(x), respectively. Solve the above equation by separation of variables to 
obtain the form of the string at any time, or y(x.t). 

In the previous problem, imagine a string initially at rest and with the 
deflection given by f(x) — 0.01 sin x. Draw the form of the string for the 
following instants: L/6c, L/5c, L/3c, and L/c. 

Determine the thickness of the moisture concentration profile in a direction 
against time for a wall with indefinite surface area—or area not limited at 
directions perpendicular to the thickness. The initial moisture throughout the 
wall is uo and the moisture at the surface is constant and equal to ue. This value 
is given by the equilibrium with the ambiance air. Use the similarity method. 
Use any variation of the method of weighted residual (MWR) to obtain a 
reasonable approximate solution of the previous problem. 

Try to solve the problem presented in Section 10.8 using the Laplace 
transform, method of separation of variables, and method of weighted 
residual (any variation). 

Researchers in the area of soil contamination apply various models to verify 
the extent or depth of a pollutant concentration against time. Of course, 
nowadays such models are at a very sophisticated level. However, for the 
sake of illustrating the basic principles of such models, let us consider Figure 
10.18, where the surface of a region has been contaminated by a pollutant (A). 
Aqueous solutions of the contaminant tend to sip and diffuse into the soil. It is 


Soil surface, z = 0 
with pollutant A 
at concentration equal to 
Сло constant and known 





Soil assumed with 
indefinite depth 2 


FIGURE 10.18 Illustration for the problem on soil contamination. 
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desired to find the concentration of A at any given time and any given depth (z) 

in the soil. For this, assume the following: 

a. The concentration of contaminant at the surface of the soil is known and 
constant. 

b. Initially, no contaminant A is found in the soil. 

c. The soil (land and water) can be modeled by a single homogenous 
substance (call it B) into which component A is soluble. 

d. The diffusivity of contaminant into the soil is known. Of course, one of 
the problems of researchers in the area is to develop equations for the 
proper calculation of such diffusion parameters. 

e. The soil has an indefinite depth. 

f. As a first approximation, negligible overall velocity is observed in the soil. 

22. Repeat the previous problem assuming now an overall constant velocity in 
the direction z. Its value is known and given. Actually, this is a more realist 
picture for situations where, for instance, the contaminant is also carried into 
the soil due to rain. 


REFERENCE 


1. Abramovitz, M. and Stegun, LA., Handbook of Mathematical Functions, Dover, 
New York, 1972. 





1 1 Problems 222; 
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2nd Order, 2nd Kind 
Boundary Condition 


11.1 INTRODUCTION 


This chapter presents methods to solve problems with two independent vari- 
ables involving second-order differential equations and second-kind boundary 
conditions. Therefore, the problems fall in the category of partial differential 
equations. Mathematically, this class of cases can be summarized as 


f (2.01.0. 28 К ant 20) , second-kind boundary condition. 

Several examples involving mass, momentum, and heat transfer are described. 
Unlike in Chapter 10, the examples shown in this chapter involve second-type 
boundary conditions, which usually lead to more feasible situations than before. 

As in the previous chapters, it is important to notice that the solutions 
presented here for mass transfer can be used for cases of heat transfer, and vice 
versa. For this, the concentration must be equivalent to temperature, diffusivity to 
thermal conductivity, and mass transfer coefficient to heat transfer coefficient. 
With the above conditions satisfied, Sherwood and Biot numbers would be 
interchangeable. 


11.2 HEATING AN INSULATED ROD OR SEMI-INFINITE BODY 


Let us consider a finite solid rod as shown in Figure 11.1. Initially, it is at uniform 
temperature T,, and at a given instant, the temperature To is imposed at surface 
z=0, and one end is insulated. It is desired to determine the temperature profile 
in the rod as a function of position and time as well as the rate of heat transfer to 
the rod. 

It is important to notice that the present problem is more feasible than the one 
proposed in Section 10.2, where a semi-infinite cylindrical rod was considered. 
As commented at the end of this section, the solutions achieved here can equally 
be applied to the problem of a wall with one end at Tọ and the other insulated. 
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To for t>0 Insulation 
Solid rod 





FIGURE 11.1 Finite and insulated cylindrical rod. 


The following are assumed: 


Rod material is uniform. 

. Thermal conductivity and density of the rod remain constant. Of course, 
and again, this approximation is acceptable for relatively low gradients 
of temperature in the body. 

No phase change of the rod is observed. 

4. Insulations around the rod are perfect, i.e., no heat transfer is observed at 
surfaces covered with insulation material. 


pq 


ee 


Following the same considerations as in Section 10.2, it is possible to write 


Similarly, by combining Equation A.35 with the assumptions described above, it 
is possible to arrive at 


pCp Е = = (11.2) 
However, in the present case, the boundary conditions are 
Т(0,2) = Т, O<z<L (11.3) 
Т(1,0) = To, t>0 (11.4) 
xL 0, 120 (11.5) 


Of course, the third condition given by Equation 11.5 is imposed due to ће 
insulation at z= L. 

As can be seen, Equation 11.2 combined with the conditions given by 
Equations 11.3 through 11.5 forms a second-order differential equation with at 
least one second-kind boundary condition. 
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Before applying any method, let us change variables to work with dimen- 
sionless ones. The advantages of the method have already been demonstrated. 
The chosen dimensionless temperature is defined by 











b= L (11.6) 
To — Ty 
The dimensionless length is defined by 
{= = (11.7) 
The dimensionless time is defined by 
КЕРЕ 887 (11.8) 
po P 
Therefore 
ae (To Nop au (11.9) 
2 2 
к= bin 
Thus Equation 11.2 becomes 
Op Py 
ae 9р (11.11) 
Now, the boundary conditions are written as 
(0,0) =0, 0<ё<1 (11.12) 
y(r0)—1, T>0 (11.13) 
Aun 0, т>0 (11.14) 


As shown, a convenient change of variables brings simpler forms to the problem. 


11.2.1 SOLUTION Bv LAPLACE TRANSFORM 


Recalling the condition given by Equation 11.12, a good suggestion would be to 
apply the transform for variable 7, or 


Vs.) = Lir] (11.15) 
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According to the equations presented in Appendix D, it is easy to verify that the 
transform of Equation 11.11 is 


duy 
re —- (11.16) 
d 
From Appendix B, the general solution is 
W = C sinh (£s) + C» cosh (£ 4/3) (11.17) 


Transforms of conditions given by Equations 11.13 and 11.14 are as follows: 


1 
W(s,0) = — (11.18) 
$ 
апа 
dv 
—| =0 (11.19) 
dé ¿1 


Applying Equations 11.18 and 11.19 in Equation 11.17, one would obtain 


1 1 
W = — – tanh (4/5) sinh (v/s) + — cosh (Evs) (11.20) 
5 Kj 
The above relation can be written as 


_ 1 cosh (у) cosh (y's) — sinh (£A/s) sinh (ys) _ 1 cosh[(1 — vs] 
E cosh (4/5) |» s соѕһ (4/5) 
(11.21) 





y 


Its inversion can be found in the tables in Appendix D, leading to 








Emm Qn—1Ym^]  [Qn- Dm - 0) 
АГ c exp| 7 j| 5 | 


(11.22) 


The result is illustrated in Figure 11.2. 

From the figure, it is clear that the conditions given by Equations 11.12 and 
11.13 are satisfied. The condition given by Equation 11.14 is also satisfied due to 
the zero derivative at position = 1. 

Let us now imagine that a thermocouple is installed at any position of the bar, 
say ё = 0.6. The time for the temperature to start increasing would be smaller for 
bars with higher values of thermal conductivity or thermal diffusivity. This can be 
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FIGURE 11.2 Dimensionless temperature (у) against dimensionless time (т) and position 
(Z) in the heating bar. 


seen by examining Equation 11.8 because, for a given dimensionless time (7), 
higher conductivity would lead to a lower value of real time (2). The effects of 
other physical properties can be examined in the same way. 

Finally, Figure 11.3 presents the temperature distributions for a larger time 
span than chosen for the previous figure. It is easy to verify that a temperature т = 2 
would be enough to equalize the temperature in the bar. 

It is interesting to compare the result of Section 10.2 with the present one. 
Despite the fact that in Section 10.2 the rod had an indefinite length, Figure 10.2 
resembles Figure 11.2. The major difference appears in the derivative of tem- 
perature at a given position far from z= 0 (or = 0). However, even in the case of 
an indefinite (Figure 10.2) bar, it is easy to see the asymptotic tendency toward 
zero derivatives for large values of z. Of course, the solution presented here is 
more realistic and applicable to the real world, where bodies are finite. 


11.2.2 SOLUTION BY SEPARATION OF VARIABLES 


According to Appendix G, a solution for Equation 11.11 is assumed to be in the 
following form: 


(тё) = FOGG) (11.23) 
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FIGURE 11.3 Dimensionless temperature (yw) against dimensionless time (т) and position 
(£) in the heating bar (larger time span than at Figure 11.2). 


It would lead to 


dF/dr  d'G/a? _ t 








Fo G (11.24) 
Here C is a constant. 
The solution for the first-order differential equation 
dF/dr 
= =C (11.25) 
is 
F(t) = Cı exp (Cr) (11.26) 


However, the solution above is unable to satisfy the boundary condition given by 
Equation 11.12. The way to circumvent this is to redefine the dimensionless 
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temperature variable. Instead of using the form given by Equation 11.6, the 
following is proposed: 


Dam. 


=- 11.27 
ToT ( ) 


Ф 


The differential equation (Equation 11.11) can be solved by just replacing у with 
ф, however, with the following boundary conditions: 


pl eh 0<ё<1 (11.28) 
Ф(т,0) = 0, 7>0 (11.29) 
дф 
c =0, r>0 11.30 
Ol. T ( ) 


Again, assuming Equation 11.23 (which continues to be valid by using ¢ instead 
of у), one would arrive at Equation 11.24, and Equation 11.25 would result into 
Equation 11.26. Nonetheless, the condition given by Equation 11.28 cannot be 
used to determine constants C and С. On the other hand, the general solution of 
ordinary differential equation of variable G depends on whether C is a positive or 
negative constant. If one tries several possibilities, the only one not leading to 
incoherence is when C is a real negative constant, or 


С = -a (11.31) 


Here parameter а is a real number. Another possibility of arriving at this conclu- 
sion is to understand that the temperature in the rod might increase or decrease at 
given points in the bar but cannot grow or decrease indefinitely. In other words, 
no matter what the situation, the temperature profile in the bar should converge to 
steady state. Hence, the term or terms related to time should have a decreasing 
influence of the process, or an asymptotic approach to zero. Thus 


F(T) = Cy exp (— а?т) (11.32) 
The solution of Equation 11.24 regarding function G is 
G(£) = С» sin (a£) + Сз cos (a£) (11.33) 
The condition given by Equation 11.29 leads to 
G(£) = С sin (a£) (11.34) 
Again, Equation 11.34 can be written in a more generalized way as 


С) = > C sin (а) (11.35) 
j=l 
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Using Equations 11.32 and 11.35, it is possible to write Equation 11.23 as 
er.) = X` Сзехр(-а?т) sin (a£) (11.36) 
j=l 
There is one degree of freedom, which allows to impose 


2 
==) (11.37) 
р 


Неге р is the period to be determined. Consequently, Equation 11.36 becomes 


er) = У | Суехр(— а?т) sin (= it) (11.38) 


j=l 


The condition given by Equation 11.28 can be used to provide the following: 
> _ (27, 
1= У Gsin( =j (11.39) 
— р 
j=l 


According to Appendix G, Equation 11.39 can be seen as an odd half-range 
expansion of function “1,” which allows writing the following: 


p/2 
С; = = [sin (Ex) dx = ES [1 — cos (mj)| = ES [1- 7107] (11.40) 
P р т] Tj 


With this, Equation 11.38 becomes 
E EE em Be, Дл? , . (2m. 
er) = X }————ехр (- рт | зіп 2—2 (11.41) 
mj p p 


The only condition left to satisfy is Equation 11.30. Employing this, one gets 


у? diei эи jen (=) =0 (11.42) 


= Р р 





It should be noticed that for even values of j, the identity is already satisfied. For 
odd values of j, the above will be true if 


j (11.43) 
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FIGURE 11.4 Dimensionless temperature (¢) against dimensionless time (т) and position 
(5) in the heating bar (solution by separation of variables). 


or 
р=4 (11.44) 


Applying this to Equation 11.41, the final form for the dimensionless temperature 
would be 





Ј=1 


ed = 2 у = = DE exp| € | sin( it) (11.45) 


Figure 11.4 illustrates the profile of dimensionless temperature (given above) 
against dimensionless time (т) and space (Ф). 


11.2.2.1 Comments 


Despite the difference in the appearance of dimensionless temperature profiles in 
Figures 11.2 and 11.4, the results are equivalent. The reader may test it by 
verifying from Equations 11.6 and 11.27 that 


Ш(т,6) = 1 — ere) 
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Equation 11.22 or 11.45 can be applied to compute the rate of heat transfer to the 
bar or the total amount of heat transferred to the bar during a given period. For 
instance, the rate of heat transfer to the bar is given by 


ӘТ| АМТ — Ty) ðY 


О = Aq. = —AA = 
; Oz 1.0 L OL |o 


(11.46) 





Here A is the cross-sectional area of the bar. Of course, the rate would be a 
function of time, and often called as instantaneous rate of heat transfer. The total 
heat transferred to the bar from between any two instants (f, and t2) is given by 


h T2 
; Pe. 
œ= [o d= | Oar (11.47) 
Dr 
ti ТІ 


The details of these deductions аге left as an exercise. 

Finally, it is important to notice that the above solutions are applicable to the 
case of a plate with infinite length and width, as illustrated in Figure 11.5. The 
whole plate is initially at temperature Tẹ and suddenly one face is set at tempera- 
ture То while the other remains insulated. 

Owing to indefinite dimensions of the plate in all directions, except for its 
thickness (z), no variations of temperature in the x or y direction would occur. 
Therefore, the only two independent variables are t and z. In addition, assump- 
tions 1, 2, 3, and 4 also remain valid, except for replacing the word rod by body. 









Solid wide 
long wall 
or plate 
initially at Tp 


Tgatt» 0 Insulation 


— Zz 


! 


FIGURE 11.5 Indefinite insulated wall. 
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As seen, at least two methods could be applied to solve this problem. The method 
of similarity cannot be used because no coalescence between boundary conditions 
given by Equations 11.12 and 11.13, or even between the boundary conditions given 
by Equations 11.12 and 11.14, is possible. 


11.3 DRYING OF A SPHERICAL PARTICLE 


Drying is a very important branch of heat and mass transfer, with countless 
applications in several branches of industry. 

Actually, drying is a very complex subject [1—4]. The solution presented here 
is a first approximation to the problem and a more realistic solution is shown in 
the next chapter. 

Let us consider a wet, porous, spherical particle, as shown in Figure 11.6, 
initially with water concentration equal to рдо. 

At a given instant, the particle is exposed to relatively dry air which promotes 
its drying. The process involves several situations, as described below: 


* During the first stage, liquid water migrates to the surface. Consequently, 
the surface is kept wet and the water concentration (p,,) is practically at 
equilibrium with the layer of a mixture of air and water above it. Usually, 
it is assumed that the air layer is saturated with water vapor and the 
temperature of this layer is similar to that of the wet bulb. This is called 
"first period of drying." 

* After the completion of the first stage, the wet surface starts to recede 
toward the center leaving a layer of dry material. This is called the 
"second period of drying." This period can be modeled according to a 
similar procedure as shown in Chapter 6, or as an unreacted-core model 
[4]. Of course, except for some ionic interactions, the drying process 
involves no global chemical reaction. 


Relatively dry air 


Surface 
moisture = pas 


FIGURE 11.6 A wet porous sphere. 
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It is desired to obtain the water concentration profile inside the particle at any 
instant as well as the drying rate against time. 
The following are assumed here: 


1. Particle remains at the same temperature throughout the whole process. In 
other words, the particle is isothermal. This is possible for very small 
particles, or for conditions where Biot number remains below 0.1 (see 
Chapter 1). In addition, as drying involves a combination of heat and 
mass transfer, there will always be a temperature gradient inside the 
particle. In addition, other secondary effects—such as the Soret effect 
[5,6] describing the interference between mass and heat transfer—are 
neglected. This is possible if a low to moderate rate of mass transfer is 
assumed to allow thermal equilibrium to be restored, at least partially. 

2. Porosity of the particle is uniform and the apparent or effective diffu- 
sivity (Der) of water through the porous structure remains constant. The 
D, can be computed by semiempirical relations [4,7]. 

3. Drying process occurs during the first period. Therefore, a constant 
concentration pas is maintained at the particle surface. Mass transfer 
inside the particle would only occur if the water concentration at the 
surface is smaller than the initial concentration of water (рдо) inside the 
particle. It is also assumed that the concentration рд; is known and is a 
constant. A more realistic approach for this situation will be presented in 
Chapter 12. 

4. Overall velocity of fluid toward the particle surface is neglected. 


Considering the above, Equation A.42 can be simplified to 





вава (od) m 
The boundary conditions are given by 
pa.r) = рд, O<r<R (11.49) 
pAGC,R)— рду, t0 (11.50) 
“Pa EIE (11.51) 


The last condition is a consequence of symmetry. This characterizes a second- 
type boundary condition. 

Keeping in mind the discussed benefits drawn from the application of dimen- 
sionless variables, the following are proposed: 


Ф = РА Pao (11.52) 
Pas — Pao 
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=— 11. 
ё R (11.53) 
Dett 
у= (11.55) 


Notice that рд < рдо, Pao < Pas, and рд; < рд. In addition, the first period of 
drying stops and the second period starts when рл = pas at every position inside 
the particle. Therefore, during the first period or for the present case, р would 
remain between 0 and 1. 

In this way, the following can be written: 








Op, _ дф 

ор (PAs T PAY ae (11.56) 
Op, _ 1 дф 

Fe = as Ра) т Bp (11.57) 


Using the above, Equation 11.48 becomes 


дф 19 [дф 
ae z aL (х x) (11.58) 





Let us now set an additional change of variable given by 


y — £e (11.59) 
After this, it is possible to write 

дф 10 

Du ene pora 11. 

дт ёдт ш 
Op 1дф & 
заа НЫНЕ (11.61) 
Of 2 Ole 


Therefore, Equation 11.58 can be rewritten as 


oy д? 
a (11.62) 


The details are left as an exercise to the reader. 
Equation 11.62 is much simpler than Equation 11.48. 
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The boundary conditions given by Equations 11.49 and 11.50 become 


000,0) = 0, 0<f<1 (11.63) 
Ш(т,1) = 1, т> 0 (11.64) 


If Equation 11.51 is transformed to the new variables, an apparent impossibility to 
achieve a proper definition for the boundary condition occurs. On the other hand, 
as ¢ is finite at the center of the sphere (r= 0, or ¢ = 0), Equation 11.59 allows 
one to write 


(7,0) = 0, 7>0 (11.65) 


This condition replaces Equation 11.51. Although the present example departs 
from the intention of the present chapter, which is to deal with second-kind or 
-type boundary conditions, the present example is very important to situations 
dealing with spherical geometries. 


11.3.1 SOLUTION BY LAPLACE TRANSFORM 


As always, the transform can be applied at any independent variable (т ог 4). 
However, one should look at the boundary conditions before making a hasty 
decision, which could demand unnecessary work or lead to unsurpassable 
difficulties. 

Let the transform be defined by 


Ф(5,ё) = Lir) (11.66) 


Applying Equation 11.66 in Equation 11.62 and using the condition given by 
Equation 11.63, the following is obtained: 


2 
s® = T (11.67) 


As seen, this is à homogeneous, second-order ordinary differential equation. 
According to Appendix B, the solution is 


Ф = Asinh(ZV/s) + Bcosh(Z Vs) (11.68) 


The transforms of conditions given by Equations 11.64 and 11.65 are 


Ф( = 1) =* (11.69) 


&(¢ = 0) =0 (11.70) 
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FIGURE 11.7 Dimensionless concentration (yw) as a function of dimensionless time (т) 
and dimensionless radius (Z) of the drying sphere. 


Using Equations 11.64 and 11.65 in Equation 11.68 leads to 


sinh(£ vs) (11.71) 


— ssinh(,/s) 


The tables in Appendix D can be used to invert the above relation, and 








22 4e (Ty EXON 
Wr = 6+ = 5 Е ехр(—п2т2т) sin (na) (11.72) 


n=1 
This solution is illustrated in Figure 11.7. 


Using Equation 11.59, the above equation can be written as 


Ф(т,ќ) = 14 s ye ехр(—п?т?т) sin (пт) (11.73) 


тё {п 





This is represented in Figure 11.8. 

This verifies that all boundary conditions are satisfied. In particular, it should 
be noticed that the derivative of concentration (¢) tends to zero for positions 
approaching the center of the particle (Z = 0). 
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FIGURE 11.8 Dimensionless concentration (o) as a function of dimensionless time (т) 
and dimensionless radius (Z) of the drying sphere. 


The solution may also be written in terms of the variables: time and radius. 
Combining Equation 11.73 and the definitions given by Equations 11.52 through 
11.54, the following results: 





= 2R a (-1» tDe 
Pa — Pao _ 44 у ) exp( nar х) уп (пт) (11.74) 


Pas — Pao wre ” R 


Equation 11.74 shows, for instance, that increases in Deff of the porous matrix 
lead to an exponential decrease on the last term of the left-hand side, or a much 
faster drying rate. This can also be observed by Figure 11.3. First, one should 
remember that according to Equation 11.52 the particle is drier at positions where 
q is greater. This occurs near the particle surface (С = 1) or for longer periods 
(time or т). According to Equation 11.54, т is directly proportional to t and у, 
while Equation 11.55 imposes у proportional to Derr. Therefore, for the same real 
time (7), increases in diffusivity lead to increases in т. Hence, at any given position 
inside the particle, larger diffusivities lead to longer т and larger ф, or lower 
moistures. A similar conclusion can be drawn from Figure 11.7. 

The determination of Deg is very complex [4,7]. However, relatively simple 
models lead to good approximations. One of the first and still most used correlations 
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[7] proposes that the Deff of a gas through a solid is directly proportional to its 
porosity, or 


Рек = Оск? (11.75) 


Here Dg is the gas—gas diffusivity of gas. In the present case, it could be assumed 
as the diffusivity of steam in air. The parameter к is the porosity of the particle, or 
the ratio between the total volume occupied by internal pores and the volume of 
the particle. This parameter is obtained by standard laboratory procedures. 

It is also valuable to verify the condition at the center of the particle, or more 
specifically, the period taken for the drying process to start affecting the center. 
Let us exemplify this by using some numerical data related to the process. A 
typical value for porosity of biomass is 0.5. If we take the steam—air diffusivity as 
1x10? m? ae according to Equation 11.75 the Def would be around 
2.5 X 10$ m? s^!. For a 2 cm diameter particle, the parameter у would be 
around 6.25 X 107° s. From Figure 11.8, it is possible to see that the center of 
the particle is unaffected until 7 is around 0.025 or, from Equation 11.54, not 
before approximately 4 s. 

Equations 11.72 through 11.74 can be used to obtain important engineering 
functions, such as the drying rate of a particle during the first period. This rate is 
given by 


Op. 


Е = drying rate = Ap NA|, 4 = —ApDerr Э 
" 





r=R 
ApDett(Pas = Pao) OP 
R OC, 





(11.76) 


where Ap is the external area of the particle. 

It is important to remember that the drying rate varies with time. Therefore, 
the period to reach a certain average concentration of water inside the particle can 
also be computed from the above equations. 


11.4 HEATING A CYLINDER 


The solid cylinder, as represented in Figure 11.9, is at uniform temperature Те. At 
a given instant, its external surface is maintained at temperature T. It is desired to 
determine the temperature profile in the cylinder at any time as well as the rate of 
heat transfer to or from it. 

The assumed conditions are as follows: 


1. Length of the cylinder is much bigger than its radius. Therefore, end- 
effects are negligible and the temperature inside the cylinder is just a 
function of time and the radial coordinate. 
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Very long 
cylinder 
initially at To 


Surface kept at Т, 


FIGURE 11.9 Scheme to illustrate the problem of transient heating of a cylinder. 


2. No phase change is observed in the solid material and all properties of 
the cylinder material remain constant. Of course, depending on the 
gradients of temperature involved in the process, this might constitute 
a strong assumption. Hence, the solution achieved here is applicable for 
situations of small to moderate differences between То and Tj. 

3. No chemical reaction occurs in the cylinder material. 


Since no velocity field is present here and no internal energy generation is 
observed in the cylinder, Equation A.35 can be written as 


OT .10/( OT 
P6 2 (rar) (11.77) 





The following boundary conditions сап be set 


Т(0,) = Т, O<r<R (11.78) 
T(t,R) = Т, t>0 (11.79) 
Т 
Ет E, (11.80) 
дг г=0 


The last condition is due to symmetry. 
To facilitate the solution as well as keeping in mind the generalization of 
dimensionless variables, the following new variables are proposed: 


_T-Tp 
STi ty 





Ф (11.81) 
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З 
= _ 11.82 
4 R ( ) 

Рт À 
=t— =t 11.83 
R?  pOR? ( ) 


Of course, the above is just one possibility among several others. 
Using the above, Equation 11.77 becomes 


де 1де Oo 





= 11.84 
дт ёдё oc ( ) 
The boundary conditions are written as follows: 
q(0,47 = 0, 0<f<1 (11.85) 
Ф(т,1) = 1, т>0 (11.86) 
д 
СФ =0, т>0 (11.87) 
OC | 0 
11.4.1 SOLUTION By LAPLACE TRANSFORM 
Let the Laplace transform regarding variable 7 be described by 
V(s,0) = Li g(7.2)} (11.88) 


Applying Equation 11.88 to Equation 11.84 and using the condition given by 
Equation 11.89, it is possible to write 


2 
d IE (11.89) 


This second-order ordinary differential equation can be set as a standard Bessel 
modified equation with the following change of variable: 


у= буз (11.90) 
After some work, Equation 11.89 is written as 


er аф 
а ауре) 11.91 
dy? Te gy y ( ) 
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According to the explanation given in Appendix C, the general solution to the 
above equation is 


VY = Cib) + Co Ko) 


or 
V = Cio Vs) + CoKo(£ Vs) (11.92) 
The Laplace transforms of conditions using Equations 11.86 and 11.87 are 
1 
W(s,1) = — (11.93) 
5 
dv 
—| a0 (11.94) 
dé |o 


To apply the last condition, Equation 11.92 should be differentiated and one 
would obtain (Appendix C) 


Y 
Ge = Oh) vs e US) vs (11.95) 


As can be verified, С» should be equal to zero because the Bessel functions 
present the following properties (Appendix C): 


lim Ki) = oc (11.96) 
yo 


10) = 0 (11.97) 


Applying the above and the condition given by Equation 11.93 to Equation 11.95 
allows determining the constants. Then, Equation 11.92 becomes 


(fs) 
510(4/5) 


The inversion of the above transform сап be found in the tables of Appendix р. 
Therefore 


W(s,0) = 





(11.98) 











тёў=1—2 ехр(—Ь?т 11.99 
e.) к, p(—b;7) (11.99) 
or 
5 
= oo Jo b, — 
Tolo j У) | r) ew p? d ;) (11.100) 
Tı — То 4 Budi (On) pCyR 


In the above equations, the parameters b, (n = 1, 2,...) are the positive roots of 
Jo(b) = 0. 
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FIGURE 11.10 Dimensionless temperature (¢) as a function of dimensionless time (т) and 
radius (Z) for 7 until 0.4. 


Equation 11.99 is represented in Figure 11.10 for 7 having values up to 0.4 
and in Figure 11.11 for 7 having values up to 1.0. 


It is interesting to notice the following: 


1. Conditions given by Equations 11.85 and 11.86 are satisfied. 
2. By the tendency of lines of constant time (constant 7), Figures 11.10 and 
11.11 also indicate that the condition given by Equation 11.87 is satis- 


fied. However, this can be verified using Equation 11.99. Keeping in 
mind that (Appendix C) 


1o D (11.101) 


and that J,(0)— 0, it is possible to see from Equation 11.99 that the 


derivative of ф at ё = 0 would be equal to zero, therefore satisfying the 
condition given by Equation 11.87. 


3. Equations 11.99 and 11.100 show that increases in the thermal conduct- 
ivity of the cylinder contribute to the decrease of the terms inside the 
summation, consequently leading to a faster approaching of temperature 
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FIGURE 11.11 Dimensionless temperature (¢) as a function of dimensionless time (7) and 
radius (4) for 7 until 1.0. 


to the final value of Ту. Actually, the thermal diffusivity (see definition 
given at Equation 10.95) is among the most important characteristic 
parameters to be considered in analyses of conductive processes. 

4. It is also worthwhile to notice from Equation 11.83 that materials with 
lower density provide decreases in the thermal diffusivity and, therefore, 
constitute good insulators. 

5. Figures 11.10 and 11.11 show how sensitive the temperature is regard- 
ing time or its dimensionless form (7). For 7 near 0.4, the temperature at 
the center of the cylinder (¢ = 0) is progressing toward Т} (or v approach- 
ing 1). However, for т near 1, the temperature at the center reaches T; (or 
Ф = 1); therefore, the temperature throughout the cylinder is completely 
equalized. 


11.5 INSULATED ROD WITH PRESCRIBED INITIAL 
TEMPERATURE PROFILE 


Consider the insulated rod shown in Figure 11.12. 

Unlike the situation presented in Section 10.2, here the initial temperature 
profile is described by a known function f(z). In addition, it is imposed that for 
positions far from z — 0, the temperature is not affected. 
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Solid rod with 
temperature = f(z) fort >0 


Insulation 





| 2 — oo 


0 Temperature = T., and 
its derivative = 0 at 2 —> e» 
FIGURE 11.12 Insulated rod with prescribed initial temperature profile. 


All assumptions listed in Section 10.2 are still valid, and therefore, the 
governing differential Equation 10.2 is repeated 


OT T 
Ср = А 11.102 
Рр 5r 02 ( ) 
Nonetheless, the new boundary conditions are 

T(0,z) = f(z) z>0 (11.103) 

T(t,oo) = Т, t»0 (11.104) 

OT 
mE =0, t>0 (11.105) 
Oz 1900 


As seen, the last condition given by Equation 11.105 is a second-kind boundary 
condition. 
Before applying any method, assume the following change of variable: 





pote ss (11.106) 
= т; : 
Therefore, Equation 11.102 can be rewritten as 
900 ^0 
i es 2 11.107 
Ot "AZ ( ) 


where Dy is the thermal diffusivity and is defined by Equation 10.95. 
The boundary conditions given by Equations 11.103 through 11.105 become 


6(0,z) = o(z), z>0 (11.108) 
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Ө(,00) =0, t>0 (11.109) 
F< o !>% (11.110) 
Here 
Фо = L9 T (11.111) 


11.5.1 SOLUTION BY FOURIER TRANSFORM 


Similar to the procedure in cases of Laplace transform, the Fourier transformed 
variable should be chosen. Let it be z, therefore 


Е{0(1,2)} = O(s) (11.112) 
Appendix H describes several types of Fourier transforms, and with different 
levels of success, all of them might be applied to a given problem. Let us select 


the Fourier exponential transform and apply it to Equation 11.107. As variable t is 
not transformed, it is possible to write 


00) аө 
2rd -2 (11.113) 


The transform of second derivatives is given by Equation H.19. Hence 


2 
ze = —520(1,5) (11.114) 


With this, Equation 11.107 becomes 


ад 
— = -Dr 0 11.11 
КП TS ( 5) 


The solution to this simple separable differential equation is 
O(t,s) = C(s)exp (—Drs"t) (11.116) 
Note that C is a function of parameter s. 


The Fourier transform of the condition given by Equation 11.108 provides the 
following: 


(0,5) = F((2) = eG) (11.117) 
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Therefore 
O(t,s) = p(s) exp (—Drys?f) (11.118) 


One should notice that once the function f(z) is known, so is the function ¢(s). 
According to Equation H.13, the inversion of Equation 11.118 gives 


1 Т | 
8) = „— | еве ек ds (11.119) 


—00 


The important detail is that the above equation also satisfies the boundary 
condition given by Equation 11.110. Therefore, it is the solution. However, a 
more convenient form for computations can be written. 

According to Equation H.12, the Fourier transform of the original function is 


oo 


(s) = Jioc dw (11.120) 


—00 


Consequently, Equation 11.119 becomes 


bl T | 
0.2) = 5— [fon кш; dw (11.121) 


At this point the Euler formula, given by Equation 11.122, is useful 
exp|i(sz — sw)| = cos (sz — sw) + isin (sz — sw) (11.122) 


Since the imaginary part includes an odd function, the above integral is equated to 
Zero. As the value of the integral from —oo to +оо of an even function is twice 
the value of the same integral from 0 to oo, the final form of the solution is 


fow |р" cos (sz — sw)ds | dw (11.123) 
0 


—00 


0(t,z) = 


= 


As a simple example, let f(z) be a constant, or 


РО = Т» + Toe” (11.124) 
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To be coherent with the physical situation, b is a positive real constant with units 
of 1/length. Therefore, from Equation 11.111 


ф(х) = ate (11.125) 


This satisfies the conditions given by Equations 11.109 and 11.110. 
Using the general solution given by Equation 11.123, one obtains 


oo 


T оо 
бб) = =- | ew [eos cos (sz — sw)ds | dw (11.126) 
—oo 0 


The inner integral is given by 


| e Pr! cos (sz — sw)ds = 2) s exp| ss | (11.127) 
0 


Applying Equation 11.127 to Equation 11.126, the following can be found: 


(5 = _—°-\/ W exp|— d 11.128 
(52) = от ү abi |е exp| 4ртї |” ( ) 











Using a new variable, у= z — w, the following can be written: 


To be r T y? 
tz) = gp. by = —— d 
(e,z) 2T. X T Dit ales 4рті У 


Toet 
= тте * exp(b^ Dit) (11.129) 


oo 


Figure 11.13 illustrates the above result when the following data are used: 
To = 600 K, T, = 300 K, b=0.1 m^, and Dr = 4.0 X 107° m? s^'. This thermal 
diffusivity is typical to that of steels. 

Figure 11.14 shows the profile when just the diffusivity is changed to 
7.4 X 1077 m? s^! (which is the case of bakelite). 

Figures 11.13 and 11.14 show that: 


* Boundary conditions given by Equations 11.109 and 11.110 are satis- 
fied. In other words, the temperature tends to decline asymptotically with 
the distance from position z = 0. 
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FIGURE 11.13 Dimensionless temperature (0) profile as a function of time (f) and position 
(с) for the case when Ty = 600 К, Т = 300 K, b=0.1 m |, and Dj 2 4.0 X 10 m? s |. 
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FIGURE 11.14 Dimensionless temperature (0) profile as a function of time (f) and position 
(z) for the case when Ty = 600 К, 7,, = 300 K, b=0.1 m |, and Dj 274 X 10^ n? s 1. 


326 Analytical and Approximate Methods in Transport Phenomena 


* Exponential decline, imposed by Equation 11.124 or 11.125, can be 
followed at instant t = 0. The same curve is obtained, irrespective of the 
type of bar material. 

* Temperature tends to increase at each point of the bar against time. To 
understand this, one may deduce the heat flux to the bar at z = 0. With 
the help of Equation 11.129, it is given by 











ӘТ 00 
197 А = -AT x 
leno дї |o да 
= bATo exp(D^ Drt) (11.130) 


As seen, the flux increases with time as well as for larger thermal conductiv- 
ities. Higher values of thermal flux lead to larger increases of the bar temperature 
against time. 


11.6 PLATE-AND-CONE VISCOMETER 


A more rigorous solution to the problem presented in Section 1.11 is shown here 
because it does not need to assume the linear dependence of angular velocity 
regarding the radial coordinate. 

Following the same assumptions made in Section 11.1, the continuity (Equation 
A.3) provides 


Ove 
-=Q 11.131 
дф ( ) 
Now, instead of working with shear stresses, the momentum equation for New- 
tonian fluid with constant viscosity and density (Equation A.21) can be readily 
simplified to give 


д 2 Ve 1 д д 7 Уф u 
дг E 55) 4 as sno) oo" wee) 





Hence, two boundary conditions should be set regarding the radial coordinate and 
two for the angular coordinate. From the imposed circumstances, the boundary 
conditions are 


dT 
(^3) =0, 0<r<R (11.133) 


vg(r,01) =rQsind;, O<r<R (11.134) 
vq (0,0) =0, 01«0 < (04 + 09) (11.135) 
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Just one more condition regarding the radial coordinate should be found. At this 
point, it is assumed that the shear stress between the fluid at the edge of the 
meniscus and the surrounding air is negligible. This is very reasonable and close 
to reality, leading to a very precise solution. Since v, is zero, from Equation A.21a 
the following can be written: 


(8) 


11.6.1 SOLUTION BY THE METHOD OF VARIABLES SEPARATION 


=0, 6; <0 < (01 +4) (11.136) 


r=R 





According to Appendix G, it is assumed that it is possible to write 
vg = F(r)G(0) (11.137) 


Applying the above into Equation 11.132, the following two ordinary differential 
equations are obtained: 








1 d / dF 
ums | 11.1 
F dr (+ x) 2 ( 29 
and 
1 1 d /dG G 
i = 11.1 
=| sind dð (е Ne e) T ; 5 ee 
where C is a constant. 
Equation 11.138 can be written as 
EE. оү = (11.140) 
r- + 2r—— = У 
dr? dr 


This is a Cauchy equation, and according to Appendix B, with a solution 
F(r) = Cyr"! + Cpr? (11.141) 
where 


-1 — V1 +4C 


Атас 
2 2 


m = nd m = (11.142a,b) 
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As seen, there are several possibilities for constant C: 


І. A negative value would lead to imaginary solutions m, and m». Of 
course, our physical problem requires real solutions. 

2. A zero value would frustrate the compatibility of solution for F(r) with 
solution for G(0). The reader is invited to try such a possibility and 
verify its impossibility. 

3. A positive value would lead to a positive m, and a negative т». 


Consequently, the last possibility is the only viable alternative. The form of 
solution given by Equation 11.141, combined with the fact that velocity is always 
finite, provides the conclusion that C; = 0. Therefore, the solution for F(r) is 

F(r) = Cr" (11.143) 
On the other hand, the boundary condition given by Equation 11.135 leads to 


F(0) =0 (11.144) 


This is satisfied for any constant С. 
The condition given by Equation 11.136 is now applied to give 


Cim; — DR"? = 0 (11.145) 

Of course, C, cannot be equal to zero; otherwise, a trivial solution would be 

reached. The only possibility is mı = 1, which would lead to C= 2. With this, the 

solution for F becomes 

F(r) = Cir (11.146) 

As seen, the educated guess of linear dependence of v, on the radius is correct. 

The differential equation (Equation 11.139) can be solved by applying the 
following change of variable: 


n = cos 0 (11.147) 


With the value of C determined, it is possible to write 





ФС dG 1 
1- 2 2 G=0 11.148 
( Uy n+ ( —) ( ) 


According to the discussion in Appendix C, the above is a Legendre differential 
equation, with the following general solution: 


G(n) = CsPl() + СаО! (т) (11.149) 
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Pi(m) and Ql(q) are the associated Legendre functions of the first and second 
kinds. 

The boundary condition given by Equation 11.133 applied to Equation 
11.137 provides 


G(0) — 0 (11.150) 
Since 
Р!(0) = 1 and Q}(0) = 0 (11.151a,b) 


the condition would be satisfied if Сз = 0, for any constant Сд. 
Finally, the general solution for the velocity is 


vg = CerQi(cos 0) (11.152) 


The remaining condition that has not been applied is Equation 11.134. Using this 
equation in the above provides the following: 


Qi(cos Ө) 


T CONT (11.153) 


vg = Qr sin 6, 


Similarly as in Section 1.11, the following modifications of variables are proposed 
to put the above result in a dimensionless form: 


Vo 
EC M 11.154 
RO sin 6, ( 54) 
= (11.155) 
=: | 


After this, Equation 11.153 becomes 


Qi (cos Ө) 


= Оов» 01) 


(11.156) 


Figure 11.15 shows the velocity profiles for the case where 69 = 1/10. It should 
be noticed despite the similarity with Figure 1.20. However, the present approach 
is more precise and rigorous. 


11.7 HEATING A RECTANGULAR PLATE 


The problem of steady-state heating of a plate is illustrated in Figure 11.16. 

The solid is indefinite in the z direction and two side faces of it are kept at 
known temperature То, while the remaining two receive constant flux of energy 
by heat transfers. To take advantage of the geometric similarity, the origins of 


330 Analytical and Approximate Methods in Transport Phenomena 





FIGURE 11.15 Dimensionless velocity (Y) profile as a function of dimensionless radial (Z) 
and angle (0) in the case of 6) = 7/10. 


Constant heat 
transfer flux 





Constant heat 
transfer flux 


FIGURE 11.16 Scheme of the plate with constant temperature at two faces and receiving 
constant heat fluxes at the other two. 
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coordinates have been chosen at the center of the plate. Consequently, the 
derivatives of temperatures at х = 0 and у = 0 would be equal to zero. 

Itis desired to obtain the temperature profile throughout the plate. For this, the 
following are assumed: 


1. Plate material is solid and, within the range of temperatures observed 
here, there is no phase change. Therefore, no velocity field in the plate is 
present. 

2. There is no variation of temperature on the orthogonal coordinate (z) in 
the x-y plane. This condition is possible if the body is indefinite at that 
direction or if the plate is perfectly isolated in both main surfaces. 

3. Despite variations of temperature, the plate material, its density, and its 
thermal conductivity remain approximately constant. 

4. No chemical reactions or any other energy source term are involved. 

5. Heat fluxes at the superior and inferior faces are equal and constant. 


From the above assumptions, the energy balance shown by Equation A.31 (or 
Equation A.34) can be simplified to 





PT OF 
mot aap ЕЕ 11.157 
Ox? Ei Oy? ( ) 
The boundary conditions are as follows: 
T0,y)=T), —b<y<b (11.158) 
T(ay) = To, —b<y<b (11.159) 
OT 
| =0, 0<х<а (11.160) 
ду |, 
OT 
-A—| =q, 0<x<a (11.161) 
OY |y= 





Here q is a constant. 

Of course, a similar condition given by Equation 11.161 could be written for 
у= —b. However, this has been replaced by Equation 11.160, which was derived 
by symmetry. The convenience of this will become clear ahead. 

The dimensionless variables are as follows: 


_T-T 


Ө= —]- (11.162) 
х=* (11.163) 
а 
у 
E.» 11.164 
é b (11.164) 
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Applying Equations 11.162 through 11.164 for the simpler case where а = Ё, 
Equation 11.157 is written as 


90 Ө 
p p = 11.165 
Oy + og ( ) 
The boundary conditions become 
000,4) = 0, —1«é«l (11.166) 
001,4) 20, —1«£«1 (11.167) 
д0 
=| =0, 0<0<1 (11.168) 
дЕ A 
д0 
=| = -Н, 0<x<l (11.169) 
дё |, $ 
Here 
qb 
——— 11.170 
АТ, ( ) 


Thus we obtain the first- and second-kind boundary conditions. 


11.7.1 SOLUTION BY SEPARATION OF VARIABLES 


As introduced in Appendix G, this technique is based on the assumption that the 
following is allowed: 


OXE) = FOGE (11.171) 


Of course, this cannot be guaranteed beforehand and only trial would tell. 
Employing the above, Equation 11.165 provides 


Fo) 0) 
ғ) G® 








(11.172) 


The equality between groups involving a function of independent variables forces 
each side of the equation to be equal to a constant C. Consequently, two ordinary 
differential equations are generated. One of them is 


F'(y) — CF(y) = 0 (11.173) 
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The general solution for such an equation presents the following possibilities: 


1. If C is positive, or equal to уг (where у is a real parameter), according to 
Appendix B, the solution is 


FO) = Се ™ + Ce (11.174) 


However, from Equation 11.171 and conditions given by Equations 
11.166 and 11.167, this alternative forces 


F(0) =0 and F(1) = 0 (11.175a,b) 
Using these two conditions, Equations 11.174 would be satisfied only if 
C; = C5 = 0, i.e., the trivial solution for F(y) and, consequently, to 0 as 
well. Therefore, this is not an acceptable choice. 
2. If C is equal to zero, the solution would be 
F(X) = Cix + С (11.176) 
After the application of boundary conditions, the trivial solution is 
forced again. 
3. If C is negative or equal to —y* (where у is a real parameter), the 
solution would be 


F(x) = С, sin (yx) + С» cos (ух) (11.177) 


Applying the condition given by Equation 11.166 leads to С — 0 and the 
condition given by Equation 11.167 leads to the solution 


0 = С sin (y) (11.178) 


If y 2 nm (п = 0, 1, 2,...), Cı might be different from zero, therefore avoiding the 
trivial solution. The generalization of this solution is 


Fi) = С» sin (nmy) (11.179) 


The index n is used here to emphasize the multiple determinations of the solution. 
Since 


С = –ү = -nm (11.180) 
it is possible to obtain the solution for function С from Equation 11.172 as 


G, (E) = Ane”™ + Bye" (11.181) 
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Applying the condition given by Equation 11.168 leads to G'(0) = 0. Hence, the 
above equation becomes 


A, — B, (11.182) 
With all these, Equation 11.181 can be written as 
G,(£) = Аў cosh (птё) (11.183) 


Condition given by Equation 11.169 is not useful at this time to determine any 
constant. 

Combining Equations 11.171, 11.179, and 11.183 the general solution 
becomes 


Oé) = у К, sin (nm) cosh (птё) (11.184) 


п=1 


Applying the condition given by Equation 11.169, one can write 


1 = ук, sin (ntry) sinh (илт) (11.185) 


п=1 


According to ће equations given in Appendix G, the above can Бе seen as an odd 
half expansion of function 1. Thus 





4H ^t 
п = — | sin (nmx)dx 
pna sinh (пт) 
4H 
= [1 cos (7), esso d. (11.186) 
(nT) p sinh (n) 2 


Since the range of values for x and é is between 0 and 1, period p = 2 should be 
set. Therefore 


2H 


^ — (nm) sinh (mm) 





[1 0—1)", 2212,3,... (11.187) 


605 = o] ES 1)" sin (ит) cosh (итё) 


n-l 





sinh (ит) oe) 


This solution is represented in Figure 11.17 for H equal to 1.0. 


Problems 222; Two Variables, 2nd Order, 2nd Kind Boundary Condition 335 





0 
mn mcn. 
4e-001 (— 
| мү, 
| T 
3.e—001 | r | 
| | 4.e—001 
2.e—001 | | 
| | 8.e- 001 
1.e-001-| | 
| E | 2.е—001 
0.80 | 
0.60 | T 
| 
p 0.e+000 
0.21 0e: 
0.00 Qui 2; 


0.00 


FIGURE 11.17 Dimensionless temperature (0) profile in the plate as a function of dimen- 
sionless coordinates (x and £). 


From the above it is interesting to notice that 


* According to Equations 11.170 and 11.188, it is clear that temperatures 
at any point of the plate are proportional to the heat flux. They are also 
inversely proportional to the thermal conductivity (A) of the plate mater- 
ial. This is easy to understand because higher conductivity would dissi- 
pate heat through the plate, and the temperature at the heated faces 
would not reach values as high as for cases of lower conductivities. 
Constant heat fluxes force the temperatures at the faces receiving them to 
increase. Therefore, the temperatures at face y — b (or £— 1) are larger 
than the rest of the plate. Of course, in practice there is a limit for the 
temperature because the assumptions 1 and 3 made must hold. 


EXERCISES 


1. Verify that the change in the definition of dimensionless temperature from 
Equations 11.6 through 11.27 would lead to the same differential equation as 
in Equation 11.11. In addition, show that by doing so the conditions given by 
Equations 11.12 and 11.13 would be replaced by the conditions given 
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10. 
11. 
12. 
13. 
14. 
15. 


16. 


by Equations 11.28 and 11.29. Show why the condition given by Equation 
11.14 would remain similar to Equation 11.30. 


. Use Equations 11.22, 11.46, and 11.47 to compute the instantaneous rate of 


heat transfer to the bar as well as the amount of heat transferred to the bar 
between two given instants. 


. Repeat the problem presented in Section 11.2 for the case when, instead of a 


given temperature at z=0, the heat flux at that position is given and is 
constant. 


. Show that Equation 11.74 satisfies boundary conditions given by Equations 


11.49 through 11.51. 


. Determine the equation for the drying rate of a particle by developing 


Equation 11.76. Use Equation 11.74 or any previous forms given by Equa- 
tions 11.72 and 11.73. 


. Integrate the drying rate obtained in the previous problem from t= 0 until a 


given instant fs, in order to determine the total mass of water evaporated from 
the particle during that period. 


. Repeat the problem presented in Section 11.3 by replacing the sphere for a 


very long cylinder, or at least a cylinder with length much larger than its 
diameter. 


. From Equations 11.77 through 11.83, deduce Equations 11.84 and condi- 


tions given by Equations 11.85 through 11.87. 


. Using Equation 11.99 or 11.100, obtain an expression for the rate of heat 


transfer at the cylinder surface. Plot a graph for that rate against time. 
Solve a similar situation as posed at Section 11.4 for the case of a sphere. 
Solve the problem presented in Section 11.5 using Laplace transform. 
Solve the differential equation (Equation 11.148) by any variation of method 
of weighted residuals (MWR). Find, at least the first approximation. 

In the previous problem, find the second approximation for function G. 
Use the last solution of function G combined with the solution for function F 
(Equation 11.146) into Equation 11.137. Verify if the solution satisfies the 
boundary conditions given by Equations 11.133 through 11.136. 

Repeat problem 21 in chapter 10 assuming that a layer of impermeable rock 
is found at position or depth z= L. 

Try to apply the possibility of C=O at Equation 11.140 and verify the 
consequences in obtaining compatible solutions for Equation 11.139 that 
could be used at Equation 11.137 to solve the boundary value problem posed 
at Section 11.6. 
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1 2 Problems 223; 
Two Variables, 
2nd Order, 3rd Kind 
Boundary Condition 


12.1 INTRODUCTION 


This chapter presents methods to solve problems with two independent variables 
involving second-order differential equations and third-kind boundary conditions. 
Therefore, partial differential equations are involved. Mathematically, this class of 
cases can be summarized as f | ¢,@ 1,2, бы? А t ; 20 , third-kind boundary 
condition. 

Again, most of the solutions presented here for mass transfer can be used for 
cases of heat transfer, and vice versa. 

For several situations, the problems presented here are improvements to those 
presented in Chapters 11 and 12. Third-kind boundary conditions are more 
realistic descriptions for heat and mass transfers between solids and fluids. 





12.2 CONVECTIVE HEATING OF AN INSULATED ROD 
OR SEMI-INFINITE BODY 


This is a classical problem illustrated in Figure 12.1. Unlike the situation pre- 
sented in Section 11.2, now the rod extremities exchange heat by convection with 
the environment, which is at temperature T;. The initial temperature of the rod is Т. 

The solutions achieved here can be equally applied to the problem of a semi- 
infinite body or plate or wall, as illustrated in Figure 12.2. The whole wall is 
initially at temperature T, and suddenly both faces are exposed to a fluid at 
temperature Т. 

This situation is very common in industrial applications during thermal 
treatments of plates. 

To take advantage of the symmetry, the origin of the space coordinate is 
chosen to be at the middle of the bar. 
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Environment at Ta 


Heat transfer Solid rod . Heat transfer 
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by convection by convection 





FIGURE 12.1 Insulated cylindrical rod exchanging heat by convection at both end faces. 


To clearly pose the problem, let us list the assumptions: 


Material of the solid body has uniform composition. 

. Thermal conductivity and density of the solid remain constant. Again, an 

approximation is valid for small-to-moderate temperature gradients 

within the body. 

No phase change of the solid material of the rod is observed. 

4. Insulation around the rod is perfect, i.e., no heat transfer is observed at 
surfaces covered with insulation material. 

5. Temperature of the fluid (Ta), at positions far from the body surface, 
remains constant. 

6. Convective heat transfer coefficient (о) between fluid and rod or plate 

surfaces is constant and equal at each heat exchanging side. As the 


Кә А 


o» 
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by convection or plate by convection 
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at T, at Ta 
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i 


FIGURE 12.2 Semi-infinite flat plate exchanging heat by convection at both faces. 
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temperatures of the surfaces change, the physical properties of the fluid 
layer near them change. Since convective heat transfer coefficients 
depend on the properties of the fluid, such as density, viscosity, specific 
heat, etc., the present simplification is also valid if the variations of 
surface temperatures are not too high. 

7. АП heat transfer is assumed to take place by convection. This situation is 
valid as long as the radiative transfer is negligible. Such an assumption is 
reasonable for relatively small differences of temperatures between 
surfaces and environment. 


Following the same arguments made in Sections 10.2 and 11.2, it is possible 
to arrive at 





OT | OT 
— =r 12.1 
PO ay дг wou) 
Nevertheless, in the present case the boundary conditions are 
T(0,z) = Te, -L<z<L (12.2) 
T 
yee =alT(t,.L)—T,], t>0 (12.3) 
Of y 
T 
zi = «|Т, – T(t,- L), t>0 (12.4) 
Oz z--L 





Of course, a symmetric temperature profile would develop and the last boundary 
condition can be replaced by 


OT 


——| =0, t>0 12.5 
Oz 4 ( ) 


z=0 





Similar to the procedure used earlier, let us change variables to work with 
dimensionless variables or 


T-T, 
p= тт, (12.6) 

"A 
Et 12.7 
ё L (12.7) 
dc Prad (12.8) 





zw = 
POL E- f 


The variable 7 is also known as Fourier number. 
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After the transformations, it is possible to arrive at 





ду OW 
pastes cr ica 12. 
дт Ol (29 
The boundary conditions are now written as 
(0 = 1,-1<4<1 (12.10) 
ee = -М№і(т,1), т> 0 (12.11) 
ok |z 
28 =0, т> 0 (12.12) 
OC | 0 
Here 
aL 
№; = —— (12.12а) 
A 
12.2.1 SOLUTION Bv LAPLACE TRANSFORM 
Let us apply the following Laplace transform: 
Vs) = Мт.) } (12.13) 


Using the condition given by Equation 12.10 the transform of Equation 12.9 is 


dp 


ATE 


(12.14) 


This is a linear, second-order, nonhomogeneous ordinary differential equation 
and according to Appendix B, its general solution is 


W = C; sinh (ү) + С» cosh (£/) + (12.15) 


The transform of conditions given by Equations 12.11 and 12.12 are 


av 
& |; 


dV 
—| 20 (12.17) 
dis 


= —Npi¥(s,1) (12.16) 
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Applying Equation 12.17 to Equation 12.15, one would conclude that C, — 0. 
Applying Equation 12.16 leads to 


1 №; 














С = 12.18 
* з V/ssinh (\/s) + Ngi cosh (4/5) 19 
Using Equation 12.18, Equation 12.15 is written as 
1 1 Np; cosh 
P= = Marcos 9) (12.19) 
ss \/ssinh (4/5) + Ng; cosh (4/5) 
The inverse of the last term can be found in Table D.4 , or 
1 Nsi cosh (4/5) 
s s/s sinh (4/5) + Ng; cosh (4/5) 
2 sin b; 
=i j | (-5 ) 122 
— bj + sin bj cos bj cos(b) Аа (220 
j=l 
Here, parameters b; are the roots to the following equation: 
b; tan bj = Мв (12.21) 


Finally, it is possible to write 


(т) = Y NC Жж ехр(—Ьўт) (12.22) 


= bj + sin bj cos bj 


Figures 12.3 through 12.5 represent the above equation for cases of Ng; = 0.1, 1.0, 
and 10, respectively. 
The following can be noticed from these figures: 


* [tis easy to verify, from either Equation 12.22 or the above figures, that 
the condition given by Equation 12.12 is satisfied. Of course, a similar 
profile would develop for the other side of the rod or plate. Hence, the 
solutions arrived here can be used for cases where the rod or plate is 
insulated at z — 0 and exchanges heat by convection on the exposed face 
to the environment or fluid. 

e At the surfaces in contact with the fluid (Z = 1 or 2 —1) the boundary 
condition given by Equation 12.11 forces the profile to present a nega- 
tive derivative. Its absolute value would increase with the Biot number. 
This can be seen by comparing Figures 12.3 and 12.4. 

* Effect of thermal conductivity of the rod or plate material can be 
observed by considering a given instant (f) According to Equation 
12.8, larger values of A would lead to larger values of dimensionless 


344 


Analytical and Approximate Methods in Transport Phenomena 





2.00 1.00 


FIGURE 12.3 Dimensionless temperature (i) in an insulated rod or semi-infinite plate 
against dimensionless space (4) and time (т) for Ng; = 0.1. 
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FIGURE 12.4 Dimensionless temperature (7) in an insulated rod or semi-infinite plate 
against dimensionless space (Z) and time (т) for Ng; = 1. 
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FIGURE 12.5 Dimensionless temperature (i) in an insulated rod or semi-infinite plate 
against dimensionless space (Z) and time (т) for Ng; = 10. 


time (т), and therefore smaller values of dimensionless temperature (y) 
can be observed at the above figures. In other words, larger conductivities 
would force the temperature in the body to approach T, at a faster rate. 

* Of course, the contrary effect would be observed for thicker plates or 


longer rods (L). 


12.3 DRYING OF A SPHERICAL PARTICLE 


Similar to the situation described in Section 11.3, consider a spherical particle as 
shown in Figure 12.6. 

The drying phases are described in Section 11.3. However now, the concen- 
tration of water at the particle surface is not known. Instead, this concentration is 
dictated by the rate of mass transfer between the sphere and the surrounding 
environment. Let us again determine the concentration of water inside the par- 
ticle, which would provide conditions to compute the drying rate. 

To clearly state the problem, the assumptions are listed as follows (justifica- 
tions and clarifications of repeated assumptions are found in Section 11.3): 


1. Isothermal particle. 
2. Uniform porous particle with an apparent or effective constant diffusivity 


(Dert) of water through the porous structure [1,2]. 
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Air moisture = рд 


Convective-controlled 
mass transfer 
occurs at the 

surface 


FIGURE 12.6 A wet porous sphere. 


3. No particular or constant concentration is assumed at the particle surface. 
Instead, the concentration there is dictated by the rate of mass transfer 
between the surface and the environment. This is a more realistic 
situation than the one posed in Chapter 11. 

4. Water concentration in the environment (air or atmosphere) is constant 
and is denoted here by pax. 

5. Mass transfer coefficient (8) between particle surface and environment 
is assumed constant. Usually, this coefficient is a function of tempera- 
ture, pressure, and local concentration conditions. As the concentration 
changes, a variation may be expected for this coefficient. However, the 
variations are relatively small and the coefficient is assumed constant. 
Empirical and semiempirical correlations for mass transfer coefficients 
are available throughout the published literature [3—6]. 

6. Overall velocity of fluid toward the particle surface is neglected. 


Likewise in Section 11.3, it is possible to simplify Equation A.42 to 


Op. _ 1 д ( 50pa 
Өг = Dert 2 3; ( 8r (12.23) 





On the other hand, the boundary conditions for the present problem are 





pa(0,r) = Pao> O<r<R (12.24) 
д 
-Da A = Blpa(tR) – pax]. t>0 (12.25) 
r r=R 
Pa) _ 0, t>0 (12.26) 
дг r=0 
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One should notice that the only change from the problem presented in Section 11.3 
is at the second boundary condition, which is a third-kind boundary condition. 
Again, the same procedure as shown in Section 11.3 is used to reach at 





Oy Py 
иша 12.27 
Or ol ( ) 
Here 
p= ф (12.28) 
o = L Pao (12.29) 
Одоо — Pao 
r 
Жа: (12.30) 
D, 
у= з (12.32) 


Notice that the present definition of dimensionless variable ф by Equation 12.29 
differs from that set by Equation 11.52. 
The boundary condition given by Equation 12.24 becomes 


(04) —0, 0<ё<1 (12.33) 
The condition given in Equation 12.25 is rewritten as 


дф 


EST. = —wy(r,l)Ns = 1) + Na, т> 0 (12.34) 
tl. 


Here the Sherwood number is given by 


Ng, = L— (12.344) 
Sh Dis 


An apparent impossibility during the transformation of the boundary condition 
given by Equation 12.26 would occur. Instead, looking at Equation 12.28, and 
since g always acquires a finite value at sphere center (r=0 or = 0), it is 
possible to write 


(7,0) =0, 750 (12.35) 


Therefore, the above equation can replace the condition given by Equation 12.26, 
which avoids the indetermination problem. 
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12.3.1 SOLUTION Bv LAPLACE TRANSFORM 
Because of the reasoning described in Section 11.3.1 let the transform be 


Ф(5,ё) = Lir) (12.36) 


Applying the above equation in Equation 12.27 and using the condition given by 
Equation 12.33, the following can be obtained: 


ФФ 


; a s® (12.37) 


According to Appendix B, the general solution for this heterogeneous second- 
order linear differential equation is 


Ф = C, sinh (V/s) + C» cosh(ZV/s) (12.38) 
The conditions given by Equations 12.34 and 12.35 allow writing 


аф 


A£| = –Ф(5,1)(№ь — 1) A (12.39) 
dé | py 5 


Ф(5,0) = 0 (12.40) 


After applying the above equations, Equation 12.38 becomes 











1 Nsn sinh 
Ф sh sinh (V/s) (12.41) 
s s/s cosh (4/5) + (Nsh — 1) sinh (4/5) 
Using Table D.4 the inverted function is 
29 sin b; — b; cos b; sin (bj£) 
=¿-2 j — j COS b; ЫП D; ( p ) 12.42 
Wer) = 6 х Барсов b, PUT ( ) 
jal I j j j 
Alternatively, from Equation 12.28, the result can be written as 
2 sin b; — b; cos b; sin (Рё) 
EY O (т) 12.43 
er.) 7 2. Барса bo СРС (12.43) 
Here b; are the roots of 
N = 1 — bjcotbj (12.432) 


Equation 12.43 is represented in Figures 12.7 and 12.8 for the cases when Nsp = 4 
and Ns, = 100, respectively. 
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FIGURE 12.7 Dimensionless concentration (q) of moisture inside a spherical particle as a 
function of dimensionless radius (¢) and dimensionless time (т) for the case of Nsp = 4. 





FIGURE 12.8 Dimensionless concentration (q) of moisture inside a spherical particle as a 
function of dimensionless radius (Z) and dimensionless time (т) for the case of Nsn = 100. 
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From the above figures, it is possible to notice the following: 


* Equivalent on the dimensionless variables of boundary conditions given 
by Equations 12.24 and 12.26 are satisfied. For instance, one may verify 
that derivatives of moisture concentration at particle center are zero, as 
required by Equation 12.26. 

* Although a bit more difficult to visualize, the boundary condition given 
by Equation 12.25 is also satisfied. This can be shown by Equation 
12.43. An indication from the above figures is possible by observing the 
plane at ¢ = 1. There the derivatives of concentrations are always posi- 
tive, indicating mass transfer from the particle to the surroundings. 

* From the above two figures, it is possible to visualize that at any given 
position (r ог 4) inside the particle, the period of unaffected concentra- 
tion is smaller for larger Sherwood numbers. 

* [ncreases in the Sherwood number should provide higher drying rates. 
For instance, for dimensionless time (7) equal to 0.2, the dimensionless 
concentration (¢) at the center (¢ = 0) approaches 1 for higher Sherwood 
numbers. One should remember that the moisture in the particle would 
tend to the value at environment (рд), therefore фр should tend to 1. 

e [t can be observed that the concentration of water at the particle surface 
(д = 1) is a function of time. The value starts at ф = 0 (or pao) and tends 
toward ф = 1 (or рдо), which of course would be the situation where the 
particle would be completely dried. Of course, higher mass transfers (or 
Nsn) would lead to a faster approach to the dry condition. 


12.3.2 SOLUTION Bv SEPARATION OF VARIABLES 


It is possible to show that, in the present case, it is more convenient using the 
following definition for the dimensionless concentration: 


Qo BR Pan (12.44) 
Pao — PAoo 


The equivalent to the new variable y (as given by Equation 12.28) would be 
called 0, and 


0 = fh (12.45) 
With this, Equation 12.23 becomes 


00 0 


r ap (12.46) 
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The boundary conditions given by Equations 12.24 through 12.26 would be 
written as 


00,2) =f, 0<4<1 (12.47) 

дө 
E: kn Ө(т,)[1— №], 720 (12.48) 
0(.0 = 0, 720 (12.49) 


To apply the principle of the method of variable separation, one should write 
6(7.£) = FOGY) (12.50) 
Substituting Equation 12.50 in Equation 12.46 leads to 


dF/dr d'G/a _ а 








Fay Об (12.51) 
Неге С is a constant. 
The first differential equation is given by 
dF/dr 
21 7 = (12.52) 
Its solution is 
F(t) = Сехр (Ст) (12.53) 


However, the condition given by Equation 12.47 cannot be used to determine 
constants C and Су. On the other hand, the general solution of an ordinary 
differential equation on variable G depends on whether C is a positive or a 
negative constant. For this, let us examine the situations regarding concentrations 
in the sphere and environment. 

Since the concentration of water tends to pao, Ф and y should decrease with 
time. Therefore, the solution given by Equation 12.53 would require C to be a 
negative constant. Let us force this by writing 


C = -a (12.54) 
Here parameter a is a real constant. Therefore 


F(T) = Ci exp (—a’7) (12.55) 
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From the above, the solution of Equation 12.51 regarding function G is 
G(£) = С sin (a£) + Сз cos (a£) (12.56) 


Equation 12.50 combined with the condition given by Equation 12.49 would 
require 


G(0) — 0 (12.57) 
Consequently, Equation 12.56 becomes 
G(£) = С, sin (a£) (12.58) 


In a more generalized way, this solution can be written as 
С(2) = У C; sin (aj£) (12.59) 
j=l 
From Equation 12.50, it now possible to write 
(7,2) = У Cj exp (-а?т) sin (aj£) (12.60) 
j=l 


Without any loss of generality, it is possible to write 


aj = —j (12.61) 
p 


Here p is the period to be determined. With this, Equation 12.60 becomes 
> 2m M 20 
(r4) = У Gjexp|- (= i) т sin (= it) (12.62) 
= р р 
Now, condition given by Equation 12.47 can be used to provide 
РИ Le 
f= Xo C;sin( —j¢ (12.63) 
A P 
j=l 


From Appendix G, the above can be seen as an odd half-range expansion of 
function Z, and 


p/2 
4 2 | 
G= | xsin( I) = -P costa =- (-1) (12.64) 
р ) р mj mj 
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Finally 





oo j 2 
(r4) = -P os s| (=) 1 (27) (12.65) 
т 27 oj р р 


Therefore, Equation 12.65 satisfies conditions given by Equations 12.47 and 
12.49. To satisfy the condition given by Equation 12.48 the following is required: 


оо 2 2 
У `лусов (=) -P (Ng) sa (27) =0 (12.66) 
p т р 


=! 


Of course, the value of the representative period р depends on the Sherwood number. 
For instance, for the case of Nsp equal to 2, the period becomes equal to 3.9. 

The change of variables proposed by Equation 12.44 leads to a simpler form 
for Equation 12.66 when compared with the form that would be achieved if the 
condition given by Equation 12.34 were to be used. 

In spite of applying different definitions for the dimensionless concentrations, 
as done when solving using the Laplace transform, both results are equivalent. 

Figure 12.9 illustrates a case of results provided by Equation 12.65 when the 
Sherwood number equals to 2. 

The reader is invited to obtain the rate of particle drying as a function of time. 





FIGURE 12.9 Dimensionless concentration (0) of moisture inside a spherical particle as a 
function of dimensionless radius (Z) and dimensionless time (т) for the case of Na, = 2. 
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12.4 CONVECTIVE HEATING OF A CYLINDER 


Convective heating of a cylinder is illustrated in Figure 12.10. This situation is 
similar to the situation solved in Section 11.4, however now the temperature at the 
surface is no longer known or imposed. Instead, it results from the heat transfer 
between this surface and the surrounding environment. Again, it is desired to 
determine the temperature profile in the cylinder at any time as well as the rate of 
heat transfer to or from it. 

To clearly put the problem, consider the following simplifications: 


1. Length of the cylinder is much bigger than its diameter, in a way that 
end-effects would be negligible. Therefore, the temperature inside the 
cylinder would be just a function of time and the radial coordinate. 

2. Surrounding fluid, far from the cylinder surface, remains at a constant 
temperature Т. 

3. No phase change occurs in the solid material and all properties of the 
cylinder material remain constant. Of course, depending on the temper- 
atures involved in the process, this might constitute strong assumptions. 
Therefore, the solution achieved here is applicable for situations with 
relatively small or moderate differences between То and T,. 

4. No chemical reaction occurs in the cylinder material. 

5. Heat transfer coefficient between the cylinder surface and the fluid 
remains constant. As the temperature of the surface changes with time, 
this would affect the physical properties of fluid layer near it. Since 
convective heat transfer coefficients depend on the properties of the 
fluid, such as density, viscosity, specific heat, etc., the present simplifi- 
cation is also valid if the variation of surface temperature is not too high. 


Environment at 


Very long temperature = Т, 
cylinder 
initially at To 
Heat transfer by Heat transfer by 
convection convection 


FIGURE 12.10 Infinite cylinder heated at surface by convective heat transfer with a 
surrounding fluid. 
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6. All heat transfer is assumed to take place by convection. This situation is 
valid as long as the radiative transfer is negligible. Such assumption is 
reasonable for moderate differences of temperatures (usually less than 
100 K) between the cylinder surface and environment. 


Applying the above assumptions allows Equation A.35 to be simplified and 
written as 





OT. 18 f OF 
pCp a= Ас =. E x) (12.67) 


The boundary conditions for this problem are 





T(0) = Т, O<r<R (12.68) 
OT 
SA) Salta AL 70 (12.69) 
or r=R 
T 
ОЕ 0, t>0 (12.70) 
дг r=0 





Notice that the boundary condition given by Equation 12.69 is a third-kind 
boundary condition and represents the heat transfer between the surface and 
environment at temperature Ту. 

To facilitate the solution and the presentation of results, the following changes 
of variables are proposed: 








T — To 
= 12.71 
y T, — Ty ( ) 
{== (12.72) 
EU А 
D À 
r=t =t (12.73) 
R?  pOR? 
The dimensionless variable 7 is also known as the Fourier number. 
This leads to a similar equation as obtained in Section 11.4, or 
д 1д Ф 
y = y id (12.74) 
дт £06. oç 


The boundary conditions become 


W0,0)=0, 0<f<1 (12.75) 
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Oy 


Da —Naili(r,) — 1, 720 (12.76) 


ду 
—| = 0, > 0 12.77 
an 7 (12.77) 


where the Biot number is given by 


R 
Nai = = (12.78) 


12.4.1 SOLUTION BY LAPLACE TRANSFORM 


Consider the Laplace transform on variable 7, or 
V(s.£) = LG) (12.79) 


From Equations 12.74 and 12.79, and using the condition given by Equation 
12.75 it is possible to write 


2 
Pur pw = 0 (12.80) 


The following change of variable is proposed: 
у= (у (12.81) 


With this, Equation 12.80 can be put in ће exact form of a Bessel modified 
equation, or 


ey dv 
2 2 


As shown in Appendix C, the general solution of Equation 12.82 is 
W = Cihly) + CoKoCy) 
or 
V = Clo vs) + CoKo(£ V5) (12.83) 
The transforms of conditions given by Equations 12.76 and 12.77 are 


dv 
di 





= —Ngi E — | (12.84) 
(1 р 


Problems 223; Two Variables, 2nd Order, 3rd Kind Boundary Condition 357 


dv 
—| 20 (12.85) 
dics 


To apply the above conditions, Equation 12.83 should be differentiated, leading to 


V 
2 = Ch (Es) V5 + Ki (5) vs (12.86) 


According to the condition given by Equation 12.84, С» should be equal to zero 
because (Appendix C) 


lim Ki(y) = оо (12.87) 
yo 


and 
100) =0 (12.88) 


Using Equation 12.84, the solution can be written as 





Ws. = Мв Io(£A/s) 


12.89 
s (у) + Nailo(/s) ( ) 


The inversion of such a complex function can be found in the tables in Appendix 
D and is written as 





Мв Ж) ехр( 


(7,0) = 1 23^ b? + NG; Jo(bj) 


j=l 


bir) (12.90) 


Here, the parameters 5; are the real roots of the following equation: 


bj Je) 
Ng J (Dj) 








(12.91) 


Figure 12.11 represents Equation 12.90 for the case of the Biot number equal to 4 
and Figure 12.12 for Ng; = 100. 
A brief examination of these figures shows the following: 


e Cylinder is heated from the surface (Z = 1) to the center (Z = 0), hence 
the internal layers have their temperatures change as the “heating wave" 
advances from the surface to the center. The heating wave progresses 
faster for larger values of the Biot number. 

* For relatively small Ng; (Figure 12.11) and within the period (t or т) 
covered by the graph, the cylinder surface would remain below the 
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FIGURE 12.11 Dimensionless temperature (y) of a cylinder as a function of dimension- 
less radius (4) and dimensionless time (т) for the case of №; = 4. 


ambiance temperature Т. This contrasts with the case of large №; 
(Figure 12.12), where almost the whole surface reached the ambiance 
temperature Тл, or у = 1 within the stipulated period. 

* Heating rate is proportional to the derivative of temperature at the 
surface (£ = 1) and the figures illustrate how this rate decreases with 
time. This is inevitable due to the decrease of temperature difference 
between the surface and environment with time. 


Using Equation 12.90 the reader is invited to deduce the formula for the comput- 
ation of heating rate. 


12.4.2 SOLUTION BY SEPARATION OF VARIABLES 
According to Appendix G, the following is proposed: 

Wr.) = F(t) СФ) (12.92) 
When applied to Equation 12.74, it provides 


1 dF 


— 12. 
Fdr C d 
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FIGURE 12.12 Dimensionless temperature (y) of a cylinder as a function of dimension- 
less radius (4) and dimensionless time (т) for the case of Ng; = 100. 


1 dG 1| dG 
Сда 12.94 
саса ROS 


Here C, is a constant. 
As before, the present definition of dimensionless temperature brings a 
problem because the boundary condition given by Equation 12.75 would force 


Е(0) = 0 (12.95) 


which is impossible to conciliate with the solution given by Equation 12.92. 
The same strategy as previously used is applied here, i.e., change the defin- 
ition of function ¢ to avoid the zero value for boundary condition for F. 
Let us try to set 


|. T-T, 
 . To- T, 





Ф (12.96) 


With this, one obtains the same differential equation as given by Equation 12.74 
(just replacing у by фр). However, with the exception of the condition given by 
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Equation 12.77, the other two boundary conditions given by Equations 12.75 and 
12.76 become 


g0~0)=1, 0<f<1 (12.97) 


д 
C? ^ -—-NweGd) т>0 (12.98) 
OC 
A similar relation as given by Equation 12.92 can be written for ¢. 

The solution of Equation 12.93 combined with the condition given by 
Equation 12.97 is 


F(T) = ес!" (12.99) 
Equation 12.94 is written in the following form: 


peat C= a сс = 0 (12.100) 


This reminds us of a Bessel differential equation. Actually, as there are two 
boundary conditions to apply to the above equation, a degree of freedom allows 
setting an arbitrary value for С). If a positive or negative value for C, were 
chosen, a Bessel differential equation, or its modified version, would be gener- 
ated. When the form given by Equation 12.96 is recollected, it is obvious that the 
dimensionless temperature g should be a decreasing function of time. This 
happens for any situation of initial temperature Tọ, i.e., if greater or smaller 
than the ambient value 7,. Therefore, the solution for Equation 12.99 should 
lead to a decreasing function F(7). This forces us to choose a negative C4, or 


Су = а? (12.101) 


Here, ће parameter а acquires опу real values. 
According to Appendix C, the solution of Equation 12.100 would be 


G(Z) = СЈо(аб) + C3Yo(a£) (12.102) 
Employing Equation 12.92, the condition given by Equation 12.77 leads to 


dG 


SEC anu (12.103) 
ТА % 


The derivative of function G is (Appendix C) 


a aita) Jas шй) (12.104) 
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According to Appendix C, for Z approaching 0, (аё) tends to zero and У,(аё) 
tends to minus infinity. Hence, Сз = 0 and Equation 12.102 becomes 


G(Z) = CJo(a£) (12.105) 


Again, keeping in mind Equation 12.92, the boundary condition given by Equa- 
tion 12.98 can be written as 


dG 


coal eae eG 12.106 
72 NBO (12.106) 


Since Сз = 0, Equation 12.104 combined with Equations 12.105 and 12.106 


leads to 


aJi(a) _ 
Joa) — 





—Nsi (12.107) 


The roots of this characteristic equation provide the various values of parameter a. 
To indicate the generalization, they will be called a;. Therefore, the solution will 
be a linear combination given by 


g(7.¢) = 5 CjJo(aj£) exp(—a77) (12.108) 


j=l 


Now, the condition given by Equation 12.97 requires 


> CjJo(ajif) = 1 (12.109) 


j=l 


As shown in Appendix I, Bessel functions are orthogonal. Consequently, Equa- 
tion 12.109 constitutes a generalized orthogonal expansion of function f(x) = 1. 
The coefficients C; can be found by 


1 


[> = i) 


Cj- 
аЛа) 





2 
12.110 
Pa ( ) 
Finally, it is possible to write 


oo 


ec = x E 1j a; eb (-4 jr) (12.111) 
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Here a; are the roots of the following relation: 


GIG) re е, (12.112) 
Jo(aj) 


The solutions given by Equations 12.108 or 12.111 are equivalent. 


12.5 CONVECTIVE HEATING OF INSULATED ROD WITH 
PRESCRIBED TEMPERATURE AT ONE END 


Consider a cylindrical solid rod as shown in Figure 12.13. Similar to the problems 
presented in Sections 10.2, 11.2, and 12.2, the rod is at uniform temperature T, (in 
the temperature before heating). However, the situation here is a combination of 
prescribed temperature То at one end with convective heat transfer at the other. It 
is desired to determine the temperature profile in the rod as a function of time. 
After this, it would be possible to determine the rate of heat transfer at each 
exposed surface. 

As commented at the end of this section, the solutions achieved here can 
equally be applied to the problem of an infinite plate or wall. 

The same basic assumptions listed in Section 12.2 are also considered here. 
Therefore, the following equation can be written: 


OT 


In addition, the same governing differential equation is obtained, or 


OT ФТ 
C,— —A— 12.114 
Рр 9r дг ) 
Toat t»0 
Solid rod Insulation 
Heat 
transfer 
= by 
convection 





FIGURE 12.13 Insulated cylindrical rod with one face at prescribed temperature and 
exchanging heat by convection at the other face. 
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Nevertheless, in the present case the boundary conditions are 


T(0,z)=Th, O<z<L 
T(t0)—To, t>0 


Xon —a|[T(D) – Tj, t>0 
Oz Lr 


(12.115) 
(12.116) 


(12.117) 


Here, T, is the ambiance temperature and the left-hand side of Equation 12.117 
represents the heat flux transfer by conduction at interface (z — L), whereas the 
right-hand side represents the flux exchanged by convection between the bar and 
air (or any fluid) at the same interface. This is a third-kind boundary condition. 
Similar to the procedure used before, let us change variables to work with 


dimensionless variables. The following are the proposed variables: 


T — Ty 
y= 
To — Ty 





2 


б=т 


du c Diu 
С POP P k 





T 


After the transformations (see Section 11.2), it is possible to arrive at 


Oy Py 
дт of 


The boundary conditions are written now as 
000) = 0, 0<2<1 
Џ(т,0) = 1, т> 0 


др 


at vs —Nsaili(z,.1) — a], 720 


where 


Т = Tp 
ME ea 





(12.118) 


(12.119) 


(12.120) 


(12.121) 


(12.122) 


(12.123) 


(12.124) 


(12.125) 
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For the sake of an example, this problem is simplified by assuming that the rod 
was at the ambiance temperature before the process begins. Therefore Ty = T, and 
à = 0, which allows writing 


д 
2y = —Npith(7,1), т>0 (12.126) 
OC 
The Biot number is given by 
L 
Мы = " (12.127) 


12.5.1 SOLUTION By METHODS OF WEIGHTED RESIDUALS 


As shown in Appendix E, trial functions may be set for either т or Z variables. On 
the other hand, it is worthwhile to remember that the residue is going to be 
integrated (after multiplied by the weighting function) on one of the variables. 
Therefore, it is more convenient to select the bounded variable, or the one with 
finite limits, to build the trial functions. As seen, time extends indefinitely, 
whereas ¢ can vary only between zero and one. However, this choice does not 
guarantee better approximations against the alternative of functions on variable т. 

As shown in Appendix E, let us set the following approximate solution for 
Equation 12.121: 


= M E : ilo уе 
vn = exw( м5) + AEAT) (12.128) 


It is important to notice that the above form always satisfies the condition given 
by Equation 12.123. The condition given by Equation 12.122 would be satisfied 
as long as 

800) = 0 (12.129) 
and 

ЛО) = 0 (12.130) 
On the other hand, the condition given by Equation 12.126 leads to 

а(т) = 1, т>0 (12.131) 

From the two above relations, it becomes clear that g(7) is a unit step-function. Of 


course, this is an approximation because no natural process follows true step- 
functions. Sudden jumps can be avoided by using Fourier series to represent near 
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step variations. In this way, let us consider an odd representation of a step increase 
(see Appendix G) given by 


8(т) = У D sin (= п) (12.132) 


j=l 


with 
4 .(?n., . 
bj =— |si|—jx|do j—1,2,3,... (12.133) 
P А р 


Therefore, Equation 11.121 can be written as 


ко =2 2 [1 = (1) sin( jr) (12.134) 


m «Jj 


Here, period p should be selected as twice the maximum achievable value of 
7 during the process. This would conform to the present mathematical represen- 
tation of the process. 

Now, applying the procedures described in Appendix E, it will be possible to 
find approximated solutions for the present problem. 


12.5.1.1 First Approximation 


The first approximation is 


hy = exp (w+) +21 - fi) (12.135) 
8(7) 


Employing Equation 12.121, the residue is 





ма N? 
A E P (м) -Ü0-£40f-4 ew м) 41 — £yfi 
g dr g g g 
+ 8C — fi — 22i (12.136) 


12.5.1.1.1 Collocation Method 
For a simple initial approximation, let us apply the collocation method at point 
С = 1/2. Therefore, the residual should be equal to zero at this point, or 


16N { 
Д +8 = e% (w-£) (12.137) 
g 
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Using variation of parameters (see Appendix B), the solution for Equation 12.137 is 


ү / 

Л@) = tene | Nae: E exp! 8r — a dr (12.138) 

2/g 2g 
0 
where 
4 < 2 
g(r) = – 5 [1 — cos(mj)] cos (=r) (12.139) 

po p 


Equation 12.138 satisfies the condition given by Equation 12.130. This function 
can now be used to obtain the first approximation, as given by Equation 12.135. 
Figures 12.14 and 12.15 illustrate the results for this first approximation in 
cases when Ng is equal to 10 and 2, respectively. 
Despite few plausible aspects, this first approximation is still a very crude 
representation of the temperature profile in the bar. An unlikely behavior is 
the very sharp increase of temperature at the very first instants (т ~ 0) of the 
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FIGURE 12.14 Dimensionless temperature (y) against dimensionless space (Z) and time 
(т) using the first approximation for Ng; = 10. 
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FIGURE 12.15 Dimensionless temperature (y) against dimensionless space (Z) and time 
(т) using the first approximation for №; = 2. 


conduction process. In addition, the temperature almost does not increase for 
instants after this (т > 0). Nonetheless, the profile is somewhat coherent regarding 
the dependence of the space variable. For instance, they show more uniform 
temperature profiles in the rod for lower values of Biot number. This is easy to 
understand from Equation 12.127, because Ng, is inversely proportional to the 
conductivity of the rod. 

Of course, the solution would improve if one applies a second approximation. 


12.5.1.2 Alternative Form for the Approximation 
An alternative form to Equation 12.128 for approximations is 


= RS уы 
V, = exp (-v4) + 2, т (12.140) 


Notice that now, instead of 7, the functions (f;) are found to depend on £. 
To satisfy the condition given by Equation 12.122, it is required that 


g(0) = 0 (12.141) 
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To satisfy the condition given by 12.123, the following is necessary: 
АО) = 0 (12.142) 


The other condition would be set to satisfy the condition given by Equation 12.126. 
The residual regarding the first approximation becomes 


Ay = afl fi SUN ~ Le!) exp (- A) (12.143) 


Here g is a function of т and f a function of 4. 

The collocation method can be tried by setting the residual equal to zero at 
т = & = тс. The length of period has been described earlier. 

Let us call 


N N 
HO = ео Nex (— E) (12.144) 
8(тс) &(тс) 





As required by the collocation method, the following is imposed: 
Лт.) = 0 (12.145) 
After this, the following differential equation can be obtained: 
teh -f = Ф) (12.146) 


Its solution is composed by the homogenous and particular solutions (see 
Appendix B), or 


Л) =fin + hip (12.147) 


The solution of the homogeneous part of Equation 12.147 is 


fin = Ci sinh) + C2 cosh ( (12.148) 


Following the method described in Appendix B, the particular solution is 








Ay = — sinh [OO a+ con) | MORO dé (12.149) 
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where 











PE | 
a (12.150) 
sinh (0) cosh (Z) i 
W= no T EE (12.151) 


The limits for the integrals in Equation 12.149 can be chosen as long as one of 
them remains general. Bearing in mind the condition given by Equation 12.142, it 
would be convenient to choose the lower limit as zero. Therefore 


А А 
fu = vr | sinh Ф| cosh (D) d£ — cosh Ф| sinh (D$) d 
0 


0 
(12.152) 


This leads to 


A) = Ci sinh (0) + C» cosh (0) 
i 


Z 

+ ут: | sinh () | cosh (D) d£ — cosh (P) | sinh (Ф d 
0 0 

(12.153) 


The condition given by Equation 12.142 would be satisfied if C; = 0, hence 
fi) = Ci sinh (Z) 
А č 
+ ук [ih O | cosh OAO dg — cosh © | sinh OAO ac 
0 0 
(12.154) 


The first approximation would be 


y, = exp (v) + 7fi(£) (12.155) 
8(т) 
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The only task left is to find C, using boundary condition given by Equation 
12.126. Applying the above equation, it is possible to find 


І N І "a 
Mo es) ре Mes 























1 1 
А + т. sinh (=) + Nr. cosh (3) 
1 = 
1 
Vr; + Мт, sinh (=) 
(12.156) 
Here Г, and J, are not Bessel functions, but are defined as 
1 
h= | cosh (HL) d£ (12.157) 
0 
and 
1 
h = | sinh (Öp) 4 (12.158) 
0 


Figure 12.16 illustrates Equation 12.155 for the case of Ng; — 2. 

This represents a significant improvement over the previous approximation, 
because a progressive increase of temperature against time is obtained. The reader 
is invited to improve this even further by obtaining the second approximation. 

It is also interesting to compare the above figure with Figure 11.3. One should 
recall that in Section 11.2 the bar was isolated at its right-end. Therefore, the 
temperature tends to increase much faster than for the present case, where heat is 
exchanged with the environment at the same end. 

A final comment should be made on the value chosen as collocation point т,. 

As seen from Equation 12.120, the dimensionless variable 7 is defined by a 
relation between the real time ¢ and a characteristic time (te). This characteristic 
time is given by a relation between the square of bar length (L) and its thermal 
diffusivity (От). If one imagines the heat transfer process affecting the tempera- 
tures of points in the bar, t, can be seen as the time taken to affect the entire bar, or 
positions from z = 0 to z= L. Therefore, another reasonable approach would be to 
select collocation values of dimensionless time as fractions of this characteristic 
time. For instance, the first choice could be т. = 1. In this way, other methods for 
choosing collocation points may follow, such as that hinted in Appendix E, 
among them being the roots of orthogonal polynomials. 
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FIGURE 12.16 Dimensionless temperature (ys) against dimensionless space (Z) and time 
(т) using the alternative first approximation for №; = 2. 


12.5.2 SOLUTION BY SEPARATION OF VARIABLES 


Let us try the method of separation of variables, as described in Appendix G. 
As seen in the appendix, the following is assumed: 


WTE) = F(t) GG) (12.159) 
Substituting Equation 12.159 in Equation 12.121, one gets 


dF/ar  d'G/a? _ A 











= 12.160 
F(t) G ( ) 
Here C is a constant. The solution of the first differential equation 
dF/dr 
= 12.161 
FO ( ) 


would be 


F(t) = Cı exp (CT) (12.162) 
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A similar problem as mentioned in Section 11.2 is now encountered, i.e., the 
boundary condition given by Equation 12.122 cannot be satisfied, unless the 
trivial solution is assumed, or F = 0. To circumvent this, the following change 
in the dimensionless variables is proposed: 


Le 
PERON 





(12.163) 


It is possible to verify that Equation 12.121 would be the same (of course, 
replacing у by q). Now, the conditions given by Equations 12.122 through 
12.124 become 


Ф004) = 1, 0<f<1 (12.164) 

Ф(т,0) = 0, т>0 (12.165) 

oe = —Nai|e(r.1) – e]; 7 >0 (12.166) 
Ol |; 


Here constant фа is defined as 


|. T, = To 
— Ty — To 





Ф, (12.167) 


As seen, replacing y by рф, Equation 12.159 would result in Equation 12.161, its 
result given by Equation 12.162. 

The general solution of the ordinary differential equation of variable G 
depends on whether C is a positive or negative constant. For this, let us examine 
the situation regarding temperatures T, and То. 

Depending on the relative values among Tp, То, and T,, the temperature in the 
bar might increase or decrease at given points in the bar, but cannot increase or 
decrease indefinitely. In other words, no matter the situation, the temperature 
profile in the bar should converge to steady state. Hence, the influence of term or 
terms related to time should have a decreasing influence to the process, or an 
asymptotic approach to zero. Since ¢ is always positive, or better 0 < o < 1, the 
solution given by Equation 12.162 for function F(T) would require C to be a 
negative constant, or 


C=-a (12.168) 
Here the constant a is a real number. Therefore 


F(T) = Су exp (—a’7) (12.169) 
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According to Appendix B, the solution regarding function G in Equation 
12.160 is 


G(£) = C; sin (a£) + С; cos (a£) (12.170) 


Equation 12.159 combined with the condition given by Equation 12.165 would 
demand 


G(0) = 0 (12.171) 
Therefore, Equation 12.170 becomes 
G(£) = С» sin (a£) (12.172) 


In a more generalized way, this solution can be written as 


GO = V Gisin (ag) (12.173) 


j=l 


Applying Equations 12.173 and 12.169 to Equation 12.158, the equivalent 
equation for o, it is now possible to write 


eri) = po Cj exp (—аўт) sin (aj£) (12.174) 


j=l 
Without any loss of generality, parameters a; can be written as 


2m. 
aj = p! (12.175) 


where p is the period to be determined. Hence, Equation 12.174 becomes 


Ф(т,) = 5 C; exp (—a;7) sin (= it) (12.176) 


j=l 


The condition given by Equation 12.164 can be used to give 


1 = SOG sin (25y) (12.177) 
j=l 
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From Appendix G, the above can be seen as an odd half-range expansion of 
function 1, and 


p/2 
4 2 2 Е 
С; =- | (27) zn - c» (12.178) 
р т р т] 


Finally, it is possible to write 


2 4&1— (-1) 4172, Y (2m. 
Ф) = У, ; ew г Pr) (Zur) (12.179) 


j=l 





It is easy to see that Equation 12.179 satisfies conditions given by Equations 
12.164 and 12.165. 

The only parameter left to link with the original variables and conditions of this 
problem is the period p. This can be achieved through the application of the condition 
given by Equation 12.166 or by the determination of period p would complete the 
solution by forcing Equation 12.179 to comply with the remaining boundary condi- 
tion given by Equation 12.166. Therefore, the following can be written: 


2 S1-(-1)/ 4m, 2m. 2m. wf D 
5 - exp adt j cos j | + Nai sin| —j = Nai, 
т р р р р 


=} 7 








(12.180) 


Consequently, the period p will be a function of time, or of its dimensionless 
representative т. In a particular situation, or for Т, = То (or Ф. = 0), the period will 
be independent of particular dimensionless time. Figure 12.17 illustrates the 
dimensionless (Ф) temperature for the present particular case where Biot number 
was set as 2. 


12.5.3 COMMENTS 


As seen in Section 11.2.2, a period equal to four was obtained for the odd half- 
range expansion of unit function for from 0 to 1. However, when applied to the 
present problem, the method of separation of variables leads to a parameter that 
should be adjusted for each situation of heat transfer. The graph presented in 
Figure 12.17 was developed for the case when ¢, = 0 and for a particular root of 
Equation 12.180. Nonetheless, this equation allows an infinite number of roots. 
One idea was to use the nearest root to p = 4. Routines to find roots of nonlinear 
equations are available in almost any package for mathematics. A guess of p — 4 
leads to the root of approximately 3.9. This value is applied here. 
Notwithstanding the use of different dimensionless variables and boundary 
conditions, Figure 12.17 can be compared with Figures 12.15 and 12.16, obtained 
by approximations. It is interesting to notice that despite a first approximation, 
Figure 12.15 (representing Equation 12.135) is not too far from the exact one. 
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x 
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FIGURE 12.17 Exact solution for the dimensionless temperature (o) against dimension- 
less space (Z) and time (7) for Ng; — 2. 


Finally, it is important to notice that the above solutions are applicable to the 
case of an indefinite wall or plate, as illustrated in Figure 12.18. The whole plate is 
initially at temperature T, and suddenly one flat face is set at temperature To while 
the other exchanges heat by convection with a fluid at temperature Ту. 

Since the wall is indefinite on directions x and y, the temperature would vary 
only with time and direction z. It has been shown that this sort of problem is 
solvable by several methods; however, success is not always guaranteed due to 
the form of the differential equation or due to the boundary conditions. For 
instance, the method of similarity, as described in Appendix F, cannot be applied 
here because it is not possible to coalesce the boundary condition given by 
Equation 12.122 with Equation 12.123, even less with Equation 12.126. 


12.6 CONVECTIVE HEATING OF A PLATE 


Another example of steady-state heat transfer between a plate and surrounding 
fluid is presented in Figure 12.19. As seen, two side faces of the plate are kept at 
known temperature Ty, while the remaining two exchange heat by convection 
with a surrounding fluid. 

In cases where convective heat transfers between a fluid and a plate, this 
problem can be seen as an improvement over the situation and conditions posed in 
Section 11.7. 


with a fluid 
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FIGURE 12.18 Semi-infinite plate or wall exchanging heat by convection in one face and 


the other kept at a prescribed temperature. 
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FIGURE 12.19 Scheme showing the plate heated at two surfaces due to contact with a 


fluid, while the other two are kept at constant temperature. 
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Again, to take advantage of the geometric similarity, the origins of coordin- 
ates have been chosen at the center of the plate. 

One would desire to obtain the temperature profile throughout the plate, 
which would allow deducing the rate of heat transfer at any face. For this, the 
following are assumed: 


1. Plate material is solid and, within the range of temperatures observed 
here, there is no phase change. Therefore, there is no velocity field in 
the plate. 

2. No variation of temperature on the orthogonal coordinate (z) to the plane 
x—y. This condition is possible if the body is indefinite at this direction or 
if the plate is perfectly isolated in both main surfaces. 

3. Despite different temperatures within the plate, its density and thermal 
conductivity remain constant, or approximately constant. Again, an 
approximation is valid to moderate the differences of temperature in 
the plate. 

4. No chemical reactions or any other energy source term is involved. 

5. Temperature of the fluid far from the plate remains constant and 
equal to Т. 

6. Convective heat transfer coefficients at the upper and lower faces are 
equal and remain constant. 


From the above, the energy balance shown by Equation A.31 (or Equation 
A.34) can be simplified to 





OT ӘТ 
ape 12.181 
Ox? t Oy? ( ) 
The boundary conditions are 
Т(0у) = Т, —b<y<b (12.182) 
Т(а,у) = Т, —b«y«b (12.183) 
OT 
=| =0, 0<x<a (12.184) 
Oy 35 
OT 
-A—| -—ao[T(xb)—- Tu O«x«a (12.185) 
ду |, 





Of course, a similar condition as given by Equation 12.185 could be written for 
у= —b. However, this has been replaced by Equation 12.184. 
Consider the following new dimensionless variables: 
T — To 


= 12.1 
0 T. Т, ( 86) 
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(12.187) 


(12.188) 


After this and for the simpler case where a = b, Equation 12.181 can be written as 


eae = (12.189) 
The boundary conditions become 
000,2) 20, -1<€<1 (12.190) 
0(1.5 20, -1<ё<1 (12.191) 
Е = 0, О<у<1 (12.192) 
д0 
E: Же —Nai(x,.1) - 1; O<y<1 (12.193) 
Here 
Мв = = (12.194) 


Therefore, one arrives at the first-, second-, and third-kind boundary conditions. 


12.6.1 SOLUTION BY SEPARATION OF VARIABLES 


According to Appendix G, it is assumed that 
000.5) = F(X) GE) (12.195) 
Hence, Equation 12.189 leads to 


Fo) G., 
Fo) СӘ 








(12.196) 


The equality between groups involving the function of independent variables 
forces each side of the equation to be equal to a constant C. Hence, two ordinary 
differential equations are generated, and one of them is 


F"(y) = C F(x) = 0 (12.197) 


Problems 223; Two Variables, 2nd Order, 3rd Kind Boundary Condition 379 


The general solution for such an equation presents the following possibilities: 


1. According to Appendix B, if C is positive, or equal to у^ (where y is a 
real parameter), the solution is 


F(x) = Cie ?Х + Coe (12.198) 


However, Equation 12.195 and the conditions given by Equations 12.190 
and 12.191 would demand that 


Е(0) = 0 and F(1)=0 (12.198a,b) 
Employing these, Equation 12.198 would be satisfied only if С = 
С»= 0, ie. the trivial solution for F(x) and, consequently, to 0 as 
well. Therefore, this is not an acceptable choice. 
2. If C is equal to zero, the solution of Equation 12.197 would be 
F(X) = Cix + С (12.199) 
After the application of boundary conditions, the trivial solution is again 
obtained. 
3. If C is negative or equal to —y* (where у is a real parameter), the 
solution would be 


FQ) = С, sin (yx) + С» cos (yx) (12.200) 


Application of the condition given by Equation 12.190 leads to C5 — 0 and the 
condition given by Equation 12.191 to 


0 = С; sin (y) (12.201) 


If y 2 nm (n—0, 1, 2,...), C, might take any value other than zero, therefore 
avoiding the trivial solution. Thus, the general solution is 


F, (X) = Cn sin (ny) (12.202) 
On the other hand, since 
C=-y = –пт?, (12.203) 


it is possible to obtain the general solution for function С from Equation 12.196. 
According to Appendix B, this is given by 


G, (E) = Ane”™ + Bye" (12.204) 


380 Analytical and Approximate Methods in Transport Phenomena 


The condition given by Equation 12.192 leads to G'(0)—O0, and the above 
equation would require that 


An = В, (12.205) 
Consequently, Equation 12.204 can be written as 
Gn (é) = Аў cosh (птё) (12.206) 


Combining Equations 12.195, 12.202, and 12.206, it is possible to write a general 
solution as 


0(x.£) = 5 K, sin (nT y) cosh (nm£) (12.207) 
n=1 
The following is achieved after applying the condition given by 12.193: 


= f nm sinh (nT) + Ng; cosh (пт) 
jos x К, sin (ny) m 2 (12.208) 





From Appendix G, the above can be seen as an odd half expansion of function 1. 
Thus 








4N n 
Bi | 
E " 
р[птт sinh (nT) + Ng; cosh (b,) | sin (птх) 
0 
4% i 
= | 1 ( )| Я = 1,2, 3,... 
птр|пт sinh (пт) + Ng; cosh (b,)| | cos| 5 2 3 


(12.209) 


Since x and ё may acquire values only between 0 and 1, period p — 2 should be 
set. Therefore 





2Npi 
K, = B 


= t=O". n=1,2,3,... (1221 
TNR cared е Жыз 2) 


Finally, the solution is 


(12.211) 





| 2Nsi v1 — (-1)" sin (ny) cosh (птё) 
9066 = T 2 n nt sinh (nT) + Np; cosh (ит) 


n=1 


This solution is represented in Figures 12.20 and 12.21 for Ng; equal to 10 and 
100, respectively. 
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FIGURE 12.21 Temperature distribution in the plate for Np; = 100. 
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From the above it is interesting to notice how the Biot number influences the 
temperatures at face y = b (or ё = 1) to become closer to the environment (Т). Of 
course, this might be caused either by higher heat transfer coefficient (œ) or lower 
thermal conductivity (A) of the plate material. This would also happen in cases of 
larger plate dimension (b) in the direction (y) of heat transfers between the 
environment and the plate. These two last influences are understood to have an 
insulating effect between the surface (у = b) and the remaining of the plate. This 
allows the temperature of the surface to remain high with relatively lower heat 
transfer by conduction to the positions far from this surface. 

Despite the differences in definitions of dimensionless temperatures, just 
a qualitative comparison between Figures 12.20 and 12.21 and Figure 11.17 
might be useful to visualize the differences and similarities between constant 
heat flux and convective heat transfer. The reader is invited to obtain the heat flux 
at each face. 


12.7 CONVECTIVE HEATING OF A PLATE WITH PRESCRIBED 
TEMPERATURE FUNCTION AT ONE FACE 


An additional example of a steady-state heat transfer problem is illustrated in 
Figure 12.22. The temperatures at three side faces of the plate are maintained at 
To, while the temperature of the superior face follows a known function f(x). Since 
this function is generic, not necessarily a constant or leading to constant deriva- 
tive, the problem involves a third-kind boundary condition. 

It is desired to obtain the temperature profile throughout the plate, which 
would allow deducing the heat transfer at any face. For this, the following are 
assumed: 


1. Plate material is solid and, within the range of temperatures observed 
here, there is no phase change. Therefore, no velocity field is present. 


f(x) 





FIGURE 12.22 Rectangular plate with prescribed temperatures at the edges. 
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2. No variation of temperature on the orthogonal coordinate (z) to the plane 
x-y. This condition is possible if the body is indefinite at this direction or 
if the plate is perfectly isolated in both main surfaces. 

3. Despite variations of temperature, the plate material, its density, and 
thermal conductivity remain constant, or approximately constant. 

4. No chemical reactions or any other energy source term is involved. 


From the above, the energy balance shown by Equation A.31 (or Equation A.34) 
can be simplified to 


OT T 


asap? (12.212) 


The following are the new dimensionless variables: 





T-T 
0 = 0 (12.213) 
To 
ut (12.214) 
a 
=” (12.215) 
Ь 
For the simpler case where а — b, Equation 12.212 can be written as 
O0 O0 
yp 12.216 
Di бе? em) 


As seen above, the particular solution requires two boundary conditions for each 
independent variable. From Figure 12.22, it is possible to set the following 
boundary conditions: 


000,00 20, О<о< 1 (12.217) 
0(x.1) = (x) 0<x<1 (12.218) 
0(1,0 20, О<о< 1 (12.219) 
00,0) = 0, 0<x<1 (12.220) 
Неге 
qiue E (12.221) 


To 
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Therefore, here there are first-kind boundary conditions for all situations, but the 
situation where a general function f(x) is involved constitutes a third-kind bound- 
ary condition. 


12.7.1 SOLUTION BY SEPARATION OF VARIABLES 


According to Appendix G, the following is assumed: 
Ө(х,а) = F(x) Go) (12.222) 
Consequently, Equation 12.216 leads to 


PQ) _ Ge). 
Foo б 








(12.223) 


The equality between groups involving function of independent variables forces 
each side of the equation to be equal to a constant C. Hence, two ordinary 
differential equations are generated. One of them is 


F'(y)— C F(x) = 0 (12.224) 


The general solution for such an equation (Appendix B) presents the following 
possibilities: 


1. If Cis positive, or equal to y (where y is a real parameter), the solution is 
F(xy) = Cie ™ + Core™ (12.225) 
However, Equations 12.217, 12.219, and 12.222 would force: 
F(O)=0 and F(1)=0 (12.226a,b) 
Hence, Equation 12.225 would provide C, = C2 = 0, which is the trivial 
solution for F( y) and, consequently, for 0 as well. Therefore, this is not 


an acceptable choice. 
2. If C is equal to zero, the solution would be 


F(X) = Cix + С (12.227) 
After the application of boundary conditions, the trivial solution is 
obtained, again. 


3. If C is negative or equal to -y (y real), the solution would be 


F(x) = Ci sin (yx) + С» cos (yx) (12.228) 
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Applying the condition given by Equation 12.226a leads to C; — 0 and the 
condition given by Equation 12.226b to 


0 = Ci sin(y) (12.229) 


If y 2 nn (и = 1, 2,...), Су might be different from zero, therefore avoiding the 
trivial solution. Thus, 


F(X) = Cn sin (mmy) (12.230) 


The index n is used here to emphasize the multiple determinations of the solution. 
Returning to Equation 12.223, the solution for function G would be 


G,(o) = Ае" + Be" (12.231) 


The condition given by Equation 12.220 leads to G(0) — 0, and in the above 
equation would require that 


An = —B, (12.232) 
Therefore, Equation 12.231 can be written as 
G,(o) = А* sinh (ито) (12.233) 


At present, the condition given by Equation 12.218 does not allow any conclusion. 
Combining the solutions for functions F and G given by Equations 12.230 
and 12.233, a particular form for the dimensionless temperature is obtained 


0,(x,0) = Kj, sin (nx) sinh (пто) (12.234) 
The general solution would be a linear combination of these, or 
6(x.0) = M К, sin (my) sinh (пто) (12.235) 
n=1 


Applying the condition given by Equation 12.218 it is possible to write 


oo 


eo = Уу [К„ sinh (пт)] sin (n) (12.236) 
п=1 
As seen in the Appendix С, this is a Fourier half-range expansion and 


t= 2| ae sin (amy) dy, n=1,2,... (12.237) 
sinh (nT) 
0 
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FIGURE 12.23 Dimensionless temperature (0) profile in the plate for the case of tem- 
perature profile given by second-degree function at one edge. 


Now, this solution can be applied to any continuous function f(x), which pre- 
scribes the temperature at one face. 
Consider an example where 


f(x) = To[1 + x(a — х)] (12.238) 


For a — 1, the dimensionless temperature (0) profile against dimensionless coord- 
inates (x and о) is shown in Figure 12.23. 
Figure 12.24 illustrates the case where 


f(x) = To[1 + xi (1 — x)] (12.2382) 


12.7.2 SOLUTION BY THE METHOD OF WEIGHTED RESIDUALS 


The use of the method of weighted residuals (MWR) for the solution of boundary 
value problem defined by Equation 12.216 and conditions given by Equations 
12.217 through 12.220 is illustrated here. In addition, consider the case where the 
temperature function f(x) is given by Equation 12.238. 

After defining function f(x) as above, function ¢(y) (given by Equation 
12.221) becomes 


eO) = x — x) (12.239) 
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FIGURE 12.24 Dimensionless temperature (0) profile in the plate for the case of tem- 
perature profile given by a fourth-degree function at one edge. 


As seen in Appendix E, a good choice should: 


1. Apply simple functions, such as polynomials. In the present case, the 
polynomials could be set using either y or ø as an independent variable. 
The amount of work to be faced might depend on a particular choice. 
Bearing in mind condition given by Equation 12.218 or Equation 12.239, 
a polynomial on x might be a reasonable selection. 

2. Satisfy the boundary conditions. 


A sensible choice for the trial functions could be 
6, = У XI — xo) (12.240) 
j=l 
The above function satisfies conditions given by Equations 12.217 and 12.219. 


To simplify the discussion, let us take the case of a square plate, or a=b=1. 
Therefore, if 


V, (1) = 1, (12.241) 


388 Analytical and Approximate Methods in Transport Phenomena 


the condition defined by Equation 12.218 would be reproduced for the first 
approximation or n= 1. This would also facilitate treatment during subsequent 
approximations. 

Using Equation 12.216, the residual is given by 


ЛО) = Onyx + Ondoo (12.242) 


12.7.2.1 First Approximation 


From Equation 12.240, the first approximation is 


01 = x — х) (o) (12.243) 


Hence, boundary conditions given by Equations 12.217 and 12.219 are fulfilled 
and the condition given by Equation 12.220 would be satisfied if 


(0) = 0 (12.244) 
From Equations 12.242 and 12.243, the residual becomes 
Ay = —2ф + x0 — XN, (12.245) 


To exemplify this, let us apply Galerkin's method. Thus, the weighting function 
(see Appendix E) would be 


06; 
=— =x — x) (12.246) 
дф, 
In addition, the method requires that 
1 
faxa -x)dx-0 (12.247) 
0 


Using Equation 12.245, the following differential equation is obtained: 
1—10y, =0 (12.248) 


According to Appendix B, the general solution of Equation 12.248 is 


p(o) = Ci sinh (ev10) + C cosh (evi) (12.249) 


Problems 223; Two Variables, 2nd Order, 3rd Kind Boundary Condition 389 





| T- 8.00e—001 
| | 
2.25e—001-| | 
| |- 2.2Бе—001 
| 
1.50е—001 | | 
\ |. 1.50e—001 
7.50e—002 -| | 
| Í 
0.00e+000 | 750-002 
1.00 | 
0.80 P 0.00e+000 


Pp os 
"^ ово 


FIGURE 12.25 Dimensionless temperature (0) profile in the plate for the case of tem- 
perature profile given by second-degree function at one edge, obtained using MWR (first 


approximation). 


Applying conditions given by Equations 12.241 and 12.244, one gets C; = 0 and 
the following equation can be written: 


sinh(o-v'10) 
макы sh ДА 12.2 


Consequently, the first approximation for the temperature profile in the plate is 


inh(o v10 
610,0) = x(1 — x OR (12.251) 


This is illustrated in Figure 12.25. 
It is possible to verify that it is already an excellent approximation by 


comparing Figure 12.25 with Figure 12.23, which represents the exact solution. 


EXERCISES 


1. Show the details to arrive at Equation 12.9. 
2. Solve Equation 12.14 to arrive at Equation 12.15. 
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3. Using the equation describing the temperature profile in Section 12.2, obtain 
a formula to compute the rate of heat transfer between the rod and environ- 
ment. Of course, this will be a function of time. 

4. Repeat the problem presented in Section 12.2, but with distinct convective 

heat transfer coefficients at each side of the rod or plate. 

. Deduce Equation 12.41. 

6. From the solution for the concentration profile given in Section 12.3, deduce 
the formula to compute the drying rate of particles as a function of time. Use 
the solution either by Laplace transform or by separation of variables. 

7. Using Equation 12.87, deduce the formula for computation of the heating 
rate of the cylinder as a function of time (or 7). 

8. Develop the details for solving the part related to function G in Equation 
12.51 to reach at Equation 12.58. 

9. Work the details to solve Equation 12.56 to arrive at Equation 12.58. 

10. From the solution of temperature profile in Section 12.5, obtain formulas to 
compute the rates of heat transfer to or from the rod at each end as functions 
of time. 

11. Repeat the solution for the first approximation in Section 12.5.1.2 but by 
applying the method of momentum and the method of collocation. 

12. Develop a second approximation for the problem set in Section 12.5. Use the 
same approach as employed in Section 12.5.1.2. Use collocation values for 
time as fractions of the characteristic time 26; p» OF те equal to 1/3 and 2/3. 

13. Repeat the previous problem using the roots of an orthogonal polynomial as 
collocation points. Apply, for instance, the Legendre polynomials, as shown 
in Appendix E. 

14. Solve the problem of Section 12.6 using MWR. Apply any method and 
compare the first approximation to the exact solution presented there. 

15. Try to solve the problem in Section 12.6 using Laplace transform. 

16. Using the result for temperature profile in a plate, as given in Section 12.6, 
obtain the expressions for the heat fluxes at faces x — 0 and y — b. 

17. Obtain the temperature profile inside a plate where one face is exposed to a 
fluid while the other is perfectly insulated, as shown in Figure 12.26. Deduce 
the rate of heat transfer between plate surface and fluid as well. Apply the 
same assumptions used in Sections 12.2 and 12.5. 

18. Using the solution given by Equation 12.236, deduce the formulas to com- 
pute rates of heat transfers at each face of the plate. 

19. Solve the problem described in Section 12.7, however, setting a known 
continuous function g(x) at the edge y = 0. In other words solve the problem, 
after the same change of variables suggested there, with the following 
boundary conditions: 


сл 





0(000) 20, O<a<1 
xD = ox), 0<x<1 
0(1,0 20, 0<a<1 
0(x.00)— w(x), 0«x«1 
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FIGURE 12.26 Indefinite wall exposed to convection at one face and insulated at the 
other face. 
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1 3 Problems 311; Three 
Variables, 1st Order, 
1st Kind Boundary 
Condition 


13.1 INTRODUCTION 


This chapter presents methods to solve problems with three independent variables 
involving first-order differential equations and first-kind boundary conditions. 
Therefore, partial differential equations are involved. Mathematically, this class 


of cases can be summarized as f | $,@1,w2,03, æ) , first-kind boundary condition. 


13.2 HEATING A FLOWING LIQUID 


This problem is a generalization of the situation presented in Section 7.3. To 
verify this, let us refer to Figure 13.1 showing the x-y region into which a fluid is 
injected at a given direction. The same situation is shown in Figure 13.2 in a 
three-dimensional (3-D) view. The fluid is at temperature То and its thickness is 
indefinite at a direction orthogonal (z) to the x-y plane. At the distributing vertical 
planes (0,y) and (x,0), let us consider electrical grids that work to instantly 
maintain the injected fluid at temperature Т!. It is desired to find the temperature 
of the fluid at any position. 

The present problem is applicable to two directions, whereas at Section 7.3, 
just one direction was considered. 

The following assumptions are made here: 


1. Space occupied by the fluid is not limited with regard to direction z 
(orthogonal to x and y). In other words, the heating grids are very wide in 
the z direction that allows border effects to be neglected in this direction. 

2. In each direction of x and y, the flow can be approximated to plug-flow. 
In other words, the terms related to convective momentum transfers are 
much higher than those related to viscous transfers. 
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Heating grid suddenly increases 
the fluid temperature to Т, 


Р Constant velocity 


АЁ 
Heating grid suddenly increases 


Pd the fluid temperature to 7, 





Fluid at temperature 
To is injected into the 
x» 0 and y» 0 region 


FIGURE 13.1 Scheme for the problem of heating fluid at two-dimensional (2-D) flow. 


3. Fluid is initially flowing at temperature Tọ. At a given instant, the grids 
start working and instantly elevate the temperature of the incoming fluid 
to Ту. Of course, this implies an instantaneous jump in the temperature, 
which is physically impossible. Despite this, such situations can be 
approximated in practice by a high heat transfer between the grid and 


Heating grid suddenly increases 
the fluid temperature to Т, 













Fluid at temperature 
To is injected into the 
x »0 and y>0 region 


Fluid at temperature 
To is injected into the 
x »0 and y > 0 region 


FIGURE 13.2 A three-dimensional (3-D) scheme for the problem of heating fluid at 
2-D flow. 
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the flowing fluid. Such sharp step functions are useful in studies of 


process and control performance. 


4. Fluidis Newtonian and its properties (for instance, density) can be taken as 
constants. This is assumed despite the heating or temperature variations. 
Obviously, this might be a strong approximation if large variations of 
temperature are to be expected. Such an assumption would be invalid for 


cases of gases. 


сл 


. No energy generation due to friction is observed. 


6. For a first approximation, convection transfer of energy is considered 


much higher than that achieved by conduction. 


The equations of momentum transfer do not provide any useful information 
here because the fluid maintains a constant velocity. As the fluid flows parallel to 


е x-y plane, component у, does not exist. 


Keeping in mind assumptions 5 and 6, the energy balance, or Equation A.34, 


can be written as 





ox 


oT z) (s ФТ 


ar 
PON Op ЛШ: 


Due to assumption 6, it is possible to write 





OT "n OT E OT — 0 
Ot ^ [x Oy |. 
where v, and v, are constants. 

The boundary conditions are 


T(0,x,y) = To, x 250, y>0 
Т(1,0,у) = Т, t>0, y20 


T(tx,0) =T, г> 0, x>0 


The following form for dimensionless temperature is proposed: 


T-T 
T-T 





V 


Applying the above, Equation 13.2 can be written as 


ду ду др — 
po Ma теру 





(13.1) 


(13.2) 


(13.3) 
(13.4) 
(13.5) 


(13.6) 


(13.7) 
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The boundary conditions become 


W(0,x,y)=0, x>0, y>O (13.8) 
(t,0.y)=1, t>0, y>O (13.9) 
U(tox0) —1, t>0, x>0 (13.10) 


13.2.1 SOLUTION BY LAPLACE TRANSFORM 


In view of the condition given by Equation 13.8, the Laplace transform regarding 
time seems the most convenient choice. Hence 


W(s,x,y) = L{ W(t, x, y)} (13.11) 


From Equation 13.11 and using the condition given by Equation 13.8, Equation 
13.7 becomes 


ov ov 
XS TM ко (13.12) 
The new boundary conditions are 
1 
W(0y)—-, y20 (13.13) 
$ 
1 
Px,0)=-, х>0 (13.14) 
s 


The solution to the problem posed by Equation 13.12 and that of boundary 
conditions given by Equations 13.13 and 13.14 is possible by several methods. 
For a while, let us try a second application of the Laplace transform. Now, 
variable x is the one used for the transform operation, or 

Ж(5,г;у) = L4 P (s; x, у)} (13.15) 


Employing the boundary condition given by Equation 13.13, the transform of 
Equation 13.12 is given by 


1 а= 
=+»(е-2) += = 0 (13.16) 
5 ау 
The remaining boundary condition given by Equation 13.14 becomes 


E(0) = L (13.17) 
Sr 
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The differential equation (Equation 13.16) is linear and its solution may be sought 
through the method of parameter variation, as shown in Appendix B. For this, the 
following is proposed: 


E(y) = a(y) oy) (13.18) 


Functions с and о should now be determined. 
Applying Equation 13.18 into Equation 13.16, one gets 





1 do d 
sro (row - 2) Tvyo di + wo са. (13.19) 
This сап be put in the following form: 
T EA | pe = (13.20) 
w| 50 + Vyro 4 “у Vix | a à 


As shown in Appendix B, with no loss of generality, it is possible to set 
d 
sc + уто + vy — 0 (13.21) 
dy 
This has a particular solution given by 
1 
с = exp|—(s + rv) —y (13.22) 
Vy 


Using Equation 13.22 in Equation 13.20, the following remains: 


do у 1 


— = exp lo + гуу) 2| (13.23) 
dy ws 


The general solution of this equation is 


Vy 
= exp lis + mo z + С, (13.24) 


After using these results in Equation 13.18 it is possible to obtain 


S Vx y 
= = ——_ 0) 13.2 
at С” cmo? (13.25) 
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Using the condition given by Equation 13.17, it is possible to write 


[1] 





т; Vx | 1 Vy - у 
О S(s HTV) E s(s + xj ep] SETA z| (19:20) 


The first inversion is related to Equation 13.15 or to the parameter r and variable 
x, and the inversion of the first term in the right-hand side of Equation 13.26 
becomes (see Appendix D) 


к A j 2 : exp( J (13.27) 


The inversion of the first part of the second term is 


1 1 1 А 
г ехр[-@ + зә] =r ew 2) exp( d wb 
Sr Vy 5 Vy r Vy 
1 1 x 
= ew ed ew = ›”)} 
$ Vy r Vy 
1 x 
= exp( 5 Ps ы; ›) (13.28) 
5 Vy Vy 


The inversion of the final part of the second term becomes 


1 
гч ie exp| (s4 ma? } mg Е p ew( 2) ew E) 
5(5 + гуу) Vy TR Vy Vy 
Vx 


= 1 ех |J E | ех i 
5 PU Vy Е +r P Vy У" 
= – ехр| —s ехр х у||и|х——у 
5 Vy Vy Vy vy 
1 
= ew Ma zy) (13.29) 
5 Vx Vy 


As seen, the last two terms are equal and they cancel each other in the final form. 
Thus 





























W(s:x,y) = : exp (^i) (13.30) 


Vx 


The next inversion is related to the transform in Equation 13.11, or is concerning 
parameter s and time. Consequently, from the above equation the following is 
obtained: 
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б» u(r- E) (13.31) 


x 


The independence of the above on variable y may seem a contradiction. However, 
if the total velocity is kept constant in modulus and direction, a relation between 
the modulus of components v, and v, exists in the form v, — ауу, where parameter 
a is constant. Hence, the heating wave front reaches the position x (measured 
in the x-axis) at the same time it reaches the position y (measured by the 
y-coordinate) and they are related by the following: 


= (13.32) 
Vy 


X 
Vx 


Therefore, Equation 13.31 can also be written as 


itx) =u(1-2) (13.33) 


y 


The above relations would be easier understood by adopting the following 
notation: 


pa (13.34) 
Vx 


This can be understood as the necessary time for the heating wave front— 
traveling at speed equal to v,—to reach a position x. Similarly, for the 
y-coordinates we write 


ыш” (13.35) 
ж? 


Hence, Equation 13.31 becomes 
W(tx,y) = u(t — t) = u(t — ty) (13.36) 


Figure 13.3 illustrates the above solution for regions where the heating wave 
front has already passed by, or t > t, or t > t, or the dimensionless temperature 
ij becomes equal to 1, or T= Тү. The remaining regions would be at the original 
temperature То. 

Figure 13.4 illustrates a 3-D view for a case when v, —0.5 m s! and уу = 
1.0 m s^! at instant г = 0.5 s. 


13.2.1.1 Completely Dimensionless Variables 


It is interesting to show that the present problem can also be put under complete 
dimensionless variables, which would simplify the treatment and provide wider 
generalization of the solution. 
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FIGURE 13.3 Scheme showing the temperature at various regions of the x-y space. 
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FIGURE 13.4 Profile of dimensionless temperature in the x-y space for the case of 
y,—0.5m s^! and v,—1.0m s^! at instant 1 — 0.5 s. 
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The dimensionless form for the dependent variable, shown in Equation 13.6, 
is maintained. In addition, the following are proposed for the dependent 
variables: 


X 
= > 13.37 
Mr ( ) 
Vx y 
= 2 13.38 
ё E ( ) 
Vy 
=: 13. 
pee (13.39) 


L is a given representative length. One might set it, for instance, as L= 1 m. 
Using Equations 13.37 through 13.39, Equation 13.2 can be written as 


Op Ob OP _ a (13.40) 


The boundary conditions given by Equations 13.3 through 13.5 become 


W(0,V.€) = 0, x>0, E>0 (13.41) 
y(r.02 —1, 7>0, E>0 (13.42) 
W7,x,0)=1, T>0, x20 (13.43) 


The reader is now invited to reconstruct the solution on this frame of variables. 


13.2.2 HEATING RATE 


Usually, the rate of heating imposed on the fluid per unit of grid area at y=0 is 
given by 


ах(х = 0) = EH (13.44) 
Ox x=0 


Of course, a similar relation can be written for the grid at x=0. 

However, owing to the approximation of instantaneous jump on temperature 
values at the grids, their derivatives would be infinite. Therefore, the approach 
based on the local derivative cannot be applied here. Instead an energy balance 
would be applicable and described by 


О, = F,(hyso з һо) (13.45) 


Неге F is the mass flow of liquid passing through the grid at y = 0. In the case of 
an incompressible fluid, as most of the liquids, the above can be approximated by 
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О, = pCpAy-ov sin Ө (Ti — To) = pCp Ayo vx(Tı — To) (13.46) 


Here A, _ о is the area of the grid at y = 0 and all properties refer to the fluid at 
the grid. 

Of course, the total heating rate would be the sum of heating rates delivered 
by the two grids. 


13.3 TWO-DIMENSIONAL REACTING FLOW 


A similar problem to the one shown in the previous section is considered. 

However here, instead of being heated, the fluid reacts. In other words, the 

incoming fluid is composed of a pure substance B. When entering the region 

x > 0 and y > 0, there is a grid formed by a network of porous tubes with very 

small diameter. At a given instant, the fluid with pure component A is injected into 

the tubes, which reacts with B. The situation is illustrated in Figures 13.5 and 13.6. 
As always, let us list the following assumptions: 


Space is not limited regarding direction z (orthogonal to x and y). 

. Plug-flow regime is approximated in each direction. Despite an approxi- 
mation, where the terms involving viscosity are assumed much smaller 
than the convective ones, such treatment allows interesting and useful 
solutions, mainly in the field of control engineering. 

3. Distributing grids do not interfere in the flow. 

4. Fluid is initially composed of a single chemical species (B). At a given 

instant, the grids start delivering a fluid A, which reacts with B. The 


Dus 








Grid delivers a substance A 
that reacts with B 


Constant velocity 


K 


Grid delivers a substance A 
that reacts with B 


Pure fluid B is 
injected into the 
x» 0 and у> 0 region 


FIGURE 13.5 Scheme for the problem of reacting fluid at 2-D flow. 
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Grid delivers a substance A 
that reacts with B 






Pure fluid B is 
injected into the 
x» 0 and y>0 region 


Pure fluid B is 
injected into the 
x »0 and y>0 region 


FIGURE 13.6 A 3-D scheme for the problem of reacting fluid at 2-D flow. 


delivering rate is such that the concentration of A jumps instantaneously 
for a given value at the grid. Of course, rigorously speaking, this is 
impossible because any delivery of a fluid starting from zero flow would 
reach a desired level only after some time. However, the present approxi- 
mation can provide several interesting informations to model controlling 
systems. 

5. Reaction is neither endothermic nor exothermic and can be repre- 
sented by 


A B6 (13.47) 


Of course, this is a very special condition. However, the solution might 
be useful for cases of slightly endothermic or exothermic reactions. 

6. Reaction is a zero order and irreversible. 

7. Any mixture of components A, B, and C results in a Newtonian fluid and 
its properties (for instance, density, viscosity, diffusivities, etc.) can be 
taken as constants. This is assumed despite the change in composition. 

8. No energy generation due to friction is observed. 

9. For a first approximation, convection transfer of mass is considered 
much higher than those achieved by diffusion processes. 


The equations of momentum transfer are not necessary here because the fluid 
keeps a constant velocity. As the fluid flows parallel to the x—y plane, component 
у, does not exist. 

Keeping in mind assumption 1, the mass balance or Equation A.37 can be 
written as 
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Opa ON ax ON _ р 
i ôx ðy MA 





(13.48) 


In view of assumptions 5 and 7, Equation A.40 can be used instead of Equation 
13.48. In addition, it can be simplified to give 











Op, | Opa , дра Op, , Pps 
x F Vy =D R 13.49 
Өг Tv 215 By Ав (5 at ду? + RMA ( ) 
Moreover, assumption 9 allows neglecting the diffusivity terms, thereby leading to 


Ops дрд Op. _ 
Ot ш. Ox x Oy Rma Brod 





After application of assumption 6, the above equation becomes 


Op, Ops Opa _ 
Ot T Ox ш dy — 





k (13.51) 


Here, because of assumptions 5 and 6, k is a constant. Notice that the units of k in 
SI system would be kg m ? s^. 
The boundary conditions are as follows: 


PaO,x,y) = рдо x20, y 20 (13.52) 
рл(,0,у) = рду, t>0, y20 (13.53) 
рд@х0) par t>0, х>0 (13.54) 


Here, одо is the concentration (kg m^?) of A in the fluid before starting its 
injection through the grids. Of course, in the present situation since only B is 
flowing before the injection of A, its concentration is zero. Nonetheless, for the 
sake of generality, this is not assumed here and the solution might be applicable to 
more general situations than that described above. For instance, instead of B, a 
mixture of component A and a neutral substance will flow and B is delivered at 
the grid. In this case, рдо would be the concentration of A before the injection of B. 
The value of рд is the concentration of A as soon it is mixed with the injected 
reactant B at the grid positions. At present, to maintain the formalism as in 
Sections 13.3 and 14.3, рдо can be dealt with as a reference concentration, which 
may be even set as 1 kg m *. 

As always, it is interesting to use dimensionless variables. The following are 
proposed: 


DA — Pao 
Pai — Pao 


p= (13.55) 
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у= (13.56) 
Vy 
ea (13.57) 
Vy 
T=at (13.58) 
Here 
С Ба (13.59) 
Pai — Pao 


Using Equations 13.55 through 13.59, Equation 13.51 becomes 


Op Op Op | 
Do Os BE 





(13.60) 


The boundary conditions given by Equations 13.52 through 13.54 become 


y(0.£) -0, x>0, €>0 (13.61) 
W7,0,é)=1, T>0, £20 (13.62) 
y(rx,0—1, 7250, x20 (13.63) 


This demonstrates how the correct choice of dimensionless forms might lead to an 
elegantly simple form for a boundary value problem. 


13.3.1 SOLUTION BY LAPLACE TRANSFORM 


In view of the sudden modification of the dependent variable value, Laplace 
transform seems an attractive method to be applied here. Consider the following: 


Vs;y. e) = Іт) } (13.64) 


After ће application at Equation 13.60 combined with the condition given by 
Equation 13.61, one gets 


sW 4+ 4 = — (13.65) 
X 
The transforms of boundary conditions are 
V(0,£) = 


, €20 (13.66) 


W(y,0) = 


1 
$ 
1 
=, X20 (13.67) 
$ 
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As shown in the last section, Equation 13.65 might be solved by several methods, 
one among them is the Laplace transform. In this way, let a second transform be 
given by 


E(s,ri£) = L{V(s;x,6)} (13.68) 


If the condition given by Equation 13.66 is applied to Equation 13.65, it is 
possible to write 


d= 1 1 
А = = — 13. 
(s+r) SANE PET (13.69) 
The remaining boundary condition is 
d 1 
E(0) = — (13.70) 
Sr 


As before, Equation 13.69 is linear and the solution can be sought by using the 
method of parameter variation, as shown in Appendix B. Therefore, the following 
is written: 


=E) = a(£)oX£) (13.71) 


Using Equation 13.71 in Equation 13.69, one gets 





oltre + e Он. В. (13.72) 
dé dé s sr 
As shown in Appendix B, it is possible to set 
a = —(s + r)o (13.73) 
A particular solution of this is 
с = e Sts (13.74) 
Applying this into Equation 13.72, one gets 
че A ( a 1) Leere (13.75) 
Its general solution is given by 
gol gei (13.76) 


sr(s +r) 
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Applying all the above, Equation 13.71 becomes 


r—1 


= ——_ + Cue OF 13.77 
sr(s +r) SUR ( ) 


[1] 


Employing the condition given by Equation 13.70 it is possible to write 


r—i 5+1 


— —(s--ré 13.7 
sr(s--r)  sr(s +r) М este) 


= 
Гам 





The first inversions are related to the transform given by Equation 13.68. Ассога- 
ing to Appendix D, the first term on the right-hand side provides 


Port? а>. 


_1 ae 1 
=-e br: 
S S 





(1— eX) (13.79) 
The inversion of the other term is 


pi St 1 e eme ost lcs L Sao 
sr(s +r) 52 r(s + ғ) 


st 


1 
= (е7 — e™™)ulx — ё) (13.80) 











After collecting all terms, one gets 
1 —s 1 —s sc 1 -sS —s, 
Toros e e ЫА сга (e —e*)u(y—€) (13.81) 


The final inversion would lead to 


PT XE) = —rd (т x * Dui — we — x) 
+ (т— é+ Dur — Eul — £) (13.82) 


Figure 13.7 illustrates the dimensionless concentration profile for 7 — 0.5. 
Obviously, the affected concentration of the front will expand with time. The 
following additional comments are valuable: 


1. Effect on the concentration because of variations in fluid velocity can be 
verified. For instance, increases in the injection velocity of the fluid 
would lead to faster advance of the front. This leaves higher con- 
centrations at a position behind the front or at positions already affected 
by the injection of reactant through the grids. 
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FIGURE 13.7 Profile of dimensionless concentration (y) against dimensionless coordin- 
ates (x and £) for a particular case of dimensionless time т = 0.5. 


2. According to Equations 13.56 through 13.59, given a real position (x,y), 
doubling the reaction rate (or parameter a) would double the values of y, 
£, and 7. Figure 13.7 would show an expansion of the front, and previous 
values of concentration—at the real position (x, y)—would decrease. This 
is obvious, since increases in the rate of reaction lead to decreases in the 
concentration of reacting component A. 


13.3.2 RATE or REACTANT CONSUMPTION 


The reaction is irreversible and, sooner or later, all the injected component A would 
be consumed in the space behind the grids. The rate of reactant A consumption would 
be computed by the mass or molar flux of this component passing through the grid. 
Rigorously, this is given by Equation A.53. Its component in the x direction is 


д 
Nar = -Darp ZA + wa(Nax + №,) (13.83) 


Using Equation A.55 


a 
Nis авро + Wa рух (13.84) 
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The first term in the right-hand side is the diffusive component and the last term is 
the convective component. However, for the present case, the diffusion is 
assumed much lower than convection. Finally, the rate of consumption of com- 
ponent A passing through the grid at y=0 is given by 


Fax = Ay-oNax = Ау=0рдУх (13.85) 


The consumption of А per unit of time (kg 5!) would add the similar amount 
passing through the grid at x — 0. 


EXERCISES 


1. In Section 132, instead of dealing with a liquid, assume the flowing fluid as 
an ideal gas. One should notice that now the velocity is no longer constant, 
but depends on the temperature. Set the governing equations and solve the 
problem for such a situation using any method. 

2. Work the details to arrive at Equation 13.82. 

3. Solve the problem present in Section 13.3 for the case of an irreversible zero- 
order reaction. 

4. Solve the previous problem by any method. 

5. Solve the problem presented in Section 13.3 for the case of a first-order, 
reversible reaction. 

6. Write all differential equations and boundary conditions for the problem pre- 
sented in Section 13.3 for the case of a first-order, irreversible, but exothermic 
reaction. 





14 Problems 312; Three 
Variables, 1st Order, 
2nd Kind Boundary 
Condition 


14.1 INTRODUCTION 


This chapter presents methods to solve problems with three independent variables 
involving first-order differential equations and second-kind boundary conditions. 
Therefore, partial differential equations are involved. Mathematically, this class of 
cases can be summarized as f |, ),w2,03, 20 , second-kind boundary condition. 


14.2 HEATING A FLOWING LIQUID 


This problem is an improvement such that it provides a more feasible situation 
than that presented in Section 13.2. For this, let us refer to Figures 14.1 and 14.2. 

It is similar to Figure 13.1; however, instead of an instantaneous jump in 
temperature, the grids deliver a constant heat flux. This is a more realistic picture 
than before and can be accomplished by, for instance, grids made of electrical 
resistances. 

It is desired to find the temperature of the fluid at any position as well as the 
rate of energy delivered to the fluid. 

For the sake of clarity, let us list the assumptions: 


1. Space occupied by the fluid is not limited regarding direction z (orthog- 
onal to x and y). 

2. In each direction x and y, the flow can be approximated to plug-flow. In 
other words, the terms related to convective momentum transfers are 
much higher than those related to viscous transfers. 

. Distributing grids do not interfere in the flow. 

4. Fluid is initially flowing at temperature То. At a given instant, the grids 

impose a preset value of heat flux exchanged with the incoming fluid. 


Ww 


411 
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Grid delivers a constant heat flux 


Constant velocity 


АЁ 





Grid delivers а constant heat flux 


Fluid at temperature 
То injected into the 
x >0 and y>0 region 


FIGURE 14.1 Scheme for the problem of heating fluid at two-dimensional (2-D) flow. 


5. Liquid is Newtonian and its properties (for instance, density and thermal 
conductivity) can be taken as constants. This is assumed despite the 
heating, or temperature variations. 

6. No energy dissipation due to viscous flow is observed. 

7. For a first approximation, convection transfer of energy is considered 
much higher than those achieved by conduction. 


Grid delivers a constant heat flux 





Fluid at temperature 
Tg is injected into the 
x »0 and y »0 region 


Fluid at temperature 
To is injected into the 
x » 0 and y» 0 region 


FIGURE 14.2 А three-dimensional (3-D) scheme for the problem of heating fluid at 2-D flow. 
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14.2.1 Basic EQUATIONS AND BOUNDARY CONDITIONS 


Similarly to Section 13.2, Equation A.34 can be written as 


OF ӘТ ӘТ PT ur 


Because of assumption 7, it is possible to write 





OT OT OT 








А = 0 14.2 
g” Be Sp пе) 
where v, and v, are constants. 
The boundary conditions are 
T(0,x,y) = To, x>0, y>O (14.3) 
OT 
—-A—| =q=a, t>0, y>0 (14.4) 
дх| 0 
OT 
—А-—| -—dy-—a, t>0, x20 (14.5) 
ду у=0 





Therefore, the grids at x = 0 апа у = 0 impose the same constant heat flux equal to a. 
The present problem can also be put under complete dimensionless variables. 
The following are suggested: 











T — To 
= (14.6) 
y T, 
a 
= 3 (14.8) 
Б vyA To У ` 
ауу 
= t 14. 
T АТ, (14.9) 
Using Equations 14.6 through 14.9, Equation 14.2 becomes 
Op Op Op 
ae ap tem) 14.10 
3 + Dy + Jé ( ) 


The new forms for the boundary conditions are 


U(0x,£) —0, x>0, E>0 (14.11) 
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2 MESE (14.12) 
Ox x=0 
BON cas, Ms dus сыйт oen (14.13) 
дё ё=0 Ух 


14.2.2 SOLUTION BY LAPLACE TRANSFORM 

In view of the above, a suggestion would be to apply the following transform: 
V(s,x,€) = L{W(7,x.8)} (14.14) 

Applying the condition given by Equation 14.11, Equation 14.10 becomes 


av ow 
Vt м. (14.15) 


The transforms of the remaining boundary conditions are 





oF as £20 (14.16) 
Ox |0 s 
ӨЧ Ь 
eel ат Зк) 14.17 
le y X ( ) 


The solution for the partial differential equation (Equation 14.15), under boundary 
conditions given by Equations 14.16 and 14.17, is possible by several methods. 
One among them being a second application of Laplace Transform, or 


E(s,r,£) = L{V(s,x,€)} (14.18) 


After this, Equation 14.15 becomes 


dz 
(s 4- r)&€ FS) + = 0 (14.19) 
Here f is a function of é and represents V(s;y = 0,£). The semicolon is set to 
remind that unlike the variable é, s is just a parameter involved in function f. 
Of course, for now, this function is unknown. 

The transform of the remaining boundary condition is 


а= b 


E (14.20) 
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Equation 14.19 is linear and the solution is obtainable through the method of 
parameter variation, as shown in Appendix B. Therefore, the following is written: 


EE) = a(£)o(£) 
Using Equation 14.21, Equation 14.19 becomes 


(s + r)no — fG£) ko to =O 


From Equation 14.22, we may write 


iuo 30 


o Gne dé 


à 


As shown in Appendix B, it is possible to set 


(tno 520 


A particular solution is 
—(s+ngé 


g —e 


Substituting Equation 14.25 into Equation 14.23, one gets 


NR a tré 
dé = f(sée 


Hence, the general solution is given by 


feses аё + С, 


Il 
omm 


(14.21) 


(14.22) 


(14.23) 


(14.24) 


(14.25) 


(14.26) 


(14.27) 


The finite integral is chosen here to facilitate the application of the boundary 


condition given by Equation 14.20, as shown below. 


The following remains after substituting the results into Equation 14.21: 


£ 


= e STE лоев ае ЧЕ Cye SHE 


0 


(14.28) 
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The application of the condition given by Equation 14.20 requires the derivative 
of the former expression, which is given by 


ir é 
T = —(s + re Str | Fée аё + f(ss)—-(s + NCie 8*5 (14.29) 
0 


Applying Equation 14.20, it is possible to deduce the constant as 


1 
ыс чо) " а (14.30) 
S+r Sr 
Hence 

Г 1 р 
Bae bts | Хб )ее+ а + —— о) + | ee (14.31) 

S+r Sr 

0 


Likewise in Chapter 13, the first inversion would be performed involving param- 
eter r and variable y. Such an inversion is not trivial. Fortunately, in the present 
case, it is easy to imagine that the condition V(x = 0.£) should not be a function 
of the variable £. This can be understood because the conditions at x = 0 or at the 
vertical grid may vary with time (or 7) but remain the same for the whole field of 
the indefinite variable £. If so, the new unknown function f(s;£) will be just a 
relation involving parameter s, which will be called g(s). After this, the above 
equation becomes 











1 b 
= — = —(s+ry& | 268+) 
gl Í [лкт SO IR 
1 b 1 
= = rc 14.32 
HIDE ge GRE ( ) 
The inversion results in 
=s, b —sé =s, 
V = g(s)e “+ е * — e)ul — ё) (14.33) 


The application of the condition in Equation 14.16 requires the derivative of the 
above, which is given by 


A = —sg(s)e "* + 2 (se **)u(y — é) (14.34) 
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FIGURE 14.3 Dimensionless temperature (i) profile against dimensionless coordinates ү 
and é at 7 = 0.5 in the case of b = 1. 


From the above equation, we can arrive at the following: 
b 
g(s) — 5 (14.35) 


Therefore 





PS erg : (e^ e *)u(x = £) (14.36) 


Finally, the last inversion would give the function y; as 





y = b(t — x)u( — x) + b( — ё)и(т — &)u(x — &) — (т — x)u( — x)u(x — €) 
(14.37) 


Figure 14.3 illustrates a situation for the temperature profiles in two-dimensional 
(2-D) space at 7 = 0.5 for b= 1. 

It is possible to observe an unaffected region by the wave fronts coming from 
the grids at y = 0 and £ — 0. Thus, this region remains at the original temperature 
To (or у = 0). Of course, with the advance of т (or time), this region will advance 
to higher values of y (or x) and £ (or y). 

Figure 14.4 presents the same situation for b = 2. Since b = v,/v, and according 
to Equation 14.8, for a given value of dimensionless coordinate £, higher values of 
parameter b would represent either increases on the heat flux (parameter a) or 
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FIGURE 14.4 Dimensionless temperature (i) profile against dimensionless coordinates ү 
and € at 7— 0.5 in the case of b — 2. 


decreases on the thermal conductivity of the fluid. Both effects tend to augment the 
temperatures between the grids and wave fronts. 

Obviously, the rate of heat transfer is obtained by just multiplying the already- 
imposed flux (or parameter a) and the area of the grids. 


14.3 TWO-DIMENSIONAL REACTING FLOW 


This is a more realistic and feasible situation than that presented in Section 13.3. 

Again, the incoming fluid is composed of pure substance B, which receives a flow 

of pure component. Both the components react. However, instead of the situation 

given at Section 13.3, a constant mass rate of species A diffuses through the 

porous grid into the fluid. The situation is illustrated by Figures 14.5 and 14.6. 
As always, let us list the following assumptions: 


1. Space is not limited regarding direction z (orthogonal to x and y). 

2. In each direction x and y, the flow can be approximated to plug-flow. 
In other words, the terms related to convective momentum transfers are 
much higher than those related to viscous transfers. 

3. Distributing grids are composed of networks of small-diameter porous 
tubes that do not interfere in the flow. 
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Grid delivers a substance A with 
constant rate of diffusion transfer 


Constant velocity 


Pi 


Grid delivers a substance A with 
"7 constant rate of diffusion transfer 





Pure substance B 
flowing and entering the 
x>0 and y>0 region 


FIGURE 14.5 Scheme for the problem of reacting fluid at 2-D flow. 


4. Fluid is initially composed of a single chemical species B. At a given 
instant, the grids start delivering fluid A, which reacts with B. The 
delivering occurs just by diffusion of A from the porous grid into the 
fluid. In addition, the delivering rate is constant. 

5. Reaction is neither endothermic nor exothermic and can be represented by 


А+В => С (14.38) 


Grid delivers a substance A with 
constant rate of diffusion transfer 







Pure susbstance B 
flowing and entering the 
x»0 and y>0 region 


Pure susbstance B 
flowing and entering the 
x»0 and y>0 region 


FIGURE 14.6 A 3-D scheme for the problem of reacting fluid at 2-D flow. 
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Reaction is zero order and irreversible. 

7. Any mixture of components A, B, and C results in a Newtonian fluid and 
its properties (for instance, density, viscosity, diffusivities, etc.) can be 
taken as constants. This is assumed despite the change in composition. 

8. Negligible dissipation of energy due to viscous flow. 

9. For a first approximation, convection transfer of mass is considered 

much higher than those achieved by diffusion processes. 


е 


The procedure to set the governing equation is the same as shown in Section 13.3, 
hence leading to 











дрд дрд дрд 
: = —k 14.39 
дї uc ox nY Oy ( ) 
However, the boundary conditions are 
д 
= —Nao t>0, y20 (14.41) 
Ox |o 
- pas P^ —Nao t>0, x20 (14.42) 
Oy y-0 


Of course, here the value of diffusivity remains constant and actually represents the 
diffusivity of component A into a mixture of components A and B, and reaction 
product C. In addition, and according to assumption 4, the mass flux No at the grid 
is a constant. 

Since only component B flows before the injection of component A, pao is 
zero. The notation is maintained to allow a more general solution. For instance, if 
instead of pure component B, a mixture of component A and a neutral substance 
passes through the grid at which component B is delivered, рдо would be the 
concentration of component A before the injection of component B. In the present 
case, to maintain the formalism as in Section 13.3, рдо can be understood as a 
reference concentration, which may be even set as 1 kg m ^, 

The conditions given by Equations 14.41 and 14.42 increase the concentra- 
tion of species A in the flowing fluid at the grids. 

Let us propose the following dimensionless variables: 


y = РА Pao (14.43) 
Pao 
veS (14.44) 
Vx 
¿= I (14.45) 


T = аі (14.46) 
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Here 


a=— (14.47) 


The unit for the above constant parameter a would be 8 
Applying Equations 14.43 through 14.47, Equation 14.39 becomes 








a F x + x = (14.48) 
The boundary conditions given by Equations 14.40 through 14.42 are 
W(0.V.€) = 0, x>0, E>0 (14.49) 
z anch Teo £20 (14.50) 
Жа —b, т>0, x20 (14.51) 
Here 
bi = De and b= aoe (14.52) 


For the sake of an example, the problem is solved for the particular case where 
b, = b; = b, or when у, = vy. 
14.3.1 SOLUTION Bv LAPLACE TRANSFORM 


In view of the condition given by Equation 14.49, the transform on variable 7 
seems attractive, and 


(5,5) = LAYE} (14.53) 


Transforming Equation 14.48 and combining it with condition given by Equation 
14.49 leads to 


av OV 1 
SY E (14.54) 


The transforms of the remaining boundary conditions are 


p b 
M = E>0 (14.55) 
Ov mE 5 


422 Analytical and Approximate Methods in Transport Phenomena 


ӨЧ Ь 
=| = oss >0 (14.56) 
дё | <0 QE 


Equation 14.54 might be solved by several methods, one among them is using the 
Laplace transform. Let us consider 


E(s,r£) = ІА Gy. 8)] (14.57) 
Applying Equation 14.57 in Equation 14.54, we obtain 


а= 


+02 Й + 5 580) 


Again, f is a function of € and represents V(s;y = 0,£). The semicolon is set to 
remind that unlike the variable é, s is just a parameter involved in function f. 
Of course, for now this function is unknown. 

The remaining boundary condition given by Equation 14.56 becomes 


d= b 
—| =-— (14.59) 
dé £0 ST 


Equation 14.58 is linear and the solution can be achieved through the method of 
parameter variation, as shown in Appendix B. Therefore, the following is set: 


50) = с(ё)о0() (14.60) 
Applying Equation 14.60 to Equation 14.58 allows writing 


da 
dé 


| рв ote = Ll (14.61) 


СЕ dé E 


Following the same steps as in Section 14.2, it is possible to arrive at 


£ 
1 
Eleg btn сое tac — С Cye SHE (14.62) 
rs(s +r) 
0 


The application of the condition given by Equation 14.59 requires the derivative 
of the former expression, which is given by 


€ 
S = (5 4 pec Jr tac FICO- (Слет SE (14.63) 
0 
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Through Equation 14.59, the constant is determined, or 








1 b 
C = уо) + +] (14.64) 
scr ST 
Consequently 
Г b 
mole tng [rentag a na уо) + d e G*06 (14.65) 
rs(str) str sr 
0 


As before, let us consider the inversion involving parameter r and variable y. 
Nonetheless, similarly to the justification presented at the previous section, the 
condition (х = 0,2) should not be a function of variable é. Hence, the new 
unknown function f(s;£) will be just a relation involving parameter s, which will 
be called g(s). After this the above equation becomes 





1 
g- 809 ЈЕР Е ШЕ (14.66) 
rcs sr(s+r) sr(r 4- s) 
The inversion results into 
—Xs b —sé =s, 1 =s, 
№ = g(s)je™* + (е $e ~ux- - (01-е x) (14.67) 


To employ the condition given by Equation 14.55 one requires the derivative of 
the above, which is given by 


ow 


b 1 
—— = —sg(s)e "X + e “u(y — &) --e * (14.68) 
Ov s s 


Applying Equation 14.68, the condition provides 
1 
g(s) = zb —1) (14.69) 
Therefore 


b »= MS, b =f = 1 
v= 5е x ale ёе Suy) => (14.70) 





Finally, the last inversion allows the solution to be written as 


y = b(r — x)u(r — x) + bl(r — £) u(r — €) — (7 — x) u(r — x) ux- é) - 
(14.71) 
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FIGURE 14.7 Dimensionless concentration (y) profile against dimensionless coordinates 
x and € at 7— 1.0 in the case of b = 2. 


Figure 14.7 shows the dimensionless concentration profile at 7 — 1.0 for the case 
where Б = 2, while Figure 14.8 shows the dimensionless concentration profile at 
the same instant for b — 4. 

According to conditions given by Equations 14.50 and 14.51, the rate of compo- 
nent A injection is proportional to that of parameter b, given by Equation 14.52 
(b= b; = bz). Thus, increases in the flux Nao or in the velocity v (here v = v, = vy) 
would increase this parameter. The same effect would be produced by decreases in 
the diffusivity of A in the mixture as well as by lower reaction rates (k or a). In any of 
these alternatives, the concentration of A near the grid would increase. 

As once component A is injected into the volume it will eventually react with 
component B, the rate of its consumption is obtained by multiplying with Nao and 
the area of the grids. 


EXERCISES 


1. Solve the problem presented in Section 14.3, when v, is different from у,. 

2. Try to solve the problem presented in Section 14.2 by a method other than 
Laplace transform. 

3. Solve the problem presented in Section 14.3 for the case of a first-order 
reaction, with the sink term at Equation 14.39 as 


Rua = —kpa 
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FIGURE 14.8 Dimensionless concentration (y) profile against dimensionless coordinates 
x and é at T= 1.0 in the case of b = 4. 


4. Rework the problem presented in Section 14.3 for the case of a first-order 
reaction, where the sink term is given by 


Rua = —kpapg 





1 5 Problems 313; Three 
Variables, 1st Order, 
3rd Kind Boundary 
Condition 


15.1 INTRODUCTION 


This chapter presents methods to solve problems with three independent variables 

involving first-order differential equations and third-kind boundary conditions. 

Therefore, partial differential equations are involved. Mathematically, this class of 
дф 


cases сап be summarized as f (4.010203, 2). third-kind boundary condition. 


15.2 HEATING A FLOWING LIQUID 


This problem is an improvement over the situation presented in Sections 13.2 and 
14.2. For this, let us refer to Figures 15.1 and 15.2. As seen they are similar to 
Figures 14.1 and 14.2; however here, the heat flux is given by the rate of 
convective transfer between the grid and the fluid. This is a more realistic and 
feasible situation than the one presented in the previous chapters. 

Again, it is desired to determine the temperature of the fluid at any position as 
well as the rate of heat transfer to the fluid. 

For the sake of clarity, let us list the assumptions: 


1. Space is not limited regarding direction z (orthogonal to x and y). 

2. In each direction of x and y, the flow can be approximated to plug-flow. 
In other words, the terms related to convective momentum transfers are 
much higher than those related to viscous transfers. 

. Distributing grids do not interfere with the flow. 

4. Fluid is initially flowing at temperature Tọ. At a given instant, the porous 
grids start heating the incoming fluid. As described below, the rate of 
heat exchange between each grid and passing fluid is given by a com- 
bination of conductive and convective heat transfers. 


o 
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Grid heats the incoming fluid by convective transfer 


Constant velocity 
AC 


Grid heats the incoming fluid by convective transfer 






Fluid at temperature 
To is injected into the 
х> 0 and y» 0 region 


FIGURE 15.1 Scheme for the problem of heating fluid at two-dimensional (2-D) flow. 


5. Fluid is Newtonian and its properties (for instance, density and thermal 
conductivity) can be taken as constants. This is assumed despite the 
heating or temperature variations. Of course, this might be a strong 
approximation if large variations of temperature are to be expected. 
This assumption would not be possible in cases of gases. 


Grid heats the incoming fluid by convective transfer 





Fluid at temperature 
To is injected into the 
x» 0 and y» 0 region 


Fluid at temperature 
To is injected into the 
x» 0 and у> 0 region 


FIGURE 15.2 A three-dimensional (3-D) scheme for the problem of heating fluid at 
2-D flow. 
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. Dissipation of energy is negligible due to viscous flow. 


429 


7. For a first approximation, convective transfer of energy is considered 


much higher than those achieved by conduction. 


8. Coefficient of heat transfer by convection is the same for both grids and 


remains constant. 


Similarly to Section 14.2, Equation A.34 can be written as 


c, (9E 4, OF дт\ (9T WT 
Plar "8x By) \д ду 





From assumption 7, it is possible to write 


Br. OT | oT _9 
Ot "Ox ay 





where v, and v, are constants. 
The boundary conditions are 


T(0,x,y) = To, x>0, y>O 








OT 

-л =— = Gx=0 T a[T(t,0,y) m To]. t > 0, y = 0 
дх| o 
ӨТ 

—А——| = q= +a|T(tx,0)— To), t>0, x>0 
ду 10 





(15.1) 


(15.2) 


(15.3) 


(15.4) 


(15.5) 


The grids are at x = 0 and у = 0, and as seen earlier there is a relation that provides 
the rate of heat transfer by two terms. The first term is related to conduction 


and the second to convection between the grids and the neighboring fluid. 


As usual, let us apply the following variable transformation: 











T — To 
= — 
0 
5 а 
х= ух 
_ ду, 
йт, 
tS j= 
A 


(15.6) 


(15.7) 


(15.8) 


(15.9) 


Notice that, because of assumptions 5 and 6, the parameters o and A are 


considered as constants. 
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By applying the above changes in Equation 15.2, it is possible to write 


Op Op Op _ 
o; Bp ae 7° (15.10) 


The boundary conditions are written as 








00,0.) 20, x >0, £20 (15.11) 
əb Za Е 
| = Бу – су HX = 0), т> 0, £20 (15.12) 
Ov Е 
0 — д 
ae] =b- ce WE = 0), т>0, x20 (15.13) 
OE | pa 
where 
__ Qdx-0 | Qy-0Vy 
poa ERU (15.14) 
су=1 (15.15) 
= 2 (15.16) 
Vy 


As observed, the conditions given by Equations 15.12 and 15.49 are third-kind 
boundary conditions. 


15.2.1 SOLUTION BY LAPLACE TRANSFORM 


In view of the condition given by Equation 15.11, the Laplace transform on 
variable 7 seems attractive, and 


Чуд) = Lir; (15.17) 


After applying this in Equation 15.10, which when combined with condition 
given by Equation 15.11, provides 


Ov QV 
Vu ағ 0 (15.18) 


The transforms of the remaining boundary conditions аге 


ow 


Of Lob _6 W080, E>0 (15.19) 
Ox x=0 5 
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ow 


be 
= ce Api). 0 (15.20) 
23 66 Gu x 


As before, Equation 15.18 can be solved by several methods, one among them 
being the Laplace transform. Let the second transform be as follows: 


E(s,ri£) = L(W(s;xy,&)) (15.21) 


Applying Equation 15.21 to Equation 15.18, one gets 


dz 
—=0 (15.22) 


(6+ NE— fo) +7 = 


Again, f is a function of é and represents V(y = 0,£). The semicolon is set to 
remind that unlike the variable £, s is just a parameter involved in function f. Of 
course, for now, this function is unknown. 

The transform of the condition given by Equation 15.20 is 


dz be 
— ———— = M 1 22. 
dé T нЕ c=(s,r;0) (15.23) 


Equation 15.22 is linear and the solution is obtainable by the method of parameter 
variation, as shown in Appendix B. Therefore, the following is set: 


Z(E) = o()a(€) (15.24) 
Applying Equation 15.24 to 15.22, allows writing 


do 


dé 


do 


dé =0 (15.25) 


ole ro + | =f) +o 


Without апу loss of generality, the term inside the bracket сап Бе set equal to zero, 
which leads to 


о = exp[—(s + r£] (15.26) 


Consequently, Equation 15.25 yields 


Хеб dé + C, (15.27) 


w = 


omm 
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Using the above solutions into Equation 15.24, one gets 


£ 
E Ig ote | f(s£) еб? dé + Cre 61€ (15.28) 
0 


The application of the condition given by Equation 15.23 requires the derivative 
of the former expression, which is given by 


é 
m = —(s4 ry Sts [ree dé -f(si£) - (s-- r) Cie St (15.29) 
0 


The following is obtained after applying the condition given by Equation 15.23: 


С = E M [fs + Я (15.30) 
г+ 5 — Се Sr 


Substituting Equation 15.30 in Equation 15.28 gives 
ё 


Ee tng [eos dé + Snae уо) + =| (15.31) 
r+s—C¢ Sr 


—(s+r)é 


0 


As described before, the first inversion should be performed involving parameter 
r and variable y. Similarly, it is assumed that the condition W(y = 0,£) is not a 
function of variable £. This is tested below and if found true the new unknown 
function f(s;£) is just a relation involving parameter s, which will be called g(s). 
After this, the above equation becomes 





* Se Gt g-GiDE 
ag. 8) _ 809) ko ex (15.32) 
г+ 5 r+s r+s—Cce sr 
The inversion regarding parameter r results into 
V —e(s)e °Х — g(s)e “u(y — é) 
e _ eS ce)x—cek 
+ g(s)e OX uy — E) + be шұ = ё) (15.33) 





s(s — cg) 


Before inverting the above, some information regarding function g(s) might be 
obtained by applying the condition given by Equation 15.19. This provides the 
following: 


g(s) = LE (15.34) 
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Therefore, the assumption of f(s;€) equal to g(s), or independence of f on £, leads 
to a possible relation. Using the above, Equation 15.33 is rewritten as 








b,e 5X b,e 5X b TEE 
x тез eee EC >=: 
5(5 — Су) S(s — cy) s(s — Cy) 
e^ € — e-G-ceox—-eé 
+ be u(y — ё) (15.35) 
s(s — cg) 


The inverse regarding parameter s is 














1 — ех(7-%0 1 — е7) 
y=- by u(T — X) + by u(t — x)u(x — &) 
Cx Cx 
1 — е(07-% Е 
=: Кш «XO wr — yu(y — £) 
1 — ec6-2 ec Q-8 — eciG-6) 
be т u(t — (x — &) + bg 7 u(t — x)u(x — €) 


The above equation can be put in the following form: 











1— eo 
y — —b, и(т — x) 

Cx 

1 — eo-0 ес _ ece(t-8) 

+ |by ———— [1 – e#%®] + be u(t — x)u(x — ё) 

Cx Сг 

1 — ебә 

bi i и(т — ё)и(х — &) (15.36) 


Figure 15.3 illustrates the case where b, = b; = 2 and c, = cz = 1 at dimensionless 
instant т = 1 and Figure 15.4 illustrates the case where b, = b; = 4 and c,— c; = 1 
at the same instant. Figure 15.5 illustrates the case where b,—2, b; — 4, and 
Cy=Cz=1 at dimensionless instant т = 1 and Figure 15.6 illustrates the case 
where b, = b; — 2 and c, = 1, c; — 2 at the same instant. 

As before, a wave front of heated fluid travels from the grids toward the rest 
of the region. Owing to the simplification of plug-flow, a sharp modification or 
change in the derivative characterization at the wave front is observed. Of course, 
the real situation is a more smooth variation, and this can be obtained by including 
thermal conductivity terms to the governing equations. As these are second-order 
derivatives, the effect is to anticipate the change and introduce a gradual variation 
of concentration at the wave front. 

Despite the present approximation, the treatment provides some interesting 
features of the process. For instance, the rate of heat transfer by conduction from 
the grid located at the y — 0 plane is represented by increases in parameters b,, 
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FIGURE 15.3 Dimensionless temperature (у) against dimensionless coordinates (x.£) for 
the case where b, = be — 2 and c, = сг = 1 at dimensionless instant т = 1. 
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FIGURE 15.4 Dimensionless temperature (у) against dimensionless coordinates (x.£) for 
the case where b, = be — 4 and c,=cz= 1 at dimensionless instant т = 1. 
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FIGURE 15.5 Dimensionless temperature (y) against dimensionless coordinates (x.£) for 
the case where b, = 2, be — 4, and c, — сг = 1 at dimensionless instant т = 1. 
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FIGURE 15.6 Dimensionless temperature (ys) against dimensionless coordinates (x.£) for 
the case where b, = b; — 2 and c, = 1, cz =2 at dimensionless instant т = 1. 
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whereas for the one at €=0 by рг. The rates of heat transfers by convection are 
represented by parameters c, and cz. Therefore, increases in these parameters 
would provoke higher temperature derivatives at these positions and ahead of the 
grid. In addition, to maintain such larger derivatives, the temperature at the grids 
should be higher as well. The effect of increases in conduction transfer can be 
seen by comparing Figures 15.3 and 15.4. The effect of conduction transfer 
increases at just one grid as shown in Figure 15.5, while the effect of convective 
transfer can be observed by comparing Figures 15.3 and 15.6. 


15.3 TWO-DIMENSIONAL REACTING FLOW 


Let us consider a similar problem as shown in Section 15.2, but instead of being 
heated the fluid reacts. In other words, the incoming fluid is composed of pure 
substance B. When entering the region x > 0 and y > 0, the grid delivers another 
fluid A that reacts with B. However, instead of the situation described in Section 
14.3, the rate of mass transfer of A by diffusion through the porous grids equals its 
rate of mass transfer by convection into the fluid. This realistic situation is 
illustrated in Figures 15.7 and 15.8. 
As always, let us list the assumptions: 


Space is not limited regarding direction z (orthogonal to x and y). 

. In each direction of x and y, the flow can be approximated to plug-flow. 
In other words, the terms related to convective momentum transfers are 
much higher than those related to viscous transfers. 

3. Distributing grids are comprised of networks of small-diameter porous 

tubes and do not interfere in the flow. 


та 


y 
Grid delivers a substance A with rate of 
diffusion transfer equal to the convective 
transfer 


Constant velocity 


E 


Grid delivers a substance A with rate of 
diffusion transfer equal to the convective 
transfer 





Pure substance B 
flowing and entering the 
x» 0 and y» 0 region 


FIGURE 15.7 Scheme for the problem of reacting fluid at 2-D flow. 
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Grid delivers a substance A with rate of 
diffusion transfer equal to the convective 
transfer 








Pure substance B 
flowing and entering the 
x> 0 and у> 0 region 


Pure substance B 
flowing and entering the 
x» 0 and y» 0 region 


FIGURE 15.8 A 3-D scheme for the problem of reacting fluid at 2-D flow. 


4. Fluid is initially composed of a single chemical species B. At a given 
instant, the grids start delivering a fluid of pure component A, which 
reacts with B. The mass transfer of A is given by diffusion and convec- 
tion. This will become clear during the mathematical treatment below. 

5. Reaction is neither endothermic nor exothermic and can be represented by 


А+В- С (15.37) 


6. Reaction is zero order and irreversible. 

7. Any mixture of components A, B, and C results in a Newtonian fluid and 
its properties (for instance, density, viscosity, diffusivities, etc.) can be 
taken as constants. This is assumed despite the change in composition. 

8. No energy dissipation due to viscous flow is observed. 

9. For a first approximation, convection transfer of mass is considered 
much higher than those achieved by diffusion processes. 


The procedure is the same as shown in Sections 13.3 and 14.3. Hence, one is 
entitled to write the governing equation as 


Opa , y Pa E дрд 
Ot "Ox | ” dy 





= Rua = —k (15.38) 


where k is the reaction rate constant. 
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However here, the boundary conditions are 








рл(0,х,у) = Pao (15.39) 
д, 
-Da& z^ = №0 + раб 0) — pa] 120. »20 (1540) 
х=0 
д, 
RS =Nay-0 + Blpay=0) – рдо), t>0, x20 (1541) 
y=0 





Notice that the mass transfer at the grid is given by two terms. The first is similar 
to that described in Section 14.3 and is related to diffusive mass transfer of 
component A into the flow. The second refers to convective mass transfer. 

Again, рдо is the concentration (kg m^?) of A in the fluid before the start of its 
injection through the grids and the concentration remains constant for regions far 
from the grid. 

Since only component B flows before the injection of component A, pao is 
zero. This notation is maintained to allow a more general solution as in the case 
when component A and a neutral substance pass through the grid at which B is 
delivered. In this case, рдо would be the concentration of A before the injection of 
B. In our case, to maintain the formalism as in Sections 13.3 and 14.3, pao can be 
understood as a reference concentration, which may be even set as 1 kg m ^. 
The conditions given by Equations 15.40 and 15.41 follow assumption 4. 

Let us consider the following dimensionless variables: 


y= Pa — Pao (15.42) 
Pao 
yo (15.43) 
Vy 
Bret (15.44) 
Vy 
т = аі (15.45) 
Неге 
k 
TERR (15.46) 
Pao 


The unit for the above constant parameter а would be s !. 


Using Equations 15.42 through 15.46, Equation 15.38 becomes 


Oy Op Op _ 
oro seed (15.47) 





The boundary conditions are written as 
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(0.6) 20, x>0, €>0 (15.48) 
д 
w = уо Wy =0, T>0, £20 (15.49) 
Xx—0 
д 
а = 6-с, E=0), т>0, x20 (15.50) 
feo 
where 
go Ue ey (15.51) 
Юлвардо Dapapag 
pe aa (15.52) 





© &Das' ° арав 


The conditions given by Equations 15.49 and 15.50 are third-kind boundary 
conditions. 


15.3.1 SOLUTION BY LAPLACE TRANSFORM 


Considering the condition given by Equation 15.45, the transform in variable 7 
seems attractive, and 


(5,5) = Іт) } (15.53) 


After applying this in Equation 15.48, and which when combined with this 
condition, one gets 








ov ow 1 
V 4 = 15.54 
s Oy + дё А ( ) 
The transforms of the remaining boundary conditions аге 
ow b 
=| --—-eWG0£, £20 (15.55) 
OX | y=0 E 
ow be 
—| =-+=-¢;WV(s;y,0), x20 (15.56) 
дё |0 £o 


As described before, Equation 15.54 might be solved by several methods, one 
among them being the Laplace transform. Let the second transform be written as 


E(s,r;£) = L{W(s;x,6)} (15.57) 


Applying Equation 15.57 to Equation 15.54, one gets 
а= 


тие (13-28) 
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Again, f is a function of € and represents V(y = 0,£). The semicolon is set to 
remind that unlike the variable £, s is just a parameter involved in function f. Of 
course, for now this function is unknown. 

The transform of the condition given by Equation 15.56 is 


а= 


be 
TAI Soest ides ылайы 15. 
Е, Pe ceX(s,r;0) (15.59) 


Equation 15.58 is linear and the solution can be sought by using the method of 
parameter variation, as shown in Appendix B. Therefore, the following is set: 


EE) = a(&)oX£) (15.60) 


Applying Equation 15.60 to Equation 15.58 allows writing 


do 1 


E (15.61) 


e lo + r)o+ zl — fd) +o 


Without any loss of generality, the term inside the bracket can be set equal to zero, 
which leads to 


о = exp[—(s + r£] (15.62) 


Consequently, Equation 15.61 yields 


eG 


ё 

= —— ee 0€ 

ВЕЕ [ее dé + Ci (15.63) 
0 


Substituting Equations 15.62 and 15.63 into Equation 15.60 gives 
i 1 
Te tng [ree tae = — +4 Cye SHE (15.64) 
rs(s +r) 
0 


The application of the condition given by Equation 15.59 requires the derivative 
of the former expression, which is given by 


ё 
Е = —(s + re 67 | dé + f(s; — (s--r)Cje St — (15.65) 
0 


The following is obtained after application of the condition given by Equation 
15.59: 
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1 be сг 
= 30) 4 15. 
ri r+s— СЕ 76:0) sr sr(s+ 2 (0:60) 


Using Equation 15.66 in Equation 15.64, one arrives at 
ё 
= e SHE poe dé 


0 


1 e tng 


be се 
+ 25 
rs(str) r+s—c 





о) + 
é 


S mS 
(15.67) 


As described before, the first inversion should be performed involving parameter 
r and variable x. Similarly, it is assumed that the condition V(y = 0,£) is not a 
function of variable £. This will be tested below, and if true, the new unknown 
function f(s;£) is just a relation involving parameter s, which will be called g(s). 
After this, the above equation becomes 











Е (5) (sje (8176 1 e Gt*né b с 
g- fr f gs) + + i 
rds rds sr(r+s) r+s—ce sr sr(r+s) 
(15.68) 
The inversion regarding parameter r results into 
—sx —sy LEEN 
У = g(sje™* — g(s)e “uly — é) — =a 
е5 — e-G-cox—ceé 
+ g()e € 9X Eu — E) + be u(x — €) 
s(s — cg) 
—(s—cg)x—czé —sé —sy 
E CER © [uc — & (15.69) 








s(s — cg) s(s—ce) $ 


Before inverting the above equation, some information regarding function g(s) 
might be obtained by applying the condition given by Equation 15.55. This 
provides the following: 


b. 


Е s(s — Cy) 


g(s) = (15.70) 


Therefore, the assumption of f(s;£) equal to g(s), or independence of f on £, leads 
to a possible relation. Using the above, Equation 15.69 is rewritten as 











(1 — Б)е—5Х | (1— be ]—e^X 
v= x X u(x é) 2 

s(s — Cy) s(s — cy) Y 

l-b —sÉ __ e~ (s—cE)X— cë 

I X e Sexe yy — ё) + bz Е : u(x — &) 
s(s — cy) s(s — cg) 
er a ези 
é ;- ux — & (15.71) 


s(s — cg) s?(s — cg) 
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The inverse, regarding parameter s, is 























1— eo i eo 
w= (1 — by) u(t — vy) – (0. — by) u(t — x)u(x — ё) 
Cy cy 
1— есх(7-А) 
T (т – ит 0) +- by) — — — eo ит — yux — é) 
X 
1 — ec6-8 ecQ-8 _ есет) 
be u(t — £)u(x — €) + be u(t — x)u(x — ё) 
C Ce 
— ece(T— x) 
+ | асаа е — y) 
C 
1 + cg(r — £) — е9 
Кыш um u(r — ё) — (т — Vult — x) | ux — £ 





CE 


This can be put in the following form: 


1 — exx) 
ф =—т-+(т— а u(T — x) 
X 








(i= куе [ес = 1] 


+ u(t — x)u(y—€) 











+be eto 9 = eet) 1 ae ect 78 (gy) 
1 = саст) t= ce(T—€) 
TREE Оек bo u(t — &u(x — ё) (15.72) 
CE CE 


Figure 15.9 illustrates the case where b, = b; = 2 and c, — cz = 1 at dimensionless 
instant T=1 and Figure 15.10 illustrates the case where b,— b;—4 and 
Cy — сь= l at the same instant. Figure 15.11 illustrates the case where b, = 2, 
b — 4, and c, = cz = 1 at dimensionless instant т = 1, and Figure 15.12 illustrates 
the case where р, = b; — 2 and су = 1, c; —2 at the same instant. 

As before, a wave front of component A travels from the grids toward the 
rest of the reacting region. Owing to the simplification of plug-flow, sharp 
modifications or changes in the derivative are observed at the wave front. Of 
course, the real situation is a more smooth variation, and this can be obtained by 
including the diffusive terms into the governing equations. As these are second- 
order derivatives, the effect is to anticipate the change and introduce a gradual 
variation of concentration at the wave front. 

Despite an approximation, the present treatment provides some interesting 
features of the process. For instance, the rate of mass transfer by diffusion from 
the grid located at the ү = 0 plane is represented by increases in parameter b,, while 
for the one at é= 0 by рг. The rates of transfers by convection are represented by 
parameters c, and сг. Therefore, increases on these parameters would provoke 
increases in the derivative of the concentration at these positions and ahead of the 
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FIGURE 15.9 Dimensionless concentration (/) against dimensionless coordinates (x.£) 
for the case where b, = b; = 2 and c, — сг = 1 at dimensionless instant т = 1. 
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FIGURE 15.10 Dimensionless concentration (y) against dimensionless coordinates (x.£) 
for the case where b, = be — 4 and c, — сг = 1 at dimensionless instant т = 1. 
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FIGURE 15.11 Dimensionless concentration (у) against dimensionless coordinates (y,é) 
for the case where b, = 2, b; — 4, and c, — cz — 1 at dimensionless instant т = 1. 
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FIGURE 15.12 Dimensionless concentration (у) against dimensionless coordinates (y,é) 
for the case where b, = be= 2 and c, = 1, ce=2 at dimensionless instant т = 1. 
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grid. In addition, to maintain such increases of derivatives, the concentration at the 
grids should be higher as well. The effect of increases in diffusion transfer can be 
seen by comparing Figures 15.9 and 15.10. The effect of diffusion transfer 
increases at just one grid is shown in Figure 15.11, while the effect of convective 
transfer can be observed by comparing Figures 15.9 and 15.12. 


EXERCISES 


1. Work on the details to arrive at Equation 15.33. 

2. Work on the details of inversion to arrive at Equation 15.36. 

3. Solve the problem in Section 15.2 using any branch of the method of weighted 
residuals. As a hint, try to depart from Equation 15.10 and the condition given 
by Equation 15.11 to write a possible choice for the approximations given by 


n 


PaT XE = у HFG) (15.73) 


j=l 


Here, F; and G; are trial functions to be defined by each approximation. 
The first approximation would be 


by (7.x,€) = тЕ\(х)С1(@) (15.74) 
Using Equation 15.10, the residue becomes 
Ay = Еб + TF б + тЕ Су (15.75) 


For the sake of simplicity, apply the collocation method at instant т = a. There- 
fore, after equating the residual to zero at this point, the following can be written: 


aF; аб 


[ee 
ey og 





0 (15.76) 


As F and G; are functions of independent variables, it is possible to obtain 
f: 
==] (15.77) 


Here C is a constant. 
Solve the above two differential equations to obtain a form for the first 
approximation. The constants might be determined by the boundary conditions 
given by Equations 15.12 and 15.13. 

4. Solve the problem in Section 15.3 for an irreversible first-order reaction, at 
which the source term is given by 


Крд 





1 6 Problems 321; Three 
Variables, 2nd Order, 
1st Kind Boundary 
Condition 


16.1 INTRODUCTION 


This chapter presents methods to solve problems with three independent variables 
involving second-order differential equations and first-kind boundary conditions. 
Therefore, partial differential equations are involved. Mathematically, this class of 





cases can be summarized as f (4.01,.02,03, 36,54, 12%), first-kind boundary 
condition. 

This is also the last chapter. Of course, analytical and approximate solutions 
can be obtained for cases that are even more complex. However, when the 
complexity increases, it might be worthwhile or simpler to apply numerical 
solutions. As indicated in the preface, the book advances until a point where a 
compromise between complexity and applicability of analytical and approximated 
methods seemed reasonable. 


16.2 TEMPERATURES IN A RECTANGULAR PLATE 


Consider an insulated plate with prescribed temperatures at the borders. An initial 
given temperature profile f(x, y) is imposed, as shown in Figure 16.1. 

It is desired to obtain the temperature profile in the plate against time. 

Let us consider the following assumptions: 


. Temperatures at the borders (x — 0 and y — 0) remain constant. 

. Plate is thin enough as well as insulated at the two main wide faces in 
such a way that no appreciable heat transfer occurs in the z direction. 
3. At a given instant (7 = 0), the temperature of the plate (except at the 

borders) is set according to a given function f(x, y). 


Ne 
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y Plate with all borders kept 
at constant temperature To 






Insulation 





FIGURE 16.1 Rectangular plate with prescribed temperatures at the borders. 


4. Plate is solid, and within the range of temperature of the present problem 
no phase change is possible. Therefore, there is no velocity field in 
the plate. 

5. Range of temperature variation is small enough for the properties of 
plate material to be assumed as constants. 

6. No chemical reaction, or any other form of energy generation, takes 
place in the plate. 


From the above and applying Equation A.34, it is possible to write 


oT PT PT 
— = — I 16.1 
at (ба T 51) USD 
Here Dy is the thermal diffusivity and is given by 
A 
Dr = —— (16.2) 
pCp 


Of course, there are various possibilities for a set of dimensionless variables. 
Here, the following is proposed: 





(16.3) 


т= 1; (16.4) 
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gee (16.5) 
a 
ix (16.6) 
a 
Applying the above, Equation 16.1 can be written as 
2 2 
a = 0 T ы (16.7) 
Let us call the ratio between the plate dimensions as 
y= 2 (16.8) 
а 
The boundary conditions аге 
00.0 =0, O<E<y, т>0 (16.9) 
0(7,0,) = 0, О<о<1, T>0 (16.10) 
0(.1,5 = 0, 0<ё<у, т>0 (16.11) 
0(т,0,0) = 0, О<о< 1, T>0 (16.12) 
The initial temperature profile is given by 
0(0,0,€) = op(w,€), O<w<l, 0<ё<у (16.13) 
Here 
Ф(0,) - 7-1 (16.14) 


16.2.1 SOLUTION BY SEPARATION OF VARIABLES 


As shown in Appendix G, the assumption of the method makes it possible to write 
A(7,0,€) = С(т)Е(о,&) (16.15) 


Equation 16.15 is substituted into Equation 16.7 to give 





1dG 1/@F OF 
Сат Е (s | ag) с E. 


where C is a real constant. This has been reached after verifying that complex or 
zero values for the constant C would lead to impossibilities or to a trivial solution. 
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Thus, it is possible to write 
G(T) = K exp (—C?7) (16.17) 
Let us now assume that 
Flw, £) = H@)I(é) (16.18) 
Using Equation 16.18 in Equation 16.16 would lead to 


1dH 1а 
Hdw Ід 





С? = к? (16.19) 


According to Appendix В, the solutions of these two ordinary differential 
equations are given by 


Н = A, ѕіп(ко) + Аз соѕ(ко) (16.20) 
and 
I = B, sin(££) + By cos(Zé) (16.21) 
where 
C=C — к? (16.22) 


The boundary conditions given by Equations 16.9 and 16.11 lead to 

H(0) = Н) = 0 (16.23) 
Similarly, conditions given by Equations 16.10 and 16.12 lead to 

I(0) = Ку) = 0 (16.24) 
From these boundary conditions, it is possible to obtain 

Н, = А, sin(k40) (16.25) 
and 

Im = Bm sin (émé) (16.26) 


Here the eigenvalues are 


к„=пт, i, = (16.27) 
y 
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Let 


Cmn = \/к2 + (16.28) 


Consequently, the solutions for G(f) are 
Ginn) = Kinn exp(- C; ,7) (16.29) 


With this, the general solution becomes 


Ө(т,о,&) = 5 Уу Enn sin(,0) sin(£,£) ехр(—С?, „т) (16.30) 


т=1 n=1 


Finally, the boundary condition given by Equation 16.13 can be applied to give 


p(w.€) = У RE) sin(,o) (16.31) 
n=1 
where 
RAO = у) Enn Site) (16.32) 
m=1 


Therefore, a half-range odd expansion (see Appendix G) is set and 
1 
R,(€) = 2| Q(o,&) sin (kno) dw (16.33) 
0 


On the other hand, from Equation 16.32 


|+ 


у У 1 
Be : [rE aeoe | [eo sin(kyt) Sin(Cy€) deo dé (16.34) 
0 00 


Hence, from the given function q(w,£), it is possible to determine E,,,,, and 
from Equation 16.30, it is possible to determine the temperature profile (0) as a 
function of time and space coordinates. 


16.2.2 EXAMPLE OF APPLICATION 


To exemplify, let us consider a simple function describing a constant initial 
temperature of the plate, or 


f@y) = Т, (16.35) 
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Therefore, from Equation 16.14 








Т = Т 
p(w,é) = = ° (16.36) 
0 
With this, Equation 16.34 becomes 
4 ry 
T Ti 
Emn = “et = o [since sin(Z,,£) dw d£ 

00 

= 4(T, — To) (cos k, — 1)[cos (Emy) — 1] (16.37) 
Toy Kn m 


Using the above, Equations 16.27 and 16.28 substituted into Equation 16.30 
would provide the dimensionless temperature as 











ERE m 20 : 1*1 Е D" sinirmo)sin( ^75) 


m=1 n= 


2 
exp B (v 4 ~) d (16.38) 


Of course, the borders would remain at dimensionless temperature 0 = 0. 
If T, = 600 K and To = 300 К, the initial value for the dimensionless temperatures 
inside the plate would be 1.0. From this, the heat transfer by conduction would 
lead to decreased temperatures inside the plate. Consider a case with carbon steel, 
with the following properties: 


* Density (p) — 7854 kg m^? 

e Specific heat (Cp) = 434 J kg ! К^! 

* Thermal conductivity (A) = 56.7 W ut K 

* According to Equation 16.2, me above values would provide a thermal 
diffusivity (Dr) = 1.66 X 107 5 m? s™!, 


For a square plate (y= 1) with 1 m at each side, the dimensionless time variable 
Equation 16.4 would be related to the real time (measured in seconds) 
т= 1.66 X 107° t. Therefore, after approximately 600 s, the dimensionless time 
would be 1.0 X 107°, and the temperature profile in the plate is illustrated in 
Figure 16.2. One should remember that the plate is perfectly insulated at its faces 
and the temperatures of the borders remain constant. 

After approximately 6000 s (or т = 0.01), the temperature profile is shown in 
Figure 16.3, and after 60,000 s (or 7 — 0.1) in Figure 16.4. 

Of course, materials with thermal diffusivity lower than that of carbon steel 
would require more time to match the same dimensionless times of the above 
example. 
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FIGURE 16.2 Dimensionless temperature (0) profiles in a square plate (у = 1) against the 
dimensionless coordinates (о and £) at dimensionless time т = 0.001. 
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FIGURE 16.3 Dimensionless temperature (0) profiles in a square plate (y= 1) against the 
dimensionless coordinates (w and £) at dimensionless time 7 — 0.01. 
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FIGURE 16.4 Dimensionless temperature (0) profiles in a square plate (y= 1) against the 


dimensionless coordinates (w and £) at dimensionless time т = 0.1. 


From the above solution, the reader is invited to obtain the flux of heat 
transfer between the plate and the environment at the borders (x — 0), or 


p= (16.39) 
Ox ar 


EXERCISES 


1. Obtain the flux of heat transfer between the plate and the environment at the 


borders (x= 0). 
2. Apply the relationship for the heat flux achieved in the last problem to the 
particular case presented in Section 16.2.2. 
3. A porous plate with prescribed concentration of component A at the borders is 
shown in Figure 16.5. An initial given concentration profile f(x,y) is imposed. 
The profile describes the concentration of component A in a mixture with 
component B. Components A and B react according to a zero-order reaction. 
It is desired to obtain the profile of component A concentration in the plate 


against time. 


Assume the following: 
(a) Concentration of species A at the borders (x —0 and у= 0) remains 


constant and equal to pao. 
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Porous plate with all borders kept 
y at constant concentration pao 






Impermeable plates 


FIGURE 16.5 Porous plate with borders at constant concentration of a substance that 
diffuses into the plate interior. 


(b) Porous plate is thin enough as well as sandwiched between two imper- 
meable plates at the main wide faces in such a way that no mass transfer 
Occurs in the z direction. 

(c) At a given instant (7 = 0), the composition of a mixture of components 
A and B is known in the plate (except at the borders) and described by 
function f(x,y). 

(d) A zero-order and irreversible reaction occurs between components A 
and B. 

(e) Despite the mass transfer, no appreciable velocity field exists in the plate. 

(f) Reaction between components A and B is neither endothermic nor exo- 
thermic and no mixture heat is developed. Therefore, the temperature in 
the plate remains constant. 

(g) All physical properties of fluid mixture in the plate are similar and remain 
approximately constant. 

From the above and applying Equation A.40, show that it is possible to write 


Op, Op, д?р, 
=== D => DE 16.4 
БТ p (08 + Бн К (16.40) 





Here D, is the effective diffusivity of component A in the porous plate with 
any concentration of component B and reaction products. The reaction 
parameter is given in terms of concentration per unit time. In the SI system, 
it is represented in kmol m ? s^ !. 
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4. In the above Exercise 3, use the following changes of variables: 


j= =a (16.41) 
AO 
D. 
rat (16.42) 
X 
o= (16.43) 
E => (16.44) 


To demonstrate that after applying Equations 16.41 through 16.44, it 
is possible to write Equation 16.40 as 








00 9 e 
0r бш® ag ? Э 
Неге 
2 
S) (16.46) 
ProDe 


5. In the previous problem, use the ratio between the plate dimensions as 


у= (16.47) 


а 


The boundary conditions can be written as 


0(7,0,6) =0, O<E<y, т>0 (16.48) 
Ө(т,о,у) = 0, 0<ш<1, т>0 (16.49) 
(7,16) = 0, O<E<y, т>0 (16.50) 
0(т,0,0) = 0, О<о< 1, т> 0 (16.51) 


The initial temperature profile is given by 
0(0,0,€) = 9,6), O<w<l1, 0<ё<у (16.52) 
where 


fy) — рдо 
Pao 


¢(w,€) = (16.53) 
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FIGURE 16.6 Solid cube with prescribed temperatures at the faces. 


6. Apply the method of separation of variables, to solve the above boundary 
value problem 


0(T,o.£) = С(т)Е(о,) (16.54) 


7. Apply Laplace transform to solve Problem 4. 

8. A solid cube is illustrated in Figure 16.6. The faces are kept at prescribed 
temperatures, as indicated in the figure. Set the governing differential equa- 
tions and boundary conditions that would allow obtaining the temperature 
profile inside this solid. 





Appendix A 
Fundamental Equations 
of Transport Phenomena 


A.1 INTRODUCTION 


The basic equations of transport phenomena are summarized below. The reader 
can find the complete deductions in several texts [1—4]. 

The rectangular, cylindrical, and spherical coordinate systems are illustrated 
in Figure A.1. 


(x, y 2), (r, 0, Z), 


E and (r, 0, 4) 


N 





x 


FIGURE A.1 Systems of rectangular (x, y, z), cylindrical (r, 0, z), and spherical (r, 0, ф) 
coordinates. 
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TABLE A.1 
Equations of Mass Conservation in Several Coordinate Systems 


Coordinate System Equation Number 


Op дру; д, д 
Rectangular x + a. + » + o. =0 Al 


КӨУ, Op 1 др. 1 Opve дру, 
Cylindrical + =0 A2 
[re Ot r Or TE 00 А Oz 


. Op 1 Opr’v, 1 Opve sind 1 дру 
Spherical + =0 А.З 
ean Oot т? Or * rsinü 00 * rsinü. дф 

















A.2 GLOBAL CONTINUITY 


Table A.1 shows the various global continuity equations written for each kind of 
coordinate system. The global continuity should be differentiated from those that 
can be written for each chemical species, as shown ahead in Section A.5. 


A.3 MOMENTUM TRANSFER 


The momentum conservation or momentum transfer equations are shown below 
in Table A.2. These equations are also referred to as equations of motion. 

The same equations are presented in Table A.3 in the case of Newtonian fluid 
with constant density and viscosity. 





























TABLE A.2 
Equations of Momentum Conservation in Rectangular Coordinates 
Component v Number 
x ду FV 28 * Буу v 
Раа ” = z T 
Op дт | OT OT 
А ( Эх Т ду Т б: + рах + Rrx A4 
Ovy Ovy Ov, Ov, 
Є ъа ду "а; 
y 
Op дту дт, | OT, 
= : (d Rp, AS 
ду e: * Oy Ы Oz + 08у + Кру 
ду, ду, ду, ду, 
(5 д дх TE ду ш. Oz 
< 
Ор дты дт„ OTz 
рз Rr, A.6 
Oz (umm ML 


Note: For Newtonian fluids, a list of stress tensors is found in Table A.8. Rp is the 


contribution (+) or withdrawal (—) of momentum due to force fields evenly imposed 


on the control volume at the indicated direction; units in SI system are kg m 25 ?. 
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TABLE A.3 
Equations of Momentum Conservation in Rectangular Coordinates 
for a Newtonian Fluid with Constant Density and Viscosity 




















Component Equation Number 
" Р e i ду, m ду, nm a) 
Ot “əx "Oy дг 
ӨРҮ m (s + д + 22) + рах +R АЛ 
Ox o2 ay дг me i 
Ovy Ovy Ovy Ovy 
(3 Tx Әх + Vy 8y Tu 5: 
X dp (Pa, Ow Py 
ду «(53 t Oy + a3) + pgy + Rp, A.8 





Os Әй, Ov y Ov, 
Oa oe ду д5 


Op Ov, Фу, Ov, 
Oz e ш ду? Y Oz 








) + ре: + Кр, A.9 


Note: Ry is the contribution (+) or withdrawal (—) of momentum due to force fields evenly imposed 


on the control volume at the indicated direction; units in SI system are kg m ?s ?. 





Tables A.4 and A.5 are equivalent to Tables A.2 and A.3, however, for the 
case of cylindrical coordinates. 

Table A.6 presents the momentum transfer equations for spherical coordinates 
and Table A.7 gives the same relationships for cases of Newtonian fluids with 
constant density and viscosity. 








TABLE A.4 
Equations of Momentum Conservation in Cylindrical Coordinates 
Component Equation Number 
у, Ov, te Ov, E vo ðv, v dis Ov, 

Var ar r 00 r “дс 








Op 1 Ot) 1 дт төв, OT rz 
дг r Or r 00 r Oz 


e Ovo | vg vg уув x) 
p + + 


) + psr + Rr A.10 





Dp ge T 00 re 
1 Op (5 Or T16 10709 | Өтө 


Кр A.11 
r 00 r Or r 00 t a5) 4 pgo + di 


(2 Ov, уд Ov, =) 














дї тм pi r 86 Oz 


Op 1 Ort, 1 OTe, OTz 
= ~ Rr A.12 
Oz C дг r 00 t Oz + р8: + Ке: 








Note: For Newtonian fluids, a list of stress tensors is found in Table A.8. Rp is the 


contribution (+) or withdrawal (—) of momentum due to force fields evenly imposed 


on the control volume at the indicated direction; units in SI system are kg m ?s ?. 
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TABLE A.5 
Equations of Momentum Conservation in Cylindrical Coordinates for a 
Newtonian Fluid with Constant Density and Viscosity 





Component Equation Number 
; LANE Ow | vo Ov, RN Ov, 
Рог "дт тд т D 








др | д (1 дру, " 19w 2 Ov, ду, 
ar " Brir Or Do? r? д0 O02 


| + pg, + Rrr A.13 














Ovo Ove | vg OVe У,у Ovo 
Л ДЕ rO6 СЕ Т x) 
1 Op д [1 дг 1 Oy, 2 ðv, Ove 
r 00 ДЕ (G Or ) r? og i 00 T АЦ + pgo + Rro и 
ду, ду, у ду, ду, 
(® EW Or Ў r 80 ^" Oz 
2 








др 10/ д, 1 Фу, Pv, 

- Ry A.15 
xu xr E 9$ | Oe + рв: + Rr 
Note: Rr is the contribution (+) or withdrawal (—) of momentum due to force fields evenly imposed 


on the control volume at the indicated direction; units in SI system are kg m ?s ?. 











TABLE A.6 
Equations of Momentum Conservation in Spherical Coordinates 
Component Equation Number 
а Р ду у OMe 5 Vo ду, + ve Ov, 
Ot дг r 00 r rsin0 Әф 








Op (5 Or Typ 1 дт,ѕіп төт 1 дт, 


К, 
8r Ar Or "rsmó 80 i rsin0 Tt) tree Е А16 





Ot oe дг r д0 r  rsin0 0b r 


1 др 1 Or’ Tyo в 1 дтөөѕіпӨ 1 Ore N т, 
r00 Ar дг rsinü 00 rsinü дф т 


(5 дуд а дур vvo ve Ove VÀ =) 
p 








сог 
7—7 | +08 +Rro AAT 





Ove, Ove ув Ove Vg дур Уфу, Vevo 
tO 
0( m IRT 00  rsin0 3 T. poc 
ф 1 Op 1 Or Trp 1 OT ep 1 дт Tre 2с010 
rsind0d Nr? Or r 00 t rine дф Ш r Шш Too 
+р8ф + Кеф A.18 








Note: For Newtonian fluids, a list of stress tensors is found in Table A.8. Ар is the contribution (+) 


or withdrawal (—) of momentum due to force fields evenly imposed on the control volume at 


the indicated direction; units in SI system are kg m? s 2. 
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TABLE A.7 
Equations of Momentum Conservation in Spherical Coordinates for a 
Newtonian Fluid with Constant Density and Viscosity 


Component Equation Number 


Ov, Ov, vo ðv, Vat 1 vg Ov, 
p Tv + - 
дї дг r 00 r rsin0 дф 


r 








Op 2 2 20v, 20v; 2 2 Ove 
2s Viv, - 20, p 
Or * «( WB" W8e pp p r? sind дф 
+ pg, + Rp, A.19 





Vr 


(5 Ove ув va У, ув уф дув v cot °) 
p 

















9 Ot дг r 00 r rsinü дф r 
1 Op 2 Ov, vo 2cos0 Avy 
= –- = у? R A.20 
225i жо 00  rsinü г25іп20 дф PRICES 
Ove, дур | Vo Ove, Vp Ove  VeYr  УфУө 
is : t6 
(5 ш BR" 86 | rsind оф r а ie 
Ф 1 Op 2 Уф 2 Ov, | 2cos0 Ovo 
=-—_ — V = 
rsin6 аф ео amo! 2 ѕіпӨ дф TE sin? 0 дф 
+ р8ф + Кеф A.21 
Note: In these equations V? = 2 2 (? 2) tz i B 8 (sin8 2) Шш; 1. 8 бр Ry is the contribution 


(+) or withdrawal (—) of momentum due to force fields evenly imposed on the control volume 


at the indicated direction; units in SI system are kg m ?s 2. 





The terms of shear stress shown in the above tables are provided in detail in 
Table A.8. 


A.4 ENERGY TRANSFER 


The equations describing the conservation of energy—also called equations of 
energy transfer—are presented below. 

Table A.9 presents the components of energy fluxes for several coordinate 
systems. 

Table A.10 presents the equations of energy conservation in terms of fluxes 
and involving shear stress components. 

The same equations are presented in Table A.11 in the case of Newtonian 
fluid with constant density, viscosity, and thermal conductivity. 


A.5 MASS TRANSFER 


Table A.12 shows the continuity of individual chemical species in terms of mass 
fluxes at various coordinate systems. 

Table A.13 shows the same equations, however, in terms of velocities 
involving fluids with constant density and diffusivity. 
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TABLE A.9 
Components of Energy Fluxes 
Coordinate System Equations* Numbers 
OT OT OT 
Rectangular qx = —À Өх? qy = —À ду” qz = —À az A.22, 23, 24 
zt OT 1 OT OT 
Cylindrical qr À or qo À 88 qz = —À Oz A.25, 26, 27 
Spherical nae peas = Rd A.28, 29, 30 
poene T; ar 4% roe’ % тїп Ө дф ele 


* The above equations represent the heat fluxes only in terms of conduction. 





A.5.1 IMPORTANT CORRELATIONS ON MASS TRANSFER 


Like other phenomena, mass transfer problems involve fluxes and main variables, 
or concentrations. To help on discussion throughout the book, some of these 


relations are listed below: 


A.5.1.1 Molar and Mass Concentrations 


= 


1 


= 


M =у хм, 


A.5.1.3 Sums of Molar and Mass Fractions 


n n 


l=) xw 


j=l j=l 


(A.43) 


(A.44) 


(A.45) 


(A.46) 


(A.47) 


(A.48) 
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TABLE A.12 
Equations for Mass Conservation of Chemical Species in Terms of Fluxes 
Coordinate System Equations* Numbers 
д Мах ONay ӘМ, 
Rectangular 22 + Pe + By EE Us = Rua A.37 
: А дрд 10 1 ON ao ONaz 
Cylindrical — +- (АМА) + = =R A.38 
ae Ot paren 00 T Oz M 
Opa | 1 O (5 
| dr Re №) 
Spherical 1 ө 1 ON 
ot dS i „д А.39 
* rsin д0 (Naa sin 0) + rsinü дф Rma 


а Куд is the uniform rate of generation (+) or consumption (—) per unit volume throughout the entire 


control volume. 








TABLE A.13 
Equations for Mass Conservation of Chemical Species in Terms 


of Velocities and for Fluid with Constant Density and Diffusivity 
Coordinate System Equation? Number 


Opa Opa Opa Opa 























Rectangular 
е ar e Ox T) dy + Oz 
Op, Ppa | рд 
Dro( Ox? ду? +92 ) ша; A.40 
Opa fy! Opn Ty vo Opa +v дрд 
Cylindrical Ot ðr r 00 Oz 
ee pu {t 2 (20a) 4 1 рл, Pea) sp 
“Bl ar Or D 0g дг MS AAI 
Opa , Opa , Ve OPK , ур Opa 
8r Т!" Өк т DO reino Ob 
Spherical 1 8f др 1 Of. Op. 1 Op, 
=D 
ав [5 Or $ ðr ш: sing 00 sing 00 Ta sin? 0 Әф? 
ERMA A42 


а Ку д is the uniform rate of generation (+) or consumption (—) per unit volume throughout the entire 


control volume. 





A.5.1.4 Molar and Mass Fractions 





Wij 
M; 
у=- (A.49) 
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хМ; 
w= qj 


= (A.50) 
x;M; 
p Ва] 


A.5.1.5 Mass and Molar Average Velocities 





Т e So wy; (A.51) 





p= = a (A.52) 


A.5.1.6 Binary (A and B Species) Mass and Molar Fluxes in Relation 
to Inertial Coordinates 


Na = PAVA = —DABDV Wa + WA(NA + Мв) (А.53) 





Na = #дуд = —Daap VXA + ХА (Na + №) (А.54) 


A.5.1.7 Sums of Mass and Molar Fluxes 


S Nj = pv (A.55) 
j=l 
Уу Nj = рӯ (A.56) 
j=l 


A.6 PARABOLIC, ELLIPTIC, AND HYPERBOLIC PARTIAL 
DIFFERENTIAL EQUATIONS 


A classification of partial differential equations often found in the literature is 
based on the concepts of quadratic parabolic, elliptic, and hyperbolic functions. 
The definitions are sometimes useful because this classification may indicate 
the difficulty of analytical solution for partial differential equations. 
All are based on a more general form given by 


2 2 2 


Ф Op 
2 
a 2 теш дхду "ees 





Ф дф дф B 
ду? + a4 Әх + as 55 + а = 0 (A.57) 
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Here a; (i= 1, 2,..., 6) are constants. 
Let a matrix M be given by 


M- |“ | (А.58) 
a аз 


The differential equation (Equation A.57) would be 


e Parabolic, if M=0 
* Elliptic, if M > 0 
* Hyperbolic, if M « 0 


The following are examples of parabolic equations, which are related to 
conductive transfers: 


PT ƏT 
ad + ye = 0 (A.59) 
Usually, solving parabolic differential equations are made simpler by using 
analytical methods, and these differential equations also allow the application of 
several methods. 

Despite some usefulness of such classification, it is not applied in this work 
because the difficulty of finding an analytical solution for partial differential 
equations is not just a matter of the equation in itself, but depends also on the 
kind of boundary condition or conditions involved in the problem. 
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Appendix B 
Fundamental Aspects 
of Ordinary Differential 
Equations 


В.1 INTRODUCTION 


A significant fraction of the differential equations derived from situations in 
transport phenomena lead to ordinary differential equations. Fortunately, most 
of these equations fall into the range of linear equations, and the main methods to 
solve these are presented here. 

This is an overview on the subject, and more and deeper material as well as 
demonstrations of theorems stated here can be found throughout the literature [1—6]. 

A linear differential equation is an equation that can be written in the 
following form: 


d"y d" ly 
а(х) dy + an- (x) dan! 





d 
teta toaya (BL) 


where a;(x) and b(x) are functions of the independent variable x. On the other 
hand, an example of nonlinear equation is 


dy 2 
— = 2. 
+ ху X 


Equation B.1 is called homogeneous if the function b(x) is identically zero; 
otherwise, it is heterogeneous. 


B.2 FIRST-ORDER LINEAR EQUATIONS 


This is the most simple form of differential equations and is given by 


dy P 
dx + a(x)y = b(x) (B.2) 
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B.2.1  SEPARABLE EQUATIONS 


If in Equation B.2, the function a(x) is identical to zero, the equation is called 
separable and a simple integration is enough to arrive at the solution, or 


y = [pco dx+C (B.3) 


Here C is the integration constant, which can be determined by the boundary 
condition of a physical problem. 

Another class of separable differential equation arises from homogeneous 
equations, or 


dy _ 
d + а(х)у = 0 (В.4) 


Such equations can be integrated to give 

Iny= -Jacoec mc (B.5) 
or 

y(x) = Cexp (fa ax) (B.6) 


B.2.2 VARIATION OF PARAMETERS 


Variation of parameters is a method applicable to a wide range of differential 
equations. It starts by assuming the solution as the product of two functions in 
the form 


уб) = уб) у(х) (B.7) 
This does not imply on loss of generality. However, an additional degree of 
freedom is introduced. 
Combining Equations B.7 and B.2, one gets 
yii + уу aya = b (B.8) 


In turn, this can be written as 


у10 + ау) + уу = b (В.9) 
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The additionally introduced degree of freedom is now used to impose that 
у + ay2 =0 (B.10) 


This is a separable differential equation, with solution given by 
у(х) = exp јео ar) (B.11) 


Notice that the integration constant was arbitrarily set as zero. Owing to the 
additional degree of freedom introduced before, this is possible without any 
loss of generality. Besides, the boundary condition will be satisfied through the 
introduction of a constant in the following steps. 

Equations B.9 through B.11 lead to 


yw =| ar C =f» (x) ol ge С (B.12) 
y2(x) 


The final solution is obtained using the above last two equations in Equation B.7. 
Constant C would be obtained through the application of boundary condition. 


В.З FIRST-ORDER NONLINEAR EQUATIONS 


There are various methods for solving nonlinear differential equations, some being 
approximated methods such as the method of weighted residuals, which is 
described in Appendix E. For the time being, a simple but effective method is 
shown. It is called Picard’s method. It is an iterative procedure as explained below. 


B.3.1 PicARD's METHOD 


Consider a first-order equation in the general form 


d 
= fj) (B.13) 


This form includes a wide range of nonlinear equations. If a boundary condition 


y(xo) = yo (B.14) 


is imposed, the integration of Equation B.13 leads to 


у(х) = yo +|/ [z,y(z)] dz (B.15) 


474 Analytical and Approximate Methods in Transport Phenomena 


Now, if y(z) is replaced by its value at boundary condition or the one given 
by Equation B.14, an approximation is obtained and is named у(х), which is 
given by 


x 


yix) = yo v [re dz (B.16) 


Xo 


The next step is to assume the new level of approximation as 


x 


у(х) = yo «[r [z, y1(2)] dz (B.17) 
The nth step would be 
Ya(x) = yo + [re Yn—1(Z)] dz (B.18) 


Of course, the deviation between the computed values using the approximation y,,(x) 
and the respective exact solution y(x) would depend on the number of steps or n. 


B.3.2 EXISTENCE AND UNIQUENESS OF SOLUTIONS 


A first-order differential boundary problem given by Equations B.13 and B.14 has 
at least one solution in the domain (x,y) in which f(x,y) is continuous and finite. 
In addition to the previous properties that some boundary condition problems 


have a single solution exists in the above region if the derivative a is also finite. 


The reader can find rigorous demonstrations in proper texts [1]. 


B.4 SECOND-ORDER LINEAR EQUATIONS 


A second-order linear equation can be put in the form 


Фу dy 

gat UM gt ao) y = b(x) (B.19) 
The easiest or preferred method for the solution of this class of equation depends 
on the forms of functions а(х), ао(х), and b(x). As long as these functions are 
continuous and bounded, Equation B.19 allows two independent or particular 
solutions: у(х) and y2(x). A general solution is written as a linear combination of 
these two solutions, or 


у(х) = Cryi(x) + Cry2(x) (B.20) 


Appendix B: Fundamental Aspects of Ordinary Differential Equations 475 


Therefore, an infinite number of solutions are possible and any physical problem 
should involve two and only two boundary conditions to allow a particular 
solution. 


В.4.1 SECOND-ORDER LINEAR EQUATION WITH CONSTANT COEFFICIENTS 


In this case since ag and a, are constants, the method of solving Equation B.19 
would depend on whether the function b(x) is identical to zero or not. 


B.4.1.1 Homogeneous Linear Second Order 


If in Equation B.19, the function Р(х) is identical to zero, the differential equation 
becomes homogeneous, or 


d d 
qa ta gay = 0 (B.21) 


The solutions can be sought in the form 
у(х) = её" (B.22) 
Here B is a constant that can be determined by Equations B.21 and B.22, or 
В? + a,(x)B + ag) = 0 (B.23) 


Equation B.23 is a second-order polynomial with the following solutions: 


-~a+/@—4 eee 4 
Bien EE 2l ED Sad By eL. CEN (B.24a,b) 


2 








Therefore, the general solution for Equation B.19 is a linear combination of the 
two solutions, or 


у(х) = Cie? + Cze?” (B.25) 


Of course, this assumes two independent solutions. However, this is not always 
the case. To cover all possibilities, three cases are to be addressed: 


1. Two real and distinct roots, which occur if a; —4ay > 0 
2. A real double root, which occurs if a; — 4ay = 0 
3. Complex conjugate roots, which occur if a? — 440 < 0 


B.4.1.1.1 Case 1: Two Distinct Real Roots 
The general solution is given by Equation B.25, and the constants C, and C2 can 
be determined if two boundary conditions are available. 
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В.4.1.1.2 Case 2: A Real Double Root 
In this case the following occurs: 


Bip uy B (B.26) 
This would lead to one particular solution 
уб) = её (В.27) 


The other solution can be found through the application of variation of para- 
meters, also called reduction of order. With no loss of generality, a second 
solution is set in the form 


у(х) = ибх) yi) (B.28) 
Using Equation B.28 in Equation B.21, one reaches at 
u'y, + 2иу + uy, + ay (uy, + иур) + маду = 0 (B.29) 
Collecting the terms, the above equation becomes 
uyi + ary, + aoyi) + иу + w Qy, + ау) = 0 (B.30) 


It should be noticed that the content inside the first parenthesis is equal to zero 
because y, is a solution of Equation B.21. In addition, the one inside the second 
parenthesis is also zero. This can be verified by using Equations B.26 and B.27. 
AS y; is not identical to zero, Equation B.30 leads to 


Фи 


2—0 (В.31) 


Therefore, with а particular solution given by 
u(x) = x (B.32) 
Finally, the general solution becomes 
у(х) = eP*(C, + Сх) (B.33) 
The integration constants would be determined by boundary conditions. 


B.4.1.1.3 Case 3: Conjugate Complex Roots 
In this case, the roots are 


dı y aj ‚ 
В| = e pae and В, = -u d (B.34a,b) 
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Here 
ge EEG (B.35) 
2 
Therefore, the particular solutions of Equation B.25 are 
уо) =e Pel and у(х) =e Pe (B.36) 
If the Euler formula 
e ^ =cosa+t+isina (B.37) 


is applied, the above solutions can be combined to give a general solution as 
у(х) = eric sin (Cx) + C» cos (Cx)) (B.38) 


The details are left as an exercise to the reader. Again, C, and C»; can be 
determined with two boundary conditions. 
B.4.1.2 Nonhomogeneous Linear Second Order 


A nonhomogeneous linear second-order differential equation with constant coef- 
ficients is written as 





iyu pags (B.39) 

da 4g, t 49 x А 
The solution of this class of differential equations requires the following ргіп- 
ciples: 


1. Difference between the two solutions of Equation B.39 is the solution of 
Equation B.21. 

2. Sum of the solution for Equation B.39 and the solution for Equation 
B.21 is also the solution for Equation B.39. 


Therefore, a general solution for Equation B.39 can be written as 
у(х) = уһ) + yp(x) (В.40) 


Неге уһ is the general solution of homogeneous equation (Equation B.21), and 
Yp is a particular solution for the heterogeneous equation (Equation B.39). 

We have already seen how to obtain the solutions y, and у» for the homoge- 
neous equation. Let us now concentrate on how a particular solution y, for the 
heterogeneous equation can be found. 
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TABLE B.1 
Some Functions for the Method of Undetermined 
Coefficients 











bx) Ур(Х) 
Ае“ Се“ 

Ах" (п=0, 1,...) Ах? + А Aux" БА, +--+ Ax + Ао 
А соѕ Вх A, cos Bx + A» sin Вх 

A sin Bx A, cos Bx + A» sin Bx 

Ае“ cos Cx e^ (A, cos Cx + А» sin Cx) 
Ае“ sin Cx e^ (A, cos Cx + А» sin Cx) 

A cosh Bx A, cosh Bx + A» sinh Bx 

A sinh Bx A, cosh Bx + A, sinh Bx 

Ae“ cosh Cx e^ (A, cosh Cx + A» sinh Cx) 
Ае“ sinh Сх e^ (A, cosh Cx + A» sinh Cx) 








For this, the method of undetermined coefficients may be applied. It is simply 


based on the following rules: 


1. Basic rule: If the function b(x) at Equation B.39 is one of the functions in 


the first column of Table B.1, the particular function у(х) is given in the 
form shown in the respective second column. The coefficients for y, are 
found by applying this solution into Equation B.39. 

Modification rule: If the above choice of function y, coincides with a 
solution of the homogenous equation (Equation B.21), the true solution 
can be obtained by multiplying the function yp by the independent vari- 
able x. In case where y, coincides with the double root, multiply it by x^ 
Again, the coefficients for y, are found by applying it in Equation B.39. 
Sum rule: If р(х) is a sum of the functions listed in the first column of 
Table B.1, the function y, will be given by the sum of respective 
functions in the second column. Again, the coefficients for ур are 
found by applying it in Equation B.39. 


B.4.1.2.1 Wronskian 


As seen before, a general solution of Equation B.19 is obtained by linear 
combinations of two independent solutions уџ(х) and у(х). These two functions 
form a basis for the solutions of Equation B.39. To ensure the independence and 


linearity of these two functions, the following identity: 


Ay (x) + Azy2(x) = 0 


should be possible if and only if 
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Alternatively, the independence of y; and у» can be tested using Wronskian, 
which is a determinant defined by 


Woi, y2) = ү 2 (B.41) 
1 


Y2 





If the above Wronskian is identical to zero at any value x within the domain for 
which а(х) and ао(х) are continuous, then the functions уџ(х) апа y2(x) are 
linearly dependent. 


B.4.1.3 How to Obtain the Particular Solution for Any Case 


In Section B.4.1.2, a practical set of rules was shown to allow obtaining a 
particular solution for a nonhomogeneous Equation B.39. On the other hand, 
the functions in Table B.1 are limited to a range of possibilities. The method 
shown below overcomes such limitations. In addition, the method is applicable to 
all linear equations, such as Equation B.19. Therefore, it is not bounded to 
equations with constant coefficients. 

Consider у(х) and у(х) as a basis for solutions for the homogeneous differ- 
ential equation 


d? 
TI a (2 — + ag(x)y = (B.42) 
The particular solution y,(x) for Equation B.19 can be obtained by 


OLO 


309.5 O69 eT yb) » 


dx + »e| (B.43) 


and the Wronskian computed by Equation B.41. 
This method assumes that functions ау (х), ao(x), and b(x) are analytical (or 
continuous, at least by parts) within the domain of solution. 


B.4.2  EuLER-CAUCHY EQUATION 


Few particular differential equations with variable coefficients allow simple 
solutions. Among them, the Euler-Cauchy equation is given by 


800 dy = B.44 
х 2 ах +ау=0 (В.44) 


The solutions can be found in the form 


у(х) = x? (B.45) 
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where B can be determined after combining Equations B.45 and B.44 to arrive at 
the following second-order polynomial: 


В? + (а — )В ag =0 (В.46) 


The roots аге 


a =1 v(a = 1)% — 4a a —1 (a —1)* — 4a 


В! = + and B= 








2 2 2 2 
(B.47) 
Again, three possible cases are discussed ahead. 
B.4.2.1 Different Real Roots 
In this case, the general solution for Equation B.44 is 
yx) = Cix”! + Ох (B.48) 


where B, and В» are the distinct real roots and constants C, and C5 may be now 
determined from boundary conditions. 


B.4.2.2 Double Root 


Similar to the case of homogeneous constant coefficient equations, the variation 
of parameters can be applied to lead to the following general solution: 


уб) = (Cy + C; Inx) A (B.49) 
The details are left as an exercise to the reader. 


B.4.2.3 Complex Conjugate Roots 


In this case the roots are 








-1 Al ay Bh —1 —1 
B= E 44458 Pi aZ P +1С disce -iC 
(B.50) 
The general solution is written as 
у(х) = [Ci cos (C Inx) + С sin (C Inx)|x C 4? (B.51) 


Again, the details are left as an exercise to the reader. 
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B.4.3 EXISTENCE AND UNIQUENESS 


Like the first-order differential equations, the existence and uniqueness of second- 
order equations should be assured. 
The following is a homogeneous linear differential equation: 


ау 


а 
n? a + ag) y = 0 (B.52) 


with initial boundary conditions given by 
у(хо) = Со and у(х) = С, (B.53a,b) 


Equation B.52 has a unique solution in a given domain if functions а(х) and ао(х) 
are continuous in that domain [1]. 
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Appendix C 
Method of Power Series 
and Special Functions 


C.1 INTRODUCTION 


The method of power series is useful to enlarge the range of boundary value 
problems solvable by analytical procedures. The present text introduces these 
methods as well as a few classical functions, which are derived from solutions of 
differential equations. Among these are the Bessel functions. 

The basic principle behind the method comes from the fact that all continuous 
or continuous by parts functions, with finite derivatives, can be represented by 
series. Since functions representing parameters of heat, mass, and momentum 
transfers fall in this category, it is fair to expect that a method seeking solutions in 
the form of series could be useful to solve transport phenomena problems. More 
details on the material presented here can be found in the literature [1—6]. 


C.2 POWER SERIES 


Most of the common functions can be represented by series. Examples are 











" x) x ox 
1 =a 
ae: (C.2) 
9 | х?т+*! 
sinx=x—3 + Эх 1) Om ЕТИ (C.3) 
2 ox m e 
нал б бы ды! Qm) (C.4) 
| х3 х5 oo xm 
шах хар = ону Om ED! (C.5) 
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equ Ir LUE (C.6) 
D head ~ £4 m) 


Consider D, the dominium at which a function f(x) is continuous or piecewise 
continuous and in which f(x) has finite derivatives. Taylor series generalizes the 
possibility of writing such a function by 

















df d ау 
ғо) = f(a) + di bee a) + dêl, 2 
а-у (x — aD 
НЕЕ гган) _ on — D + Rn (C.7) 





Here, a is a value within the dominium D and R, is the residue or remainder after 
the term m of series given by Equation C.7, which is given by 


(x =A a)" 


xg m! 


dT 
= 9 





Ry (C.8) 





Parameter ё can be taken as any value between x and a. If a series is convergent, 
the remainder should satisfy the condition 


lim Rn = 0 (C.9) 


X00 


In this case, the function f(x) is called an analytical function with center at a. 
If, in the above equations а = 0, the series is also called the MacLaurin series. 


C.2.1 AN EXAMPLE 
Consider the following differential simple equation: 
Фу 


If it were assumed that the solution у(х) is an analytical function, it would be 
represented by a convergent power series such as 


yx) = Y amx” (C.11) 
0 


m=! 


Therefore 


oo 


d 
m = max”! (C.12) 
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and 
d^y = m—2 
= у тт = 1) amx (C.13) 
dx m=0 
Equation C.10 becomes 
5 m(m — 1) ax" 2— 5 аһх" = 0 (C.14) 
т=0 т=0 


Now, to satisfy the above equation, it is necessary to obtain the relationships 
between the coefficients of terms with same power of x, or 


1 


* From those with x? (terms of x ? or x^! cannot be obtained because the 


coefficient of the first series is zero) 


2а›—-а@=0 ог a= > (С.15) 
* From those with x! 
aj 
баз – а = 0 ог аз = 6 (C.16) 
* From those with x? 
a2 ao 
12а4— a» = = 2 = .17 
a4 a2 0 or a4 12 41 (С ) 
• From those with x° 
20 =0 ae en (C.18) 
a5 ü3 — or 45—50 5 З 


As seen, all even terms сап be represented by fractions of ао and ће odd by 
fractions of ay, or 


E. and Ss п=0,1,2 (C.19) 
2n = exl COO EET п = Ч, 1, 2,... . 


Therefore, the series given by Equation C.11, or solution, can be written as 


оо х2" оо xn 
y(x) = ag > ол + а 25 T (C.20) 


n=0 
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Using Equations C.5 and C.6, the above can also be expressed as 
у(х) = ao cosh x + a4 sinh x (C.21) 


This is the general form of solution for Equation C.10. 

Despite the apparent simplicity of the method, the search for correlations 
between the coefficients may become strenuous. A simpler procedure to search 
for series coefficients is the Frobenius method, as described below. 


C.3 FROBENIUS METHOD 


This is a specific method to solve second-order linear differential equations with 
nonconstant coefficients, which can be written as 


d'y bo) dy | dy D, 
dx2 x di 





=0 (22) 


where b(x) and c(x) are analytical functions of x with center at zero. The above 
equation has at least one solution in the form 


ух) =х” dart (C.23) 
m=0 


Here, r is any number (real or complex) such that aj is not equal to zero. Equation 
C.23 also has another solution, which may be similar to it (with different r or am 
coefficients) or may contain a logarithmic term. This is given in detail ahead. 


C.3.1 INDiCIAL EQUATION 


Equation C.22 can be written as 


х2 = + хо) СУ К ey = (C.24) 


Since b(x) and c(x) are analytical, these can be written as the following power series: 


b(x) = У bmx" = bo + bix + box? +++ (C.25) 
m=0 
C(x) = eux" = co ex + су? +: :: (C.26) 








Now, the derivatives for function y(x) are 


dy mE > m+r—1 
чс (m+ данх (С.27) 


т=0 
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and 
Фу = mt+r—2 
qu У mer- lay х (C.28) 
m=0 


Applying Equation C.23 along with Equations C.25 through C.28 into Equation 
C.24, collecting the terms with х”, and assuming ао different from zero, one gets 


г? + r(by —1)+c9 =0 (C.29) 


The above second-order polynomial given by Equation C.29 is called an indicial 
equation. Roots rı and ғ» determine the forms of the solutions, as proposed by 
Equation C.23. The following are the possibilities for the two roots: 


1. Distinct and not differing by an integer. In this case, the two solutions are 
given by Equation C.23, each with the proper value for the root. None- 
theless, if the roots differ by an integer, one solution would be just a 
linear combination of the other. 

2. Double root. In this case, in addition to solution y;(x) given by Equation 
С.23, the other would be 


убх) = Ау) ах +x" M Вх" (С.30) 


т=0 


3. Distinct roots differing by an integer. In this case, if the first solution y, is 
written as in Equation C.23 with the root r;, the second would be 


убх) = Ay (x) Inx +x” M B, x" (C.31) 


m=0 


In Equations C.30 and C.31, the coefficients A and Bm (m=0, 1, 2,...) are 
determined by replacing these solutions into the original differential equation and 
equating the coefficient of terms with the same power of x. 

Several examples are presented throughout the text. 


C.3.2 EXAMPLE 
Consider the Euler-Cauchy equation: 

xy" xy! -x 20 
Therefore 


bx) =-1, с(х) = 1 
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From this one obtains bọ = —1 and co — 1. The indicial equation becomes 
r—2r+1=0 


Therefore, a relation that provides double root equal to 1 is obtained. 
One solution would be given as 


oo 
yy (x) m M Gm x" 


m=0 


Using this in the original equation, it is possible to write 
оо оо оо 
5 m(m + 1a, x"*1 — 5 (m+ Da x”! + 5 amx"! =0 
m=0 m=0 m=0 


This leads to 


оо 
X ma, x"*! —0 
m=0 


Apart from the trivial solution, the only possibility is т = 0. Therefore, the first 
solution is 


yi) =x 
Following the method, the other solution would be 
у(х) = хах + xY Amx™ 
m=1 


Each part of the above solution is a solution of the original differential equation as 
well. In order to determine coefficients A„, one should follow the same procedure 
as before. Of course, this would again give m — 0. Hence, the final solution is 


у(х) = Сүх + CoxInx 


C.4 BESSEL EQUATIONS 


There are some types of differential equations that frequently appear in problems 
related to transport phenomena. One such type is known as Bessel equations, 
which includes a whole class of equations. Among these, one branch is given by 


d'y, dy 
2 2 Музу шш 
; +x—+ (02 —а)у=0 (С.32) 
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Here, parameter a is a real number. 
Following the Frobenius method, the proposed solution is given by Equation 
C.23 and the indicial equation would be 


(r — aKr T a) 20 (C.33) 
Therefore, the roots would be a and —a. 


C.4.1 Bessel FUNCTIONS OF THE First KIND 


In the cases, when parameter a is a real number and not an integer, the solution 
would be 


убх) = by Ja(x) + b2J—a(x) (C.34) 


Here, b, and b, are constants, which can be determined from the boundary 
conditions. The functions J(x) are known as Bessel functions of the first kind. 
The method described above allows one to obtain the coefficients of the series 
representing the solution as 





Лаб) Э a (C.35) 
ax) = x : 
ar 22m+am! Г(а -- m 4 1) 

The gamma function is given by 

Г(Ь) = Jo dz (C.36) 

0 
It is possible to show that if п is an integer the following can be written: 
Г(п + 1) = n (С.37) 


Therefore, the gamma function can Бе seen as a generalization of the factorial 
operation to any number. 


C.4.2 BesseL FUNCTIONS OF THE SECOND KIND 


The next two possibilities for roots of the indicial equation (Equation C.33) are 


1. Zero or double root 
2. Integer numbers 


In any of these cases, the general solution is 


у(х) = by Ja(x) + b2Ya(x) (C.38) 
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Y(x) is called the Bessel function of the second kind and is written as 





22m-nm!(m + n)! 


m—1 
кю = r4 (n5) T 355 D Cim + fmin) ом 





—g n-1l 
А (п — m— D!» 
M 22m— пуу (С.39) 
т=0 m: 


Here, the parameter y is the Euler constant, which is approximately equal to 
0.57721566490. Function A, is given by 


1 1 
Bc Lohse t (C.40) 


In addition, the second-order function can be written as 





Y,(x) = = l = [J4 (x) cos am —J (x) (C.41) 


C.4.3 Мор!нЕр BEssEL FUNCTIONS 


If the differential equation (Equation C.32) is slightly changed to 
PS +x (Pr +a)y=0 (C.42) 


this is called a modified Bessel equation and would generate the following general 
solution: 


у(х) = bil (x) + b2Ka(x) (C.43) 


I(x) and K(x) are the modified Bessel functions of the first and second kind, 
respectively. These are given by 





Я oo х?т+а 
оа 2; mtam! Г(а + m 4- 1) (C.44) 
and 
T 
K(x) = — a(x) — La(x)] (C.45) 





2sin ат 
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C.4.4 SELECTED RELATIONS 
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There are several relations between Bessel functions as well as commonly found 


functions [1—7], which are listed below: 


2 
Ji 2%) = Gin [2 
2 
Ј рб) = (cosy 
. 2 
lyy(x) = ino 2 
2 
I 4/5(x) = (cosh x)4 = 


2 
Jua) = T) — Ina) 


dJ,(x) 1 
dx 2 





[J5-160 — Jui Q2] 
d xJ, =x" 
ak n(X)| = x ax) 


A = x" JaA) 
L4) = 1,0) 
К.) = К,(х) 
HA) = Ла) 
Ij) = ҺО) 


K(x) = —KiG) 


J1(0) = 0 
lim Yi = —OO0 
x0 

1,(0) = 0 


lim Ky (x) =o 


Equations C.50 through C.53 are also applicable to functions Y,,(x). 


(C.46) 


(C.47) 


(C.48) 


(C.49) 


(C.50) 


(C.51) 


(C.52) 


(C.53) 


(C.54) 
(C.55) 
(C.56) 
(C.57) 
(C.58) 
(C.59) 
(C.60) 


(C.61) 
(C.62) 
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С.5 LEGENDRE FUNCTIONS 


Likewise, Legendre functions arise from typical differential equations with the 
same name and are given by 





d d p? 
E jaa n - | po (C.63) 


The general solutions for this equation can also be found by applying the Frobenius 
method and are represented by P biz) and Q^ (z), which are the associated Legendre 
functions of the first and second kinds, respectively, or 


убх) = C; P^(x) + OPH) (C.64) 


Representations of these functions in series can be found in any manual on 
mathematics [7]. 
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Appendix D 
Laplace Transform 


D.1 INTRODUCTION 


Differentiation and integration, as well as other mathematical procedures, are just 
operations that transform the values of involved variables into others. The Laplace 
transform is one of them. The branch of applied mathematics involving Laplace, 
Fourier, and other transforms is called operational mathematics and is extremely 
useful for solving a wide range of boundary-value problems involving ordinary 
and partial differential equations. 

The objective of the material presented here is to help solve differential 
equations related to transport phenomena. Those interested in deeper studies of 
operational mathematics can find excellent texts in the literature [1—9]. 


D.2 BASIC PRINCIPLE 


Consider an analytical function f (f), i.e., continuous or at least piecewise continuous 
for t > 0. The following operation can be performed: 


LFO} = [ro dt = F(s) (D.1) 
0 


As seen, such operation transforms the function f(t) into another function F(s). In 
other words, function F(s) is the “image” of f(t) in a new space s. 

For now, let s be a real and positive variable. Additionally, the existence of 
Laplace transform requires the following condition: 


lim f(s) = 0 (D.1a) 


As an example, the transform of function f(t) = 1 is given by 


oo 


D cmn. d 
H)- Je dt = —e*|° =- (D.2) 
S 
0 


5 
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Equation D.2 was only possible after the condition of real and positive s. The 
transform also follows condition given by Equation D.1a. 
Other examples are 





1 
Ln = 5 0.3) 
L(e") = " 2 z Se (D.4) 
and 
: a 
L{sin(at)} = PER (D.5) 


D.3 A FEW BASIC PROPERTIES 


Here, a few useful properties of the Laplace transform are shown. The importance 
and examples of their utilization are shown ahead. 


D.3.1 FUNDAMENTAL OPERATIONS 


As an integral, the transform is a linear operator, i.e., 
Liaf(t) + bg} = aL{ fO} + bL{sO} (D.6) 


The inverse operation, or inverse transform, is indicated by 


L(f(s)) =F) (D.7) 
It is also a linear operator, or 


L (af(s) + bg(s)) =aL {f(s} + bL! (g5)) (D.8) 


D.3.2 TRANSFORMS OF DERIVATIVES 


The transform of a derivative can be obtained by applying integration by parts, or 
L(f'()) = |е ron = зело + етл (р.9) 
0 0 


Therefore 


L{ F'O} = sF(s) — f (0) (D.10) 
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The process can be repeated to obtain transforms of higher-order derivatives. For 
instance 


L{ F'O} = sLAf'()) — РО) = slsL{ FO} — /(0)] – Р 00) 


5 Р (D.11) 
= 5 F(s) — sf(0) — f (0) 
In general 
L{ f(D} = s"F(s) — s" !f(0) — s"?f'(0) — ... — f" (0) (D.12) 
D.3.3 TRANSFORMS OF INTEGRALS 
It is possible to show that 
í 1 
E [re dr? = -L(f(0) (D.13) 
0 
The proof for Equation D.13 is left as an exercise to the reader. 
D.3.4 s-SuirriNG 
It is possible to write 
Це} = F(s — a) (D.14) 


Hence, if function f(t) is multiplied by an exponential of t, the result is a shift of 
the transform in the s-axis. 
The proof of Equation D.14 is also left as an exercise. 


D.3.5 — t-SHIFTING 


In order to understand the t-shifting property, it is necessary to introduce the unit 
step function, which is defined by 


_ [0 ift«a 
иаа) = {1 ift>a Or) 


This is illustrated in Figure D.1. 
From this definition, it is possible to write a new function g(t) defined as 
follows: 


g(t) = ft — a) u(t — a) = ee ie d (D.16) 
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u(t- a) 





FIGURE D.1 Step function. 


With this, and if F(s) is the Laplace transform of f(t), then the Laplace transform 
of g(t) becomes 


L(g()) = L{ ft — a) u(t — a)} = e^F(s) (D.17) 


As seen, the last right-hand side represents the transform of f (t) after a shift in the 
t-axis. 
On this basis it is possible to write 


—as 


e 





L{u(t — a)} = (D.18) 


S 


Again, the proof for these relations is left as an exercise. 


0.3.6 IMPULSE FUNCTION 


Once the step function has been introduced, it is opportune to do the same for the 
impulse function (Figure D.2), which is defined as 


1. 
Тул ifa<t<ath 


0 ift<aort>a+h 


(D.19) 


The Laplace transform of such a function can be found by writing 


(л) = u(t — a) — P — (a 4- h)] (D.20) 
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la(h,t) 


1h} ----- 





l 
| 
l 
l 
l 
l 
l 
| 
| 
а а 
FIGURE D.2 The impulse function. 


Applying the transform, this equation leads to 


1— —sh 
LUG,0] = e^ на ‚ a>0, h»0, s>0 (D.21) 
S 





Now, the following should be noticed: 
lim L(ht)—0, when t#a (D.22) 


lim 4,05) = оо, when t=a (D.22a) 


This limit simulates the behavior of what is called the Dirac symbol 6,(f), which is 
written as 


бий) = lim 0.0 = { к Фа (D.22b) 


t=a 


However, it is important to notice that the Dirac symbol is not a true function. 
It is interesting to notice that 
oo 
lim | tana dt = 1 (D.23) 
=00 


Therefore, from Equation D.21 


lim L{la(h, D} =e“, a>0, h>0, s>0 (D.24) 
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Thus, it is possible to write 


Jo dt= 1 (D.25) 
and 
L{é,()} =e“ (D.26) 
One should notice that 
| Salt) f(t) dt = fla) (D.27) 


D.3.7 CONVOLUTION 


The convolution is an operation involving two functions f(f) and g(t) and аге 
defined by 


t 


fg) - [ro g(t — 7) dr (D.28) 
0 
Now, if 
F(s) = L fO} (D.29) 
and 
GG) = 1{8(0} (D.30) 


the following can be shown: 
L F3) GG) —f()*g() (D.31) 
This property is very powerful, as it is shown in the main text. 


D.3.8 DERIVATIVES OF TRANSFORMS 


The derivative of the transform is given by 





dF(s) _ Fs) = " | 
0 


e^"f(r)dt = Je» f(dr—L(—tf() (0.32) 
0 
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This can be generalized for multiple differentiations to give 


F(s) = LLCO} (D.33) 


From these properties, it is possible to write 
n n а" n pln) 
{гу} = C0 as VO} ee (D.34) 
With this, you see, for instance, that 
d 
Lu F'O} = a [sF(s) — f(0)] = sF” (s) + 2F'(s) (D.35) 


and 


ц") = - © _ [£^ F(s) — sf(0) — F'O] = —s?F'(s) — 2sF(s) +f(0) (0.36) 


D.4 TRANSFORM OF A PARTIAL DERIVATIVE 


Consider the transform of a partial derivative on an independent variable other 
than the transformed one (7), or 


Of (t,x) Of (t,x) e 
LS T }= po 3: dt (D.37) 


Since x and t are independent variables, the above integral can be written as 
a oo 
— | fixe" dt 
Ox 
0 


Of course, this is possible because x is an independent variable from f. Therefore, 


Of (t,x) 
ц Ox 





}= 2107029) (D.38) 


This result is very useful for applications of transform to partial differential 
equations. 


D.5 TABLES OF LAPLACE TRANSFORMS 


Tables (Tables D.1 through D.5) that summarize the main properties of Laplace 
transforms as well as several transforms are presented below. 
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TABLE D.1 
Summary of Table of Laplace Transforms 
f() F(s) = Ltf ()} 
fO fef dr 
0 
a f(t) + bg(t) (a and b are constants) aF(s) + bG(s) 
vo sF(s) — f(0) 
d df 
2 2 s2F(s) — sf(0) — тш 
t=0 
PFA | 
n n п—1 г, „—2Ч/ (t) d f@ 
dr s"F(s) — s" f(0)—s ar Ls dm |, 
Н F(s 
[ғо а P 
0 S 
: dF(s) 
if) ede 
rf сре 
S 
is | Food 
е“ f(t) F(s — a) 
0 if t<a us 
f(t — a) ut = {Pea c ШЕ. F(s) 
FOLO = [fig — т) dr F(s) Gs) 
0 
Of (t,x) dF(s, x) 
Ox dx 
TABLE D.2 
Laplace Transforms Involving Powers of t 
f (0 F(s) = ЦО} 
1 E 
S 
1 
І si 
A п=1,2,3,... n 
+1 
| ү: 
vi 5 


a 


f, a=any real number 


T(a +1) 


gat 
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TABLE D.3 


Laplace Transforms Involving Exponentials of t 


ЦО] 


е“ 


е“ 


Ple”, n=1,2,3,... 


е“ Za e” 
b 
ае“! — be” 
ей е?! е“ 


F(s)=L{f(o} 
1 


s—a 





DU 
(s— ay. 
(n — 1)! 
(s — a)" 
a—b 
(s — a)(s — b) 
s(a — b) 
(s — a)(s — b) 





1 





(а Бао) афо (c-aXc- b) 





bt 


c)y(b — d) 


eat e 


(a — b(a — ca—d) (а) 








е“ 


(с—а(с—Бу(с—4) 





e" —at—1 


22 
at 
e” — 1 — at — — 
2 


(1 + 2ађе“ 


Л 


et — eat 


t 
pn 


exp(—2 Var) 


um 


exp(at) 


а 
exp| -gr 


vint 


(s — a)(s — b)(s — c) 


1 
(s — а)(ѕ — b)(s — c)(s — d) 





22 
s2(s — a) 
E 


53(5 — a) 


s/n 
(s—a)ys—a 


sca 
п( ) 
5-а 


2(b — а)у/т 
Vsta+vVs+b 


dei 


vend 


4a 5 
erfc ( ) 
2a 2a 
a 
exp (- 2 
s 











< 
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TABLE D.4 


Laplace Transforms Involving Trigonometric 
and Hyperbolic Trigonometric Terms оп t 


Р 


sin(at) 


cos(at) 


sinh(ar) 


cosh(at) 


t sin(at) 


t cos(at) 


sin(at) 
t 





at — sin(at) 


1 — cos(at) 


sin(at) — at cos(at) 


sin(at) + at cos(at) 


cos(at) — cos(bt) 


sin(at) sinh(at) 


cos(at) cosh(at) 


sinh(at) — sin(at) 


sinh(at) + sin(at) 


cosh(at) — cos(at) 


cosh(at) + cos(at) 


F(s) = L{f (0) 


a 
s2 +a? 








52 — a2 


2as 
(52 + a2)? 
52 — а? 
(52 + a2)? 


1 /4 
ыг (2) 
5 


аз 


52052 + а?) 





a 


s(s? + a?) 
2a? 
(52 + a2)? 


2as? 


(52 + a2)? 


(b? —a?)s 





2a?s 
54 + 4a* 





55 


54 + 4а 





2a? 


54 — а 


2as? 
54 — at 





2a*s 


54 — at 


54 — at 
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TABLE D.4 (continued) 


Laplace Transforms Involving Trigonometric 
and Hyperbolic Trigonometric Terms on t 


f (t 


sin(at) cosh(at) — cos(at) sinh(at) 


1 — cos(at) 
t 

1 — cosh(at) 
t 


cos(at) — cos(bt) 
t 


2 sin(at) 

P cos(at) 

P cos(at) 

P sin(at) 

f? sinh(at) 

2 cosh(at) 

P sinh(ar) 

P cosh(af) 

t sin(at) — af? cos(af) 

3t sin(at) + a£ cos(at) 

(1 + а?) sin(at) — at cos(at) 
(3 — а?) sin(at) — За! cos(at) 


(3 — a’t’) sin(at) + Sat cos(ar) 


F(s) = Ltf (0) 
4a? 


5% + 4at 


ly eta 
= 1а 
2 52 








+a 
2 lii 52 + b? 





2а(352 — а?) 
(82 4- a2? 
2(s? — 3a? s) 
(52 + a2? 





6(s* — 6a? s? + а“) 
(52 + ay 
24a(s) — a?s) 
(52 + а2)* 
2a(3s? + а?) 
(52 — ay 
205 + 3a?s) 
(52 — ay 
24a(s? + a?s) 
(52 — а2)* 
6(s* + 6a? s? + af) 
(52 — а2)* 
8а®5 
(52 +a) 
3 


8as 
(52 4- а2)? 


(s? 4- a2? 


(s? 4- a2? 





(s? 4- a2? 
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TABLE D.4 (continued) 


Laplace Transforms Involving Trigonometric and 


Hyperbolic Trigonometric Terms оп t 


f (0 


(8 — а?) cos(at) — Tat sin(ar) 


3t sinh(at) + at? cosh(ar) 


at cosh(at) + (a£ — 1) sinh(at) 


(3 + eÊ) sinh(at) — 3at cosh(af) 


(3 + а22) sinh(at) + 5at cosh(at) 





(8 + at’) cosh(at) + Tat sinh(ar) 


sin(2 at) 
sinat) 
Jt 


cos(2 at) 
vt 





sinh (2 Var) 


cosh (2 at) 
vi 


[sin(af)| 
[sin(f)| + sin(r) 
e” sin(bt) 


e"' cos(br) 


at /2 3 3 
Au [vs sin (=) — cos (Se 


at /2 3 
m [vs sin (=) + cos (4 











) rom 
) _ eel 


F(s) = Ltf (0) 
855 
(82 + a2? 
8as? 
(52 — aP 
8а? 52 
(82 — а? 
8а? 
(s? — a2) 
8as* 


(s? — a?) 


855 
(82 — a?) 


та e als 
S 8s 








TS 
a coth (=) 
2а 


52 + а? 


2 


(52 + D ет") 


b 


(s — a}? + b? 


s—a 





(s — а)? + b? 


1 
53 + аз 
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TABLE D.4 (continued) 


Laplace Transforms Involving Trigonometric and 


Hyperbolic Trigonometric Terms on t 
f(t) 
—at/2 
us | visin( 3") (У) een] 
—at/2 
gps) yen 
; pe? cos (42) + d 
1 vat 
= —at/2 Ася at 
dE cos( 2 ) +e" 
+ 2 Y Cp sin (=) cos (=) 
ny J a a 
Bye йе (7) sin(™) 
ans j a a 
MH (— 1)/ jmx\ . (jnt 
(nu ROM 
а ES D. es (5) | cos(™)) 
a 
2 1) "m Qj – пх (Qi — Dot 
PTUS 2a 2a 
=y (2) = Dx . (Qj — rt 
du ori cos( 2a ) sin( 2a ) 
c D Qj — пх Qj — Vat 
D zc a) 
, 8a c UM Qj- тлу. (Qj — Dat 
show x "Cu. 














alx 





























CHER m 
2 
16а? 4 (—1y 








(2) — Dm . f/Qj— Wat 
os sin 
2a 2a 
wo. ; Prt . (пх 
E Dk D'ew( z) 


2&1) ( т) ; (=) 
у — exp ; | sin 

ПА) а 2а 
Ј 


т% do m 1)? 








F(s) = Ltf (0) 


1 
53 — аз 


sinh(xs) 
ssinh(as) 





cosh(xs) 





ssinh(as) 


sinh(xs) 
52 sinh(as) 


cosh(xs) 
s? sinh(as) 


sinh(xs) 





scosh(as) 


cosh(xs) 





s cosh(as) 


sinh(xs) 
52 cosh(as) 


cosh(xs) 
52 cosh(as) 


cosh(xs) 
53 cosh(as) 


sinh(x,/s) 
sinh(ay/s) 


sinh(x,/s) 


s sinh(a,/s) 





(continued ) 


505 


506 Analytical and Approximate Methods in Transport Phenomena 





TABLE D.4 (continued) 
Laplace Transforms Involving Trigonometric and Hyperbolic Trigonometric 
Terms on t 




















f (t) F(s) = L{f (0) 
12<2 : prt dnx cosh(x/s) 
ага 2 у ew a? ) cos (=) v/s sinh(ay/s) 
244, vp -IPRA . f(Qj— rx sinh(x,/s) 
a 2 ii ew( 4a? ) sin( 2a ) v's cosh(a s) 
Tyco Dew( ae от 
а? to 4a? cosh(x/s) 
e КЕ ve) cosh(ay/s) 
cos | ———— 
2a 
х 2а? g (— 1) PN] . (jrx sinh(x,/s) 
d Ww >, P [ ew а? )| sa( a ) 52 sinh(ay/s) 
4 && (— 0) Qj — 1)°т?ї (2j — 1)лх cosh(x /s) 
En т 2 -1 ew( 4a? ) cos( 2a ) s cosh(ay/s) 
x-«4 Q 160° х= (—1)7 Qj - Irt cosh(x/5) 
2 qr 1) 4a? 52 cosh(ay/s) 


«(0 — з 
2а 














ы sin bj 1 b cosh (х\/) 
1-2 i bj —Ь 
>, bj + sin bj cos bj соз(фух) exp( j ) s V/ssinh(/s) + b cosh( /s) 
where b; are the roots of b = b; tan b; 
КЕ c sin bj — bj cos b; sin (Бух) - ( s) a sinh (xs) 
= bj —sinbjcosh; bj PU s (a — Dsinh( s) + s соѕһ (4/5) 


where b; are the roots of a — 1 — b; cot b; 











TABLE D.5 
Laplace Transforms Involving Special Functions of t 
f (t) F(s) = Ltf (0) 
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TABLE D.5 (continued) 


Laplace Transforms Involving Special Functions of t 























f (t) F(s) = Ltf (0) 
a 
eet Vai) zT 
(а 1 — exp(—ay/s) 
(zz) Te 
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е“ lx — Ьехр(Ь?г) ак) Еа 
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TABLE D.5 (continued) 
Laplace Transforms Involving Special Functions of t 


f(t) F(s) = Ltf (0) 


52 


Jo(at) — at Ji(at) (52 + а??? 


52 


olat) + at (ад 

















(82 — az)?!” 
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T. es? 
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b, are the positive real roots of Jo(b,) = 0 
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" 2 2 a. n 
gee 2 b3J (bn) ew( 4) sa 5) 
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< а  Je(bjx) 2 a (ху) 
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>, Ба 200) p( j ) 5 Ih G/S) S + ау) 
b; are the positive real roots of a — biJ) 
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Appendix E 
Method of Weighted 
Residuals 


ЕЛ INTRODUCTION 


The method of weighted residuals (MWR) has been successfully applied to obtain 
approximate solutions for a wide range of boundary-value problems. The material 
presented here is just an introduction. More details and advanced material are 
available in the literature [1—4]. 

Probably, the idea of approximate solution for boundary value problems came 
from the fact that continuous, or at least piecewise continuous functions can be 
represented by series. 

For instance, consider the simple differential equation 


dy 2 
— = e” Е.1 
at (Е.П) 
with boundary condition 
x0) = 1 (E.2) 
The solution is given by 
1 1 
ya) = 5е* +5 (E.3) 
This can be computed by 
o 3-1 . 
= 2 -ai 
ya) = 1 +2 i (E.4) 
pe 


As one might notice, the first term on the right side obeys the boundary condition 
given by Equation E.2, whereas the terms in the summation would vanish at the 
boundary condition point. 
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An approximation у, (х) to the solution of a boundary value problem might be 
sought by employing the following relationship: 


YX) = y&Q) + An@) (E.5) 


where A,(x) would be the residual representing the difference between the 
approximation and the exact solution. Of course, if y,(x) were the exact solution, 
A,(x) would vanish. 

In our example, if for instance 


уб) = 1+ 3 O + Аб) (E.6) 


j=l 


the task would be to determine constants C;. Of course, one idea would be to 
optimize the search to achieve small or negligible residuals A,(x) with the 
minimal number п of approximations. The techniques or MWR presented here 
show possible routes for such approximations. 


E2 GENERAL THEORY 


Consider the following differential equation: 
Diy] =f@) (E.7) 


where x is the dependent variable, y is the dependent one, and D is a differential 
operator and f(x) is function of x in the domain A. Additionally, the boundary 
conditions of such an equation are given by 


Bily] = 8:00) (E.8) 


Here g; are functions applicable in the same domain A of x. 

One wishes to find, at least, approximated solutions y,(x) for the boundary 
value problem represented by Equations E.7 and E.8. 

Successive approximations (j= 1,2,...,n) of the exact solution may be 
found using linear combinations of trial functions ф given by 


na) = bo + У Gd; (E.9) 
j=l 


It would be convenient if фо could satisfy the boundary conditions given by 
Equation E.8. In this way, it would be desired that functions $; become identical 
to zero at the boundary condition points. Summarizing, we would like that 


Bilgo] = 29), i — 1,...,р (E.10) 
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Bi$oj]] 20, і= 1,...,р, j#0 (E.11) 


After that, parameters C; would be determined with the help of the original 
differential equation given by Equation E.7. 

MWR is one of the techniques to accomplish this. 

According to MWR, C; are chosen with the aim of vanishing a weighted 
average deviation or residual. That residue represents the differences between the 
approximate solution in Equation E.9 and the exact solution of system given by 
Equations E.7 and E.8. 

When the trial solution in Equation E.9 is substituted into Equation E.7, the 
residual A,, becomes 


An@) =f@) — Diyn] =f@) - D 





dot >_> со (E.12) 
j=l 


As seen, A, includes parameters Cj, C5, ..., C,. Function y,(x) is called nth 
approximation of у(х). Of course, if y, is the exact solution, Л, becomes identi- 
cally zero. 

Within a restricted amount of trials, a good approximation may be described as 
one in which A,, is minimized. Some minimization methods are described below. 


E3 VARIOUS METHODS 


The way in which the residual A,, is small can be chosen. A proposal of the MWR 
is to impose that 


|тоо A,(x) dx=0, k=1,2,...,n (E.13) 


D 


This implies that A, is "weighted" by functions W, to provide a method for 
vanishing the product within the domain of the independent variable x. When the 
trial solution y, (given by Equation E.9) is selected, Equation E.13 leads to n 
algebraic equations for Cj(j = 1,..., n). 

The nature of W,(x) functions determines the particular method and the 
commonest cases are described below. 


E.3.1 METHOD OF MOMENTS 


According to the method of moments the weighting function is given by 


W, =x (E.14) 
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y $ Я ‹ k 
Notice that the residue is forced to vanish under a crescent “moment” х. 


Actually, a more rigorous definition of the weight in this case is 
Wy = Pi (x) (E.15) 


Here P(x) are orthogonal* polynomials over a domain of variable x. Of course, 
functions given by Equation E.14 are not orthogonal polynomials on the interval 
0 < x < 1. In addition, smaller A, for smaller number of terms in the series 
(Equation E.9) can be achieved if orthogonal functions were used. 


E.3.2 COLLOCATION 
According to the method of collocation, n points, say p; (= 1, 2,..., n), are 
chosen in the domain A of x and the weighted function is defined by 


W; = é(p — py) (E.16) 


Here 6 represents the unit impulse or Dirac delta function (see Appendix D). This 
function vanishes at all points of the domain, but at p = ру. Therefore, applied as 
weighting functions, it leads to 


|ә MM RT EDEN (E.17) 
A 


It has been shown that the optimum points to impose zero residual are the roots of 
orthogonal polynomials. If such, the method is called orthogonal collocation. 

In some cases, where a first simple choice would suffice, equidistant collo- 
cation might be applied. In this case, the dominium A of variable x is divided into 
equal spaces with collocation points as nodes separating those spaces. 


E.3.3 SUBDOMAIN 


The idea is to divide the domain A into smaller subdomains Д, A>,..., А„. One 
might also select subdomains with intersections among them. The weighted 
functions W, would be 


(Ду) = 1, WA) = 0, JAK (Е.18) 


Therefore, from Equation E.13 


[м ах =0 (E.19) 
Ak 





* Appendix I presents more details about orthogonal functions. 
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E.3.4 Least SQUARES 


In this case, the idea is to minimize the squares of the residuals regarding the 
parameters Cj, or 


д 2 ӘЛ, 
— |A? dx = 2 | Л, ах= 0, k=1,2,..., E.20 
OC | ^ Joc: ü ey 
A A 
Therefore, from Equation E.13 
ӘЛ, 
W; = —— E.21 
k= Эс, (E.21) 


E.3.5 GALERKIN 


In Galerkin’s method, the weighting function is set as 


We = ф(х) (E.22) 


фу are the functions used to build the trial solution given by Equation E.9. Thus, 
Galerkin's method asks for 





Jo dx = о, k=1,2,...,n (E.23) 
^ 
Some authors define 
ду, 
W; = E.24 
t = 56 (E.24) 


E.3.6 COMPARING THE METHODS 


At a given level n of approximation, the best method will be the one that provides 
the smallest residual (Equation E.12) for the same number of terms in the trial 
series (Equation E.9). 

It has been possible to demonstrate [1—3] that Galerkin's method is the best 
for most of the situations. However, this does not ensure it as the easier method to 
apply, especially if analytical integrations of Equation E.13 are to be performed. 
Sometimes, a method that leads to simpler integrations might provide similar 
quality of solutions. 
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E.4 SELECTING THE APPROXIMATION ORDER 


As seen, the order of approximation can increase indefinitely. Of course, a 
criterion should be established to determine at which level one might stop. 

Usually, the professional faces a real problem where, for instance, a solution 
should be found within a given maximum deviation from the exact. For instance, 
this deviation might be the acceptable error in the temperature measured at a 
reactor. Industrial measurements of temperature normally fall into the precision of 
1 K for combustion systems working in the order of 1000 K. Therefore, in this 
case a maximum deviation of 0.1% is allowed. Our approximate solution has to be 
within this deviation from the exact. 

Of course, the exact solution is not known; otherwise, approximate methods 
would not be necessary. However, we do know the approximations until, say, 
order n. A comparison between that approximation and the next can be used 
through the following relation: 


X2 
[ме — A,-1(x)|dx < maximum deviation (E.25) 


xy 





X») = X1 


where xı and x are the extremes of the dominium of variable x in which the 
solution has been sought. Thus, the nth approximation is acceptable if the average 
absolute deviation between its and the (n—1)th residue is below the maximum 
desired deviation between the approximate and the exact solution. 


E.5 EXAMPLE OF APPLICATION 


Consider the following differential equation: 


de yx (E.26) 
with the following boundary condition: 
y(0) = 1 (E.27) 


The dominium A of variable x is 0 < x < 1. 
This first-order linear differential equation is easily solved by several 
methods. For instance, the variation of parameters (see Appendix B) leads to 


у = 26 -x-1 (Е.28) 


Following the MWR, the approximate solutions given by Equation E.9 тау Бе 
written upon choices for trial functions фо and ф( = 1, 2,..., n). According to 
Equation E.10, the condition given by Equation E.27 would be satisfied by 
several functions. The simplest one is 
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фу = 1 (E.29) 


Several functions $; would satisfy the condition given by Equation E.11. Among 
the simplest choices there are polynomials on x, and 


y» =1+) Gx! (E.30) 
j=l 


This is a good choice because of the following: 


1. Simpler trial functions are easily integrated, as required by MWR. 

2. There is no guarantee that more complex trial functions фу would lead to 
fewer steps or approximations n in order to achieve the acceptable devi- 
ation. Usually, orthogonal polynomials are the best choice. An example of 
orthogonal polynomials are the Legendre polynomials [4], and are given by 


: Ф 24у) 


2ijl dxi yo —0.:1:2;: (E.31) 


For instance, the fourth order Legendre polynomial is 
1/8(35* — 30? + 3) 


with two real positive roots equal to 0.33998 and 0.86114. These values could 
be used as collocation points for a second approximation of a normalized function, 
i.e., one with dominium between 0 and 1. 


E.5.1 First APPROXIMATION 
Therefore, the first approximation is 

у= 1+ Сх (Е.32) 
From Equation E.12, the residue is 


Ay = Ci(1—x) — x-1 (E.33) 


E.5.1.1 Method of Moments 
According to Equation E.14 
W =x (E.34) 


Thus, the following should be imposed: 


1 
Jie = х) -х- 1] = 0 (Е.35) 
0 
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which leads to C, = 5. Therefore, by this method the first approximation is 
y = 1+ 5х (E.36) 


E.5.1.2 Collocation Method 


Despite the optimum approach of orthogonal collocation, for the sake of simpli- 
city we are going to use equidistant collocation. Consequently, x — 5 would be the 
first collocation point, and 


M (5) =0 (E.37) 


Applying Equation E.33, one obtains C, = 3. 


E.5.1.3 Subdomain Method 


For the first approximation, there is just one subdomain, which is the same as the 
complete domain, and according to Equation E.19 


1 
fica —x3)-x- 1]4х=0 (E.38) 
0 


This leads to C, —3. 


E.5.1.4 Least Squares Method 
Under this submethod the weights are given by Equation E.20, or 


OA, 
= Á— 5 1 — E. 
Wi ӘС, x (E.39) 
Therefore 
1 
Ja-»6a --5-u dx= 0 (E.40) 


0 


which leads to C; = 2. 


Е.5.1.5 Galerkin's Method 
From Equation E.22 


Wi = фу) =x (Е.41) 
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Hence, the result will be the same as obtained from the method of moments. 
Note that this is just a coincidence due to the particular choice of trial functions. 

Of course, the first approximation is far from the exact solution. In addition, 
we need at least two approximations in order to apply the criteria given by 
Equation E.25. 


E.5.2 SECOND APPROXIMATION 
From Equation E.30 
yo = 1+ Сүх+ CX (E.42) 
and 
Ay = С\(1 — x) + Cox2— x) х 1 (E.43) 


The above routine should be repeated to calculate С, and C5. Obviously, two 
algebraic equations will be obtained after the application of each method. Let us 
just apply the collocation method. 

E.5.2.1 Collocation 


At collocation points 1/3 and 2/3, the residual should be set as zero and 

6C; + 5C, = 12 (E.44) 
and 

3С, + 8C, = 15 (E.45) 


The solution of the above system is C1 = 7/11 and С = 18/11. Therefore, by this 
method, the second approximation is 


у = 1 +7/11x + 18/1102 (E.46) 


E.5.2.2 Application of Approximation Criterion 


It is now possible to apply the criterion indicated by Equation E.25. Employ- 
ing Equation E.32 (with C; obtained by collocation method) and Equation E.46, 
one gets 


1 1 
7 18 7 
A, — Аах = ||1 —1-—x-— x| dx=-—-=0. E.47 
| 1 2l J + 3x пт" i 0.6363 (E47) 
0 0 
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Thus, a deviation around 64% between the exact and approximated solutions 
would be obtained. Probably, this precision would not be satisfactory for any 
engineering application. 


E.5.3 THIRD APPROXIMATION 
From Equation E.30, the third approximation is given by 
уз = 1+ Сх + О + Сз (Е.48) 
Equation E.12 is applied to obtain the residue as 
= С\(1 — x) + Cox(2— х) + С30(3 3) -x- 1 (E.49) 


Е.5.3.1 Collocation 


At collocation points 1/4, 1/2, and 3/4, the residual again equated to zero results 
in the following system: 


48C; + 28C2 + 1105 — 80 = 0 (E.50) 
4C; +60 + 5C3 — 12 = 0 (E.51) 
16C; + 600 + 81C3 — 112 = 0 (E.52) 





The solution is C; = 1.32094, C; = 0.122924, Сз = 1.19574. 
With that, the deviation between the second and third approximations can be 
computed by 


1 

ем ах = fic (0.63636 — 1.32094)х + (1.63636 — 0.122924)x — 1.19574x3| dx 
0 
=0. 


1367 


TABLE E.1 

Comparison between Computed Values Using 
the Exact Solution and Third Approximation 
by Equidistant Collocation Method 


х у(х) (exact) y3(x) Error (%) 
0.1 1.11034 1.13452 2.18 
0.3 1.39972 1.43963 2.85 
0.5 1.79744 1.84067 2.41 
0.7 2.32751 2.39503 2.90 


0.9 3.01921 3.16011 4.67 
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Therefore, a deviation around 13.7% has been achieved. This is a significant 
improvement in relation to the last level of error (64%). Table E.1 compares the 
exact and the third approximated solution. 


The reader is invited to continue the process in order to achieve the desired 


level of precision. 
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Appendix F 
Method of Similarity 


F.1 INTRODUCTION 


Consider the following partial differential equation: 


ду 
XQy—;]-—0, i-L2,...,n j=1,2,...,m (F.1) 
f | 75 z) j 
The method of similarity is based on the fact that, for several cases, the solution of 
the above equation is given by n—1 combinations of the variables x;. That is why 
this method is also known as method of combination of variables. 

As an example, consider the partial differential equation (Equation 10.52), or 


a = ae (F.2) 
The boundary conditions are 
W(0,y)=0, —со<у<оо (F.3) 
y(t,0) 21, t>0 (F.4) 
y(t,oo) = 0, ғ> 0 (Е.5) 


As seen, in Chapter 10 the solution is given by 


Y = ес (==) (Е.6) 


From that, one would notice that the two independent variables (f and z) are 
combined into . Therefore, it is possible to imagine a new single variable 


given by 2м 








S (F.7) 
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This could replace t and z, and the dimensionless temperature у would be a 
function of only one variable, or 


y = yo) (F.8) 


In this way, the second-order partial differential equation given in Equation F.2 
could be transformed into a single second-order ordinary differential equation. 

Of course, a second-order ordinary differential equation would require two 
and only two boundary conditions. Therefore, Equation F.2 would be transformed 
into the ordinary differential equation only if the three boundary conditions 
(Equations F.3 through F.5) could be coalesced into just two. Equation F.7 allows 
us to see that both limits for t=O or z — oo lead to о — oo. In addition, 
conditions given in Equations F.3 and F.5 impose the same value for y. This 
allows the coalescence and the boundary conditions for the ordinary differential 
equation. One boundary condition would be given by 


(o — oo) = 0 (F.9) 
The other boundary condition would be obtained from Equation F.4, or 
(wa = 0) = 1 (Е.10) 


Of course, the combination given by Equation F.7 could be seen only after 
arriving at the solution of the partial boundary problem. Instead, the method to 
be shown ahead would allow verifying if a combination of variables is possible in 
order to simplify the problem of solving a boundary value problem. 

Before that—however not rigorous or always effective—a simple method of 
finding the possible combination of variables is to write a new independent 
variable as 


w = Pz (F.11) 


Here Б, and b, are constants to be found. The constants should be such as to allow 
writing Equation F.2 as an ordinary differential equation. Moreover, the boundary 
conditions of the original equation should be such as to permit appropriate 
coalescence of boundary conditions. 

Just for the sake of an example, let us apply Equation F.11. The changes of 
variables are given by 


ду ¥ Ow dy er bi—1_b dy 
Ot Ot dw — pp do GE 
ду " Ow dy = bo—1 4b dy 
aa oe 5T (F.13) 


Appendix F: Method of Similarity 523 


Oy Ə (A) дү, iau di 
a2 OQ) z” dw 








оь Фр. до Фу 
= 05 — 1 2—2, -b = б 
2(b2 — 1)z To T?Z Oe do? 
d d 
= by(b, — 1)? 1h a + b3 Degh - (F.14) 


Applying Equations F.12 and F.14 into Equation F.2, one gets 


dy 


d? 
= vb 202—1) + атл К. 


byt! gt = (F.15) 


Without any loss of generality, the following values could be chosen: b, = —1/2 
and b, = 1. Therefore 


0 = 1 2z (F.16) 


Hence, Equation F.15 can be written as 


1 dp фу 
LL = po F.17 
2"de "de? d 
Calling y — SA it is possible to integrate the above and to write 
2 
у = С, ew(- 5) (F.18) 
4v 
After another integration 
i52 
y= c jeo(- aw c (F.19) 
v 


Due to Equation F.16, the boundary conditions given by Equations F.3 through 
F.5 can be replaced by Equations F.9 and F.10. 
Finally, Equation F.19 can also be written as 


p: 2 
y = С, [exp (- =) do + C; (F.20) 
ГА 


Notice that the introduction of integration limits does not particularize the solution. 
The advantage of such a maneuver rests on the fact that the condition given by 
Equation F.9 would be satisfied for C; = 0. In addition, if the following variable 





w 
т=з (Е.21) 
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is used, Equation F.20 becomes 
p= с, [exem = C3erfe(n) (F.22) 
n 


Here C3 is just another constant, or 


do 1 
= Ci — = Ср F.2 
Сз = С, di Ci De (F.23) 


The application of the condition given by Equation F.10 would lead to C, = 1, 
and therefore 


w z 
{у = erfc(m) = егіс (55) = егіс ==) (Е.24) 


This reproduces Equation F.6. 

Despite the success, the approach presented here is not a reliable procedure. 
For instance, Equation F.11 assumes a given form of combination. In the case of 
the above example, the variables are to be combined by multiplication of respect- 
ive powers. This might not work for several situations. 

A more successful procedure to find the correct combination of variables was 
developed during the 1950s and 1960s by several contributions [1—5]. It is called 
the generalized method of similarity and is presented below for the case of a 
single partial differential equation. It can also be applied to systems of such 
equations. 


F.2 GENERALIZED METHOD OF SIMILARITY 
F.2.1 DEFINITIONS 


Let there be a function f(x) to which a transformation is defined by 
TI} = Фа) = ga) (F.25) 


As seen, the independent variable x is transformed into a new variable x. If the 
function q(x;a)—involving parameter a—is such that function g(x) has exactly 
the same form of dependence on x than f(x) on x, f(x) is said to be “conformally 
invariant" under that transformation. 

Additionally, f(x) would be called a “conformally invariant constant" if 
q(x;a) is independent of variable x. 
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F.2.2 SIMILARITY 


Let there be a differential equation in which x; (i= 1,2,...,п) and y are, respect- 
ively, independent and dependent variables. Additionally, the following trans- 
formations are set: 


x; = айх (i =1,2,3, ...,n) (F.26) 
у= a^y (F.27) 


Here the parameter a is real and different from zero. Parameters b; and c should be 
determined in such a way that y(x;) would be conformally invariant under the 
above transformations. This would provide a system of equations with nontrivial 
solutions, which may generate similar variables «; and f. These variables would 
be called the invariants. In this way, it would be possible to eliminate variables 
and to reduce the degree of the partial differential equation and, eventually, 
transforming it into a system of ordinary differential equations. For instance, if 
it is desired to eliminate variable хү, two possibilities arise: 


1. bı # 0. In this case, the invariants would be 


X 





Oj = uu (= 2,3, onm (F.28) 
Xp 
and 
E у(х, X2, tt, Xn) 
f(@2, %3, + +5@n) ГН (Е.29) 
x, 
2. Б = O0. In this case, the invariants would be 
dieron = edu 4) (F.30) 
! exp (bjx1) ong aE eee | 
апа 
MEE yi, X2, BONN Xn) 
f(@2, 3, ee.) = MM — (F.31) 
exp (cxi) 


Applications of these concepts are found in the main text. 
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Appendix G 
Fourier Series and Method 
of Separation of Variables 


G.1 FOURIER SERIES 


As has been seen in Appendix C, an analytical function can be always represented 
by a series. The Fourier series is one among these representations. 

The objective of the material presented here is to help solve differential 
equations related to transport phenomena. Those interested in deeper aspects of 
the Fourier series would find excellent texts in the literature [1—6]. 


G.1.1 PERIODIC FUNCTIONS 


A periodic function follows the relation 
f+ p) =f@ jp) = Јо) (G.1) 


Here x is the independent variable, p is a constant—also called the period of 
function f(x)—and j is any integer number. An example of a trigonometric series is 


oo 


5 aj cos (jx) + b; sin (jx) (G.2) 
j=0 


In this case, the period is 27r, and this series is an example of a Fourier series. 

A periodic function, with period equal to 27, can be represented by the 
Fourier series given by Equation G.2. In the case of a periodic function with 
any period p, it is given by 


f(x) = ao + 5 la cos (= in) + bj sin (= in)| (G.3) 
= p p 


If the function to be represented is piecewise continuous, the value of the Fourier 
representation is the average between the left and right limits of the function at the 
discontinuities. 
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G.1.2 COEFFICIENTS OF FOURIER SERIES 


Given the function f(x) with period p, the problem is how to determine the 
coefficients a; and b; of the Fourier series. This can be answered by integration 
maneuvers, which lead to the so-called Euler formulas. 

The first step is to integrate both sides of Equation G.3 between —p/2 and p/2 
to obtain 


i p/2 
do = 3 [rood (G.4) 


—p/2 


The second step is to multiply Equation G.3 by cos (2 ix) (where i is any integer) 
and again integrate both sides between —p/2 and p/2 to obtain 


p/2 
2 2 
а= = Jis (Ras $ed. 2 34. (G.5) 
Р, р 
=p 


The last step is to repeat the previous step using sin (2 ix) instead of cosine in 


[ 
order to get 


p/2 
2 2 
p; == [resin( =x) a, depo з (G.6) 
p p 


—p/2 
The details are left as exercises to the reader. 
G.1.3 EVEN AND Орр FUNCTIONS 
An even function satisfies the relation 
fe =f) (G.7) 
On the other hand, the following is valid for an odd function: 
f(x) = —fC-x) (G.8) 


Sine and cosine, respectively, are simple examples of odd and even functions. 
The integrations indicated in Equations G.4 through G.6 involve cosine and 
sine functions. On the other hand, it is known that 


* Product of two even functions results in another even function. 
e Product of two odd functions results in an even function. 
e Product of an even and an odd functions results іп an odd function. 
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In addition, the value of the integral of an odd function over a symmetric interval 
(such as from —p/2 to p/2) would be zero because the area of half period 
compensates the area of the other half. Therefore 


* If f(x) is odd, the coefficients а; (j > 0) in Equations G.4 and G.5 would 
be equal to zero. 

* If f(x) is even, the coefficients b, (j> 1) in Equation G.6 would be equal 
to zero. 


These rules simplify the determination of coefficients for the Fourier series. 


G.1.4 HAtr-RANGE EXPANSIONS 


Until now, only periodic functions have been represented by Fourier series. 
However, the method can be extended to nonperiodic functions. 

Let there be a function with a limited range, say O to c. If this last limit could 
be imagined as the half period (p/2), two possible extensions can also be devised: 
even and odd, as shown by Figure G.1. 

These even and odd extensions are periodic functions and therefore possible 
to represent by even and odd Fourier series, respectively. As seen, such a method 
can be applied to any function defined at a limited interval. 

In particular, the cosine (or even) half-expansion is given by 


f(x) = ao + x: % со$ (Ex) (G.9) 


j=l 


f(x) 


p/2 
Even extension of f(x) 


-p/2 p/2 


Odd extension of f(x) 


eer — Х 
p s ZW 


FIGURE G.1 Even and odd extensions of a function. 
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Here 
e 
aj = – [rŒ dx (G.10) 
0 
1 2 
в =" [roe s) dx, j=1,2,3,... (G.11) 
p) p 


A sine (or odd) half-range expansion is given by 


ғо) = У: D sin (= i) (G.12) 


j=l 
with 
p/2 


4 2 
by =" [ros (s) dx, ў=1,2,3,... (G.13) 
p p 
0 


G.1.5 FOURIER INTEGRALS 


The representation of a function by Fourier series can be extended for cases where 
the function is not limited or periodic. The series now takes the form of integrals 
that are called Fourier integrals. 

Let there be the function f(x), which is piecewise continuous in a finite 
interval and has finite left as well as right derivatives at every point. Such a 
function can be represented by the Fourier integral given by 


ғо) = [ио cos yx + B(y) sin yx] dy (G.14) 
0 
where 
AQ) = 1 [ro cos yz dz (G.15) 
and 
BO) = 1 [ғә sin yz dz (G.16) 


—00 
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Here the concept of even and odd functions f(x) can also be applied. This would 
lead to 


* Terms A(y) — 0 for odd functions f(x) 
* Terms B(y) — 0 for even functions f(x) 


G.2 METHOD OF SEPARATION OF VARIABLES 


The method of separation of variables is among the most used for solving 
boundary value problems involving partial differential equations (PDE). It is 
based on the assumption that a function of two variables can be written as the 
product of two functions of single variable 


Роу) = FG) GG) (G.17) 


Of course, this cannot be guaranteed for all functions f(x). However, there is a 
wide range of PDE problems, which allow solutions such as those given by 
Equation G.17. 


G.2.1 PROCEDURE 


For the simplest case of PDE involving two independent variables, the method of 
separation of variables is always applied through the following steps: 


1. Assume the form given by Equation G.17 to obtain two ordinary differ- 
ential equations. 

2. Solve these ordinary differential equations. 

3. Apply Fourier series in order to compose solutions that satisfy the 
boundary conditions of the original PDE problem. 


The main text shows various examples of applications. 
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Appendix H 
Fourier Transforms 


H.1 INTRODUCTION 


As seen in Appendix G, the Fourier series is an important tool of applied 
mathematics and allows solving partial differential equations. Similar to Laplace 
transforms, the concepts of Fourier series can be used to define new transforms. 

Fourier transforms are classified in the field of operational mathematics. 
Actually, along with Laplace transforms and others, it is within the range of 
integral operators. Those interested in deeper studies of operational mathematics 
would find very good texts in the literature [1-6]. The objective here is to just 
present material helpful for solving differential equations related to transport 
phenomena. 


H.2 FOURIER COSINE AND SINE TRANSFORMS 


As seen in Appendix G, the Fourier integrals allow representations of even and 
odd functions. An even function f(x) would be represented by 


fe» = IL cos (sx) ds (H.1) 
0 
where 
2 оо 
A(s) = = | РС) cos (sz) dz (H.2) 
0 


The Fourier cosine transform is related to these representations, and is defined as* 





* Some authors include the factor (4/2/47) before the integral. This is optional and does not influence 
applications of Fourier transforms. 
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oo 


FfG)) = Fels) = jo cos (sz) dz (H.3) 
0 


Therefore, the original function f(x) can be restored, or the inversion of Е.(5) is 


oo 


| cos (sx) ds (H.4) 
0 


2 
fa) == 
T 


An odd function f(x) would be represented by 


fœ = ав) sin (sx) ds (H.5) 
0 
where 
2... 
A(s) = z [ro sin (sz) dz (H.6) 
0 


The Fourier sine transform is related to these representations, and is defined as 


oo 


Ff} = F(s) = jo sin (sz) dz (H.7) 
0 


Therefore, the original function f(x) can be restored, or the inversion is 


2 оо 
Ро) = 2 Jr sin (sx) ds (H.8) 
TF 
0 
H.2.1 EXAMPLES OF TRANSFORMS 
Consider the following function: 
fæ =e, x>0 (H.9) 


No matter if it is even or odd, the cosine or sine transforms can be found for such 
a function. 
The Fourier cosine transform would be given by Equation H.3, or 
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a 
Е, = Е,(5) = |е“ dz = —5——5 H.10 
{x} = FG) fe cos (sz)dz = 3 5 (H.10) 
0 
The Fourier sine transform would be given by Equation H.7, or 
5 
Ех) = Fos) = |е si dz = ———~ H.11 
{x} = FG) fe sin (sz)dz = 5 75 (H.11) 
0 


H.3 COMPLEX OR EXPONENTIAL FOURIER TRANSFORM 


In addition to the sine and cosine variants, the Fourier transform also has what is 
called the complex form. The complex Fourier transform—or just the Fourier 
transform—of a function f(x) is defined by 


F.(fG)) = Fels) = fos dz (H.12) 
Its inverse is given by 
ғ) = HE [roe ds (H.13) 
2m 


—00 


Н.4 EXISTENCE OF FOURIER TRANSFORMS 


The following conditions should be met in order to ensure the existence of Fourier 
transform of a function f(x): 


1. f(x) should be continuous, or at least piecewise continuous. In other 
words, f(x) cannot have discontinuities at which it tends to positive or 
negative infinite values. Therefore, function f(x) must have finite right- 
hand and left-hand derivatives at each point of its dominium, even if at 
certain points the values of those derivatives do not coincide. 

2. Within its dominium, function f(x) should be absolutely integrable. This 
means that the integrals of f(x) should acquire finite values, no matter 
what the integral limits. In other words, the following limits should exist: 


0 


lim [оа and lim [оа 
а 0 
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H.5 PROPERTIES OF FOURIER TRANSFORMS 


Like Laplace transforms, Fourier transforms present several important properties. 
These are very convenient because they facilitate the transformation as well as the 
inversions. As several properties are common to the various forms of transforms, 
from now on if no index to the symbol F for the Fourier transform operator is 
indicated, the formula is valid for any kind of transform, whether cosine, sine, or 
exponential. 


H.5.1 LINEARITY OF FOURIER TRANSFORMS 


Similar to all integral transforms, the Fourier transforms maintain the property of 
linearity. Therefore, if a and b are constants, f(x) and g(x) are absolutely integrable 
and piecewise continuous, and the following can be written for any sort of Fourier 
transforms (sine, cosine, or complex): 


F(af + bg) = aF(f) + bF(g) (H.14) 


H.5.2 TRANSFORM OF DERIVATIVES 


Given a function f(x) that follows the requirements of integrability and piecewise 
continuity, the following can be easily shown:* 


* For cosine Fourier transform 


FAL) = sF {f} -fO (H.15) 


* [n the case of sine transform 


RER = —sFf (H.16) 


* For exponential Fourier transform 


di . 
к} = ~isF {fo} (H.17) 


The second derivatives are given by 


2 
F.(f"09) = —8 Fe{ f@} — FO (H.18) 





* Such demonstrations are left as exercises to the reader. In any case, demonstrations can be found in 
the literature [1—6]. 
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2 
FAFO} = -SF {S} + ro (H.19) 


Ее” Од} = -PFA fO} (Н.20) 


As seen, in all cases the transform of derivatives leads to a decrease in the level of 
derivation, and that is extremely useful for the solution of differential equations. 

Despite this, the range of application of Fourier transform cannot be com- 
pared with those possible by Laplace transform. Examples of such applications 
can be found in various chapters. 


H.5.3 CONVOLUTION 


Convolution can be applied to complex Fourier transform and the following can 
be demonstrated [1—5]: 


ЕРО) в (х) = FUGO) FlgO0) (H.21) 


The convolution operation is defined by 


fC0*g(x) = y (2g — z) dz = y (x — z)g(z) dz (H.22) 


H.6 GENERALIZED INTEGRAL TRANSFORMS 


The various integral transforms, including Laplace and Fourier, can be written in 
a more generalized form 


b 
Hf@)} = Кә = [roc dz (H.23) 


Therefore, the following transforms define: 

e [n the case of Laplace: a —^ 0, b — oo, g(z,s)=e * 
* In the case of Fourier exponential: a —^ — oo, b — oo, g(z,s)=e 
* In the case of Fourier cosine: a — 0, b — oo, g(z,s) = cos(sz) 
* In the case of Fourier sine: a — 0, b — oo, g(z,5) = sin(sz) 
* [n the case of finite Fourier cosine: а — т, b — т, g(z,5) = cos(sz) 
* [n the case of finite Fourier sine: a — — т, b — т, g(z,s5) = sin(sz) 


—isz 


Other forms can be found throughout the literature [1-6]. Obviously, depending 
on the problem at hand, some might be found more useful than others. 
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Appendix | 
Generalized Representation 
by Series 


1 INTRODUCTION 


The various concepts that allow generalizations for representations of functions 
by series based on various other functions are presented here. Therefore, it is a 
generalization of the concept of Fourier series. 

Besides trigonometric functions, as used for Fourier series, several commonly 
used functions, such as Bessel and Legendre polynomials, can be used to build a 
series that represents a given function. 

This is just an introduction to the subject and those interested in deeper 
discussions would find plenty of material in the literature [1—4]. 


12 ORTHOGONAL FUNCTIONS 


Within a given interval а < x < b, two different functions f\(x) and р(х) are 
considered orthogonal regarding a weight w(x) when it is possible to write 


b 


ooo GG) dx = 0 (1) 


a 


Having in mind that orthogonality, the norm of function ў (х) is written as 





b 
lAl = poro dx (1.2) 





In addition to being orthogonal, the above functions f; and № are called ortho- 
normal if, within the same interval a — b, both have norms equal to 1. 

If the weight function w(x) is equal to 1, the functions f, and р are just said to 
be orthogonal. 
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Examples of orthogonal functions are 
e Trigonometric; such as sin(c; x), with integer су. It is easy to verify that 
[кес sin(cox) dx = 0 (1.3) 


* Their norm is 





ека dx = т (1.4) 


п 


|[sin(cix)|| = 





e Bessel functions of integer order п regarding weight у(х) = x in the 
interval 0 < x < к, where к is a real positive constant 


емон Ј (сх) х= 0, i Fj (1.5) 
0 


where c; (i— 1, 2, 3...) аге given by с„ = а/к, and а,, are the roots of ће 
equation 


Ј (аһ) = 0 (1.6) 


1.3 ORTHOGONAL SERIES 


It is possible to show that a given function f(x) can be represented by an 
orthogonal set of functions gx) (j=1, 2, 3,...), with respect to a weighted 
function w(x), within an interval a < x < b, or 


ЈО) = 25 aigi(x) (1.7) 


The coefficients a; are given by 


b 
1 
а= ноло) gi(x) dx (L8) 


a 


Let us exemplify with Bessel function of integer order (п). Following the above, if 
the weight function is w(x) — x, it is possible to write 
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f(x) = У а:1.(Стх) (1.9) 
Since 
2 f 2 e 2 
|17, Ccinx) | = | (спх) dx = y Jii (Cink) (1.10) 
0 
Then 


K 


2 ; 
а; = RU a [rw J(Cinx) dx, i= 1, 2, 3,... (1.11) 
0 


The coefficients aj, = Cin к are given by Equation I.6. 


EXERCISES 


1. Demonstrate Equations 1.3 and 1.4. 
2. For k= 1, demonstrate Equation 1.5. 
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plate convective heating, 384 
reacting plate heat transfer, 135 
reacting plate temperature 
profile, 276 
flowing liquid heating 
convective momentum 
transfers, 393 
fluid temperature and 
thickness, 393 
heat transfer, between grid and 
flowing liquid, 394 
method of parameter variation, 
application of, 397, 431 
plug-flow, 199, 393 
thermal conductivity of fluid, effect 
on, 418 
insulated rod convective heating, 
341—342, 363 
insulated rod heating, 249-250, 
300—301 
insulated rod temperature profile, 321 
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Laplace transformation of (see Laplace 
transform) 
plate-and-cone viscometer, 326 
plate convective heating, 377-379, 
383-384 
plug-flow reactor, 240—243, 268-269 
radial coordinate and angular coordinate, 
326-327 
rectangular plate heating, 331—332 
rectangular plate temperatures, 449 
second-kind 
circular fins, heat transfer between, 156 
flowing liquid heating, 222 
inclined plate fluid flowing, 147 
insulated/semi-infinite rod heating, 300 
reacting plate heat transfer, 167 
rectangular fin, heat transfer between, 
150 
spherical shell heat conduction, 57 
spherical particle drying, 309, 346—347 
steady-state heat transfer, 276 
third-kind, 347 
coherency of, 236 
cylinder convective heating, 355 
flowing liquid heating, 237, 430 
general solution of, 356 
heat transfer between plate and fluid, 
172, 186 
insulated rod convective heating, 
362-363 
Laplace transformation, 238, 348, 356, 
430, 439 
plate convective heating, 382-384 
spherical particle drying, 347 
transforms of, 264 
two-dimensional reacting flow, 404—405, 
420-421, 439 
Boundary value problem 
method of seperation of variables and, 
531 
method of weighted residuals and, 509 
solution of, 510 


C 


Cauchy equation, 327 
Circular fin 
assumptions, 155 
dimensionless temperature, 157—158 
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Laplace transform, 158-159 
temperature profile in, 154—157 
Collocation method 
equidistant, 516 
homogeneous absorption, 119 
insulated rod convective heating and, 
365-366 
mass transfer in rod, 94 
rectangular plate temperature profile, 
280—281 
second approximation and, 517 
temperature controlled batch reactor, 80 
Combined variables, 254 
Combustion process, 120-121, 176, 178 
Complementary error functions 
insulated rod heating boundary 
condition, 255 
plug-flow reactor boundary conditions, 
272 
Complete dimensionless form 
boundary conditions 
flowing liquid heating, 201—202, 
225-226 
insulated rod heating, 253—254 
plug-flow reactor, 213, 215-217 
Complex/exponential Fourier transform 
convolution, 537 
inverse of, 535 
Concentric drums, flow between, 10 
assumptions, 10-11 
first-order separable equation, 11 
Conduction, 5 
Convection, 5, 74 
Convective heat transfer 
conduction and convection, 236 
fluid properties, effects of, 341, 354 
between grid and passing fluid, 
235-236 
heat transfer coefficient, 2 
and insulated rod convective heating, 
362 
temperatures, effects of, 5 
Cylinder convective heating 
boundary condition for 
roots of, 362 
solution of, 361 
dimensionless temperature (у) of, 
355-359 
heating wave and, 357 
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heat transfer, between surface and 
surrounding environment, 354 
heat transfer coefficient, between 
cylinder surface and fluid, 354 
third-kind boundary conditions for, 355 
Laplace transform for, 356 
real roots of, 357 
Cylindrical particles, 132 
Cylindrical porous rod, mass transfer in, 
87-90 
Cylindrical rod heating 
rate of heat transfer, 308 
second-order differential equation, 300 
general solution of, 302 
temperature profile of, 299 


D 


Devolatilization, 120 
Differential equations 
first-order 
separable, 179 
solution of, 304 
spherical heat transfer, 106 
general solution for, 348 
ordinary, 327, 332 
second-order 
heterogeneous, 348 
ordinary linear, 247, 270 
Diffusivity coefficient 
dimensionless concentrations (F) and, 
275 
and molar flux of reactants, 242 
Dimensionless concentration (F) 
decay of, 273—275 
profile, 273-275 
Dimensionless length (Z), 301 
Dimensionless temperature (ys), 8—9, 16, 
237, 249 
batch reactor, 82, 85 
circular fin, 157—158 
distribution and limits, 252, 267 
electrically heated pipe wall, 104 
exact solution of, 30 
and fluid behavior, 187 
fourth approximation of, 29 
heated batch reactor, 19-21 
in plug-flow reactor, 39-40, 67—68 
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reacting plate, 135—136, 168, 187 
second approximation of, 28 
Dimensionless variables, 4, 8, 331 
dependent, 400 
dimensionless concentration (Y), 245 
dimensionless space (Z), 245 
boundary conditions in, 271 
dimensionless temperature (у), 237, 239, 
249, 301 
limit verification of, 267 
dimensionless time (7), 245, 301, 429 
Drying rate, 315 


E 


Effective diffusivity (Der), water, 310—311, 
314-315 
Eigenvalues, 450 
Electrically heated pipe wall, 101—105 
assumptions, 101 
dimensionless temperature profile in, 104 
Endothermic reactions, 17 
Energy balance, 331 
Energy conservation, 163-164 
Energy flux, 71 
Error function 
and complementary form of, 251, 265 
properties of, 255, 266 
Euler-Cauchy equation 
roots of, 480 
solutions of, 479 
Even and odd functions, 528-529 
Exothermic reactions, 17, 67, 72, 185 


F 


Fick's law, 126 

Film condensation 
assumptions, 160 
energy conservation, 163-164 
momentum conservation, 161—163 
second-order differential equation, 162 
on vertical surface, 159—160 

Film properties, 164—165 

First-kind boundary condition 
insulated rod heating, 249 
Laplace transformation of, 258 
plate convective heating, 384 
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reacting plate heat transfer, 135 
reacting plate temperature profile, 276 
First-order differential equations 
separable, 179 
solution of, 304 
spherical heat transfer, 106 
First-order irreversible reaction, 240 
First-order linear equations, 471 
First-order nonlinear equations 
approximation of, 474 
Picard’s method, 473 
Flat particles, 132 
Flowing liquid heating 
boundary conditions for, 197, 222—223, 


395, 413 
Laplace transform of, 198, 238, 396, 

414, 430 
complete dimensionless form, 201—202, 

225-226 


convective momentum transfers, 393 
dimensionless coordinates x and £, 
413, 429 
dimensionless temperature (у) profile, 
224, 395, 413, 429 
dimensionless time (7), 429 
energy balance equation, 395, 401 
fluid temperature and thickness, 393 
heating grids, 393 
heating rate, 401 
heating wave front, 239, 399, 
417-418, 433 
heat transfer, between grid and flowing 
liquid, 394 
conductive and convective, 427 
inverse regarding parameter, 
432-433, 441 
linear differential equation 
general solution of, 397, 431 
inversion of, 398 
method of parameter variation, 
application of, 397, 431 
method of similarity, application of, 
202-206, 226—228 
MWR application, 206—208 
Newtonian fluid, 395, 428 
partial differential equation 
solution, 414 
plug-flow, 199, 393 
rate of heat transfer, 433 


separable ordinary differential equation 
transformation, 223—224 
thermal conductivity of fluid, effect on, 
418 
Fluid and grid temperature, 239 
Fluid dimensionless velocity, 47 
Fluid pressure; see also Resting fluid 
pressure 
rotational movement and 
assumptions, 33 
separation of variables, 34 
Fluid-solid interfaces, 172 
Fluid viscosity, 144 
Fourier cosine and sine transforms, 
533-534 
Fourier exponential transform, 322 
Fourier half-range expansion, 385 
Fourier integrals, 530-531, 533 
Fourier number, 8, 341, 355 
Fourier series and differential equations, 527 
Fourier transformed variable, 322 
Fourier transforms properties 
convolution, 537 
linearity, 536 
transform of derivative, 536 
Friction, energy dissipation and, 236 
Frobenius method, 127, 486—487 
Functions, solutions for, 277—278 


G 


Galerkin's method, 388, 513 

Gas-gas diffusivity, 178 

Gasification process, 177 

Gas-liquid absorption, 107 

Gas-solid interface, 183 

Gas-solid particle reactions, 176 
exposed-core model for, 176, 183-184 
unreacted-core model for, 177—183 

Generalized method of similarity 
partial differential equations solution, 253 
transformations of variables, 254 

Global continuity equations, 460 


H 


Half-range expansion, nonperiodic 
functions, 529-530 
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Heated batch reactor, 17; see also Batch 
reactor 
dimensionless temperature, 19—21 
Laplace transform, 18 
weighted residuals, 21 
collocation method, 23 
first approximation, 22 
Galerkin method, 25 
method of least squares, 25 
second approximation, 25 
subdomain method, 24 
Heat exchange, between solid body and 
environment, 2 
Heat flux, 58—59, 166, 235 
rod, measurement of, 251 
variation, effect of temperature, 252 
Heating electrical resistance grid, 235-236 
Heating system, for flowing liquid 
energy flux, 236 
plug-flow regime, 235 
Heat transfer, 71, 248 
between body and air, 7 
conduction, 5 
convection, 5, 74, 76 
in pipe wall, 99 
between plate and fluids, 171—173 
radiation, 5 
in reacting plate, 133-136, 165-168 
between reacting plate and fluid, 
185-188 
in spherical shell, 105, 173-175 
Heterogeneous second-order linear 
differential equation solution, 348 
Homogeneous reaction, absorption with, 
114 
high solubility, 117-118 
low solubility, 115-117 
method of weighted residuals 
first approximation, 119 
trial functions, 118 
variable global density, 120 


Impulse function, Laplace transform of, 
496—498 
Inclined plate, flow in 
assumptions, 141—144 
drag force, 141 
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Inclined tube, flow in 
assumptions, 144—148 
drag force, 144 
Indefinite wall, heat conduction in 
assumptions, 41 
with constant temperature, 42 
separation of variables, 43 
Independent variables, 255, 277 
Inner integral, 314 
Insulated rod convective heating, 339, 362 
Biot number, 343 
boundary conditions, 341 
collocation method and, 365 
first approximation of, 365—366, 369 
Laplace transform, 342 
method of similarity, application of, 
253-254 
methods of weighted residuals, 364 
roots of, 374 
third-kind boundary condition and 
transformations, 363 
convective heat transfer, 362 
convective heat transfer coefficient (о), 
between fluid and rod, 340—341 
dimensionless temperature (y), 345 
method of separation of variables, 371 
with prescribed temperature 
at one end, 362 
radiative transfer, 341 
surface contact, between fluid 
and rod, 343 
temperature gradients, 340 
temperature Tb and Ta, 339 
thermal conductivity of, 343 
Insulated rod heating, 248, 299 
asymptotic approach and, 305 
boundary conditions, 300 
inversion of, 302 
transforms of, 302 
dimensionless temperature (yw), 303 
first-order differential equation 
solution, 304 
heat flux measurement, 251—252 
heating process of, 248 
rate of heat transfer, 308 
temperature gradient in, 248 
temperature profile of, 252 
Insulated rod initial temperature 
profile, 320 
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boundary conditions, 321, 323 
Fourier exponential transform, 322 
exponential temperature decline, 
324, 326 
heat flux and thermal conductivity, 326 
Integral limits, differential equation, 369 
Integration constant, 258, 287 
Invariance conditions, 260, 285, 291 
Inversion regarding parameter, 
432-433, 441 


J 


Joule effect, 101 


L 


Laminar flow, 142, 145 
Laplace transform, 199, 493, 499-508 
batch reactor and, 62 
of boundary conditions, 198, 243, 250, 
312, 348, 396, 405, 414, 421, 430, 
439, 450 
circular fin, 158—159 
of first-Kind boundary condition, 258 
heated batch reactor, 18 
of impulse function, 496—498 
partial differential equations, 258 
plug-flow reactor, 211, 231, 243 
second-order partial differential 
equation, 250, 258 
spherical particles, 130 
temperature-controlled batch 
reactor, 77 
third-kind boundary condition, 238, 
348, 356, 430, 439 
Least squares, residual minimization, 513 
Legendre differential equation, 328-329 
Legendre functions, 329 
Frobenius method, application of, 492 
Linear differential equation, 471 
Liquid film 
and gas components absorption, 
288, 290 
mass flux, 294 
rate of absorption, 295 
gas components, concentration of, 288, 
290—291, 293-294 


Liquid film heating, 282 
dimensionless temperature profile (Y), 
287—288 
film thickness (8) and, 278 
and thermal diffusivity, 278 
heat transfer evaluation, 275 
Liquid-vapor interface, 162 
Liquid viscosity, 43 


M 


MacLaurin series, 484 
Mass flux, 117 
Mass transfer 
in cylindrical porous rod, 87—90 
in rod with variable diffusivity, 90 
Mathematical model and real processes, 
1-3 
Method of combination of variables, see 
Method of similarity 
Method of separation of variables 
insulated rod convective heating 
boundary conditions and, 371 
for PDE problems, 531 
spherical particle drying boundary 
conditions and, 351 
Method of similarity 
invariants, 525 
partial differential equation 
transformation, 524—525 
Method of undetermined coefficients, 
application of, 478 
Method of weighted residuals 
and boundary conditions coalescence, 
253-255, 292, 522 
boundary value problem, solution of, 386 
bounded variable, selection of, 364 
first approximation, 207 
flowing liquid heating boundary 
conditions and, 206—208, 226-228 
partial differential equations 
applications, 279 
plug-flow reactor boundary conditions 
and, 217 
successive approximations of solution, 
510, 511 
transformations of variables, 254 
Modified Bessel equation, 490 
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Molar fraction, 114—115 
Molecular sieves, 112 
Momentum conservation, 161—163 
equation for, 11 
momentum transfer equations and, 
460—462 
MWR, see Method of weighted residuals 


N 


Newtonian fluid, 11, 236 
boundary conditions and method of 
variable seperation, 326-327 
momentum conservation equation, 
11, 326 
ordinary differential equations, 327 
Newtonian incompressible laminar flow, 
148; see also Laminar flow 
Nonhomogeneous linear second-order 
differential equation 
general solution for, 477 
method of undetermined coefficients, 
application of, 478 


O 


Ordinary differential equation 
first-order separable equations and, 255 
general solution of, 277, 305, 342, 
351, 372 
generalization of, 333 
linear second-order nonhomogeneous, 
342 
solutions of, 450 
Orthogonal functions, 539—540 
Orthogonal series, 540—541 


P 


Parameters, effect on reaction rate and 
diffusivity, 246, 420 
Partial derivative transform, 499 
Partial differential equations, 235 
inverse of, 244, 250 
Laplace transformation, 258 
problems, 531 
second-order, 249 
Partial fractions separation, 243 
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Particles shapes, 121 
PDE, see Partial differential equations 
Periodic function, 527 
Permeable material, 10 
Pipe wall; see also Electrically heated 
pipe wall 
assumptions, 99 
with insulation, 100 
temperature profile in, 99 
Plate-and-cone viscometer, 43, 326 
assumptions, 44 
dimensionless variables, 47 
first-order differential equation, 46 
Plate and fluids; see also Reacting plate 
and fluid 
heat transfer between, 171—173 
assumptions, 171 
third-kind boundary conditions, 172 
Plate convective heating, 375 
Biot number and surface temperature, 382 
boundary conditions for 
first-kind and third kind, 383—384 
general solution for, 384 
convective heat transfer, 382 
dimensionless coordinates (y and o), 386 
dimensionless temperature (0) profile, 
385—386, 389 
energy balance, 377—378, 383 
Galerkin's method and, 388 
heat transfer coefficient (a), 382 
MWR and, 386 
ordinary differential equations 
and, 378-379 
polynomials, 387 
with prescribed temperature function at 
one face, 382 
rate of heat transfer, 377 
temperature profile, 389 
thermal conductivity (A), 382 
trial functions, 387 
weighting function, 388 
Plug-flow reactor, 36, 64 
assumptions, 37, 65 
boundary conditions for, 210, 
229—230, 241 
inversions of, 244 
Laplace transformation, 211, 231, 243 
diffusion transfer and mass transfer, 
228-229 
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dimensionless concentration (у), 
233, 245 
asymptotic behavior, 233 
second derivative of, 233, 268—269 
dimensionless time (7), 245 
exponential decaying behavior, 
dimensionless concentration, 
212, 233 
fluid velocity, effect of, 213, 241 
molar flux and diffusivity coefficient, 
242 
MWR application, 217 
plug-flow, 210, 233 
reactants, mass trasfer of 
by diffusion and convection, 240 
mixing enthalpy of, 241 
reaction rate, effect of, 213, 233 
separation of variables, 38—40, 66 
steady-state regime, 233 
temperature profile at, 37, 64 
time-shift property application, 231 
trial function and approximation, 
217-219 
Plug-flow regime, 241, 243 
Polynomials, 23, 279, 387 
Pressure, fluid between vertical drums 
inner and outer drum, 195 
momentum continuity, 191 
in vertical direction, 194 
Profile of concentration (Y), 244 
Pyrolysis, 120 


R 


Radiation, 5, 12, 48 
Rate of heat transfer, by convection and 
conduction, 236 
Reacting particle, 120 
Reacting plate 
dimensionless temperature profiles in, 
135-136, 168 
and fluid 
dimensionless temperature profile in, 
187 
heat transfer between, 185—188 
third-kind boundary condition, 186 
heat transfer through, 133-136, 165-168 
assumptions, 133 
first-kind boundary conditions., 135 


Analytical and Approximate Methods in Transport Phenomena 


Reacting semi-infinite solid wall, 
134, 166, 185 
Reactor, see Batch reactor; Plug-flow 
reactor 
Real parameter, 333 
Rectangular fin 
assumptions, 149 
dimensionless variables, 151 
efficiency of, 152-154 
heat transfer between surface and fluid, 
148-154 
thermal conductivity of, 149, 152 
Rectangular plate 
and dimensionless coordinates x 
and с, 275 
dimensionless temperature (0) 
profile, 275 
boundary conditions, 277, 279 
and first approximation, 280—281 
and Fourier half-range expansion, 278 
Rectangular plate heating 
boundary conditions and, 331—332, 449 
carbon steel, 452 
dimensionless variables, 448—449 
eigenvalues, 450 
heat flux transfer, between plate and 
environment, 452 
initial temperature of plate, 451 
ordinary differential equations, 332 
general solution for, 333-334 
odd half expansion of function, 334 
solutions of, 450 
steady-state heating of, 329 
temperature profile evaluation, 331, 335, 
447, 452 
and thermal conductivity (A), 335 
thermal diffusivity (Dr), 448 
Resting fluid pressure 
assumptions, 30 
separation of variables, 32 
Rod with variable diffusivity, mass transfer 
in, 90-92 
dimensionless concentration profile, 
97-98 
weighted residuals method 
collocation method, 94, 97—98 
first approximation, 93 
Galerkin method, 95, 98-99 
least squares, 95 
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method of moments, 94, 97—98 
second approximation, 96 
sub-domain method, 94 
trial functions, 93 

Rotating drum, liquid surface in, 35-36 


S 


Second-kind boundary conditions 
circular fins, heat transfer between, 156 
flowing liquid heating, 222 
inclined plate fluid flowing, 147 
insulated/semi-infinite rod 
heating, 300 
reacting plate heat transfer, 167 
rectangular fin, heat transfer 
between, 150 
spherical shell heat conduction, 57 
Second-order differential equation 
existence and uniqueness of, 481 
Frobenius method, 481 
general solution of, 292 
homogeneous linear, general solution of, 
135, 167, 186 
linear, 133 
linear ordinary, 247, 264 
nonhomogeneous linear, 150, 477 
nonlinear, 118 
ordinary, 162, 317 
Second order homogeneous linear equation 
general solution for, 475 
roots of, 476 
Second-order Legendre polynomial, 81 
Second-order linear equations 
boundary conditions, 475 
general solution of, 474 
homogeneous, 475 
Second-order partial differential equation 
general solution of, 250 
insulated semi-infinite rod heating, 249 
Laplace transformation, 250, 258 
Segregation model, see Gas-solid particle 
reactions 
Semi-infinite body convective heating, see 
Insulated rod convective heating 
Semi-infinite solid wall, 172 
Separable differential equation, 472-473 
Shear stress, 142, 148, 162 
Sherwood number, 179, 347, 350 
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Solid body heating, 5-7, 55 
with controlled heat transfer rate, 71 
separation of variables, 7-10, 56, 72 
third-kind boundary condition, 71 
Solid cylinder heating 
boundary conditions, 316 
Laplace transform, 317 
dimensionless temperature (¢), 319 
temperature profile evaluation, 315 
thermal conductivity of, 319 
thermal diffusivity in, 320 
Solid fuel, 120 
Solid plate fluid motion 
and drag force, 256 
fluid velocity and viscosity, 259 
momentum transfer, between plate and 
fluid, 259 
in Newtonian fluid, 257 
shear stress evaluation, 262 
Spherical particle drying 
boundary condition transformation, 
346—347, 351 
Laplace transform, 317, 348 
dimensionless concentration (W), 313 
dimensionless radius (4), odd half-range 
expansion of, 352 
drying rate, 315, 345 
effective diffusivity (Deg) of water, 
310-311, 314—315 
heterogeneous secondorder linear 
differential equation, general 
solution for, 349 
mass transfer, 310, 350 
mass transfer coefficient (8), 346 
method of variable separation, 351 
porous matrix, 314 
Sherwood numbers, 347, 350 
temperature gradient in, 310 
thermal equilibrium and, 310 
water concentration (q), 309 
particle surface, 350 
Spherical particles, 125 
Laplace transform, 130 
method of weighted residuals method, 
130-132 
power series method, 127-130 
Spherical shell 
diffusion in, 112-114 
heat transfer in, 105, 173-175 
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with internal cavity, 174 
temperature profile at, 58—60 
thermal conductivity of, 57 
with zero-order reaction, 112 
Spherical shell, heat conduction in 
assumptions, 57 
second-kind boundary condition, 57 
separation of variables, 58 
s-shift theorem, 265, 272, 495 
Steady-state heating, 329 
Steady-state heat transfer problem, 275, 
375, 382 
Step function, 196, 364, 395, 495 
Stirring tank, 12 
assumptions, 12-14 
dimensionless variables, 14 
with heating device, 13 
lumped analysis, 13 
parameters variation, 15-17 


T 


Taylor series, 484 
Temperature and dimensionless space (Z), 
relationship between, 266 
Temperature-controlled batch reactor, 72; 
see also Batch reactor 
Arrhenius relation, 78 
assumptions, 73—74 
Laplace transform, 77 
separable equation, 75 
third-kind boundary condition, 74 
weighted residual methods, 78 
collocation method, 80 
first approximation, 80 
second approximation, 81 
Thermal conductivity (A), 2, 42 
of rectangular fin, 149, 152 
of shell material, 57 
Thermal diffusivity (Dy), 8 
complementary error functions and, 267 
definition of, 263 
Thermocouples, 2, 48—50, 302 
Thiele coefficient, 124, 178 
Thiele modulus, 126, 131 
Third-kind boundary condition, 347 
coherency of, 236 
cylinder convective heating, 355 


flowing liquid heating, 237, 430 
general solution of, 356 
heat transfer between plate and fluid, 
172, 186 
insulated rod convective heating, 
362-363 
Laplace transformation, 238, 348, 356, 
430, 439 
plate convective heating, 382-384 
spherical particle drying, 347 
transforms of, 264 
two-dimensional reacting flow, 439 
Transport phenomena, basic equations of 
energy transfer, 462 
global continuity equations, 460 
mass fluxes, 462 
partial differential equations, solution 
for, 469 
Trial functions, 279 
first approximation of, 280, 388 
t-Shifting, step function, 495 
Tubular reactor, see Plug-flow reactor 
Turbulent behavior, 142 
Two-dimensional reacting flow 
boundary conditions, 404 
general solution of, 406 
inversion of, 407 
Laplace transform of, 405—406, 421, 
439-440 
diffusion, rate of mass transfer by, 
442, 445 
diffusive and convective mass transfer, 
effects of, 403—404, 438, 445 
dimensionless concentration (у) profile, 
reactants, 407-408, 424, 438 
dimensionless coordinates x and £, 
407—408, 424, 438 
distributing grids and, 402, 418 
inversion regarding parameters, 441—442 
mass balance, 403—404 
mass flux, 420-421, 424 
method of parameter variation, 422 
Newtonian fluid, 420 
plug-flow approximation, 402, 418 
reactant consumption rate, 408 
diffusive and convective component, 
409 
grid area, 424 
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U 


Unexposed-core model, see Gas-solid 
particle reactions 


V 


Vapor condensation, 160 
Variable transformation, 263 


WwW 


Water-jacketed batch reactor, 73; see also 
Batch reactor 
Weighted residual minimization methods 
collocation method, 512 
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Galerkin’s method, 513 
least squares, 513 
method of moments, 511 
subdomains, 513 
Weighting function, 388, 511-513 
Well-stirred batch reactor, 73; see also 
Batch reactor 
with time-controlled rate, 26 
analytical exact solution, 28 
Picard’s method, 26—28 


Z 


Zero initial condition, 238 
Zero-order reaction, 112 
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day-to-day problems encountered when working with variables in heat, mass, 
or momentum transfer. 


This text is organized differently from usual resources on applied mathematics 
for engineers. First, it introduces a new classification system of the problem 
based on just three numbers, so locating the appropriate solution method is 
quick and easy. Second, the author presents mathematical methods with 
applications in mind, introducing examples, as well as common or possible 
solutions, before presenting any mathematical theory or method. This allows 
you to identify the issue you need to resolve, and then apply the appropriate 
method to the problem at hand. The book also includes practical discussions 
of the consequences and applications of various solutions. 


The book highlights mathematical methods as tools for solving practical 
problems, not as a primary objective. Its structure and focus on application, 
with just the right amount of mathematical rigor, make it the most effective 
manual available for easily finding the analytical methods needed to solve 
transport problems. 

Features 


* Provides an accessible source of analytical and approximate methods, 
applicable to day-to-day problems 


* Introduces a new classification system of problems based on a simple 
three-digit code 


* Discusses mathematical methods with a focus on applications 
* Includes numerous examples of common or possible situations 


* Presents issues in a sequence of increasing difficulty, moving from 
the simple to complex situations 


DK3UXX 
30000 
6000 Broken Sound Parkway, NW 
CRC Press Suite 300, Boca Raton, FL 33487 
Taylor & Francis Group 270 Madison Avenue 
an informa business New York, NY 10016 9 
www.taylorandfrancisgroup.com Park Square, Milton Park 


Abingdon, Oxon OX14 4RN, UK. WW W.Crcpress.com 


